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Abstract

We study the continuity of the correspondence of interim correlated
&-rationalizable actions in incomplete information games. We introduce a topol-
ogy on types, called uniform-weak topology, under which two types of a player are
close if they have similar first-order beliefs, attach similar probabilities to other
players having similar first-order beliefs, and so on, where the degree of similarity
is uniform over the levels of the belief hierarchy. First, we show that the uniform-
weak topology is finer than the uniform-strategic topology introduced by Dekel,
Fudenberg, and Morris (2006). Second, we prove a partial converse: around fi-
nite types, the uniform-weak topology is equivalent to the strategic topology (and
hence to the uniform-strategic topology). Finally, we show that the set of finite
types is nowhere dense under the uniform strategic topology, which implies that
the uniform-strategic topology is strictly finer than the strategic topology.

1 Introduction.

Incomplete information games are games in which some payoff-relevant states are not

common knowledge among the players. Harsanyi (1967-68) observes that the Bayesian

*We thank Pierpaolo Battigalli, Martin Cripps, Eddie Dekel, Jeffrey C. Ely, Amanda Friedenberg, Drew
Fudenberg, Qingmin Liu, George J. Mailath, Stephen Morris, Marcin Peski, Aaron Sojourner, Satoru Taka-

hashi and Muhamet Yildiz for useful comments and interesting conversations.
TDepartment of Economics, Northwestern University, yichun.chen@northwestern.edu
*IGIER and Department of Economics, Universita Luigi Bocconi, alfredo.ditillio@unibocconi.it
$Department of Economics, Yale University, eduardo.faingold@yale.edu
IDepartment of Economics, Northwestern University, siyang.xiong@northwestern.edu



analysis of incomplete information games requires a model in which each player is
equipped with an infinite hierarchy of beliefs: a belief about the payoff-relevant states,
a belief about his opponents’ beliefs about the payoff-relevant states, and so on. Fol-
lowing this observation, Harsanyi (1967-68) introduces type spaces as a parsimonious
model that encodes the belief hierarchies and is suitable for game theoretic analysis,
in that interim best-reply sets can be appropriately defined. Mertens and Zamir (1985)
provide a foundation for the use of type spaces showing that the space 7 of coherent
belief hierarchies is a universal type space. That is, T is a type space itself and, more-
over, every type space can be embedded in T via a belief-preserving morphism. Hence,
the universal type space 7 captures the richness of any abstract type space, and not

more.

The Mertens-Zamir universal type space comes with a natural topology: the product
topology.! A distinctive feature of the product topology is that it is insensitive to the
tails of belief hierarchies: two types are close in the product topology if, and only if,
their k!"-order beliefs are close for some large finite k > 1. Strategic behavior, however,
can be very sensitive to high order beliefs. This is true even for interim rationalizability
(see Dekel, Fudenberg, and Morris (2007)), the most permissive solution concept consis-
tent with common knowledge of rationality. In effect, in Rubinstein (1989)’s electronic
mail game, an action - “attack” - is strictly rationalizable for a type t, but fails to be
rationalizable for all types in a sequence that converges to t in the product topology. As
shown in Weinstein and Yildiz (2007), this discontinuity is not peculiar to the electronic
mail game but is rather pervasive: in any game satisfying a certain (generic) payoff-
richness condition, any type with multiple rationalizable actions is the limit (in product
topology) of a sequence of types with unique rationalizable actions. Hence, to the ex-
tent that strategic behavior is what one ultimately cares about, the product topology

yields an inadequate notion of proximity of types.

From this point of view, the appropriateness of a topology on types depends on what
is meant by strategic behavior. But given a solution concept, it is natural to consider
the coarsest topology under which the correspondence that maps types into solutions

is continuous in every game. For the solution concept of interim &-rationalizability

It is only when 7 is equipped with the measurable structure induced by the product topology that
T can be shown to be a universal type space. This is the sense in which the product topology is natural.



this yields the strategic topology on types introduced by Dekel, Fudenberg, and Morris
(2006), hereafter DFM. The strategic topology, while being strong enough to render ¢-
rationalizable behavior continuous, is remarkably weak: DFM show that finite types are

dense.

Given the importance of the strategic topology,” and the fact that it is a topology
on types that is independent of the strategic situation (i.e., action sets and payoffs),
we find it conceptually important to give it an internal characterization, i.e. a charac-
terization in terms of properties of the belief hierarchies, with no direct reference to
rationalizability. We introduce a topology on types, called the uniform-weak topology,
under which two types of a player are close if they have similar first-order beliefs, attach
similar probabilities to other players having similar first-order beliefs, and so on, where
the degree of similarity is uniform over the levels of the belief hierarchy. More rigor-
ously, the uniform weak topology is the topology induced by the metric 4"V, defined as
follows: for each order k > 1, let d¥ be the Prokhorov metric on k-order beliefs; metric
d"¥ is defined as the supremum of d¥ over all orders k > 1. In Theorem 1 we show that
convergence in the uniform-weak topology implies convergence in the uniform-strategic
topology. The latter is a variation of the strategic topology, also introduced in Dekel,
Fudenberg, and Morris (2006), in which strategic behavior (as given by interim corre-
lated rationalizability) is required to converge at a rate that is uniform over all games.
In Theorem 2, we provide a partial converse: uniform-weak convergence is a neces-
sary condition for strategic convergence to finite types. Thus, as far as convergence
to finite types is concerned, the strategic, the uniform-strategic and the uniform-weak
topologies are all equivalent. Finally, in Theorem 3 we show that the set of finite types
is nowhere dense under the uniform-strategic topology. In light of this theorem and
DFM’s result that finite types are dense under the strategic topology, we conclude that

the uniform-strategic topology is strictly finer than the strategic topology.

The connection between uniform topologies on types and the strategic topology
was first suggested by Morris (2002), who studies a particular class of infinite-action
games, called higher-order expectation games (HOE), and shows that a certain topology
on types (different from ours) is equivalent to the weakest topology under which the

20ne reason why the study of strategic convergence seems important is that it appears to be a useful

step for the examination of robustness questions in mechanism design.



e-rationalizability correspondence is continuous in every game of the HOE class. This
uniform topology is too strong for our purposes: there exists a sequence of types, (ty),
which fails to converge (in this uniform topology) to a type finite type t, and yet in
every finite game, every rationalizable action for t remains e-rationalizable for t;, for all

n large enough.

The connection between uniform and strategic convergence of types also underlies
the main result in Monderer and Samet (1989). They show that a sufficient condition
for the correspondence of Bayesian-Nash &-equilibrium to be continuous at a complete-
information type profile is that the sequence of approximating type profiles converges
to its complete information limit in the common p-belief sense. (That is, for every p > 0,
at every type profile sufficiently far in the tail of the sequence there is common p-belief
of the state that is common certainty in the limit.) Moreover, they show that this notion
of convergence of type profiles yields strategic continuity in every game. Kajii and
Morris (1997) prove the converse: If a sequence of type profiles fails to converge to a
complete information type in the common p-belief sense, then a finite game exists such
that for some ¢ > 0, some equilibrium of the complete information game will fail to be
an &-equilibrium at every type profile in the tail of the sequence. It is interesting to note
that a sequence of types converges to a complete information type in the uniform-weak
topology if, and only if, it converges in the common p-belief sense. Hence, the topology
of uniform-weak convergence extends the notion of common p-belief convergence to

incomplete information limit types.

This paper is also closely related to contemporaneous work by Ely and Peski (2008).
Following their terminology, a type is called regular if for every finite game the &-
rationalizability correspondence is continuous in the product topology. Ely and Peski
(2008) provide an insightful characterization of regular types in terms of properties of
the belief hierarchies and show that the set of regular types is generic (in a topological

sense). They prove:

Theorem (Ely and Peski (2008)). A type t is regular if, and only if, for every p > 0 and
every closed (in the product topology), proper subset W of the universal type space, W
is not common p-belief at t. Furthermore, the set of regular types is residual, that is, it

contains a countable intersection of open and dense sets.

Thus, around all types in a generic set (in product topology), the strategic topol-



ogy coincides with the product topology. While topological genericity is interesting, we
think it should not be the end of the story. We find it conceptually important to char-
acterize the strategic topology also around critical types, namely, those types which are
not regular. In fact, given Ely and Peski (2008)’s result, it appears to us that every type
space ever considered in applications consists entirely of critical types. We take a first
step towards such characterization by proving the equivalence between the strategic
topology and the uniform-weak topology around finite types. All finite types are critical,

but not conversely.

2 Preliminaries

Throughout the paper, we fix a two-player set I and a finite set ® of payoff-relevant
states. Given a player i € I, we write —i to designate the other player in I.> All topologi-
cal spaces, when viewed as measurable spaces, are endowed with their Borel o-algebra.
For a topological space S we write A(S) to designate the space of probability measures
over S endowed with the weak* topology. Unless explicitly noted, all product spaces
will be endowed with the product topology and subspaces with the relative topology.

2.1 Belief hierarchies and types.

Our formulation of incomplete information follows Mertens and Zamir (1985).* Define
X0 =0, X! = X0 x A(X9), and for each k = 2 define recursively

k
xk={o.u',... 1 GXOX#X AXY) s margyeo pt =l vl =2, k.
=1

By virtue of the above coherency condition on marginal distributions, each element
of X¥ is determined by its first and last coordinates, so we can identify X* with © x
A(X*1). For eachi € I and k = 1 we let ’Tik = A(Xk-1) designate the space of k-order
beliefs of player i, so that Tik = A(O x T_ki‘l). The space T; of hierarchies of beliefs of

3We restrict attention to two-player games with finitely many payoff-relevant states for ease of nota-
tion. All our results remain valid when there is an arbitrary finite number of players and © is a compact

metric space.
4An alternative, equivalent formulation is found in 2.



player i is defined as
T; = {(uk)kzl € kX1A(Xk) : margyk-—2 pk = k7l vk > 2}.

Since O is finite, 7; is a compact metrizable space. Moreover, there is a unique mapping
wi: T; — A(O© x T_;) that is belief-preserving, i.e. for all t; = (t},t?,...) e T;and k = 1,

[ A
pi(t) [0 x (% )"H(E)] = tF* 1[0 x E] for all 0 € © and measurable E c TX,,

where 7le is the natural projection of T; onto Tik. Furthermore, the mapping y; is a
homeomorphism, and so, to save on notation, we will identify each hierarchy of belief
t; € T; with its corresponding belief u;(t;) over ® x 7_;. Similarly, for each t; € T; we

will write t¥ € TX instead of the more cumbersome ¥ (t;).

Hierarchies of beliefs can be implicitly described using a type space, i.e. a tuple
(Ti, ¢i)ier where each T;j is a Polish space of types and each ¢; : T; — A(O x T_;) is
a measurable function. Indeed, every type t; € T; is mapped into a belief hierarchy

vi(t;) = (vf(ti))kzl in a natural way: vl-l(ti) = margg ¢;(t;) and for k = 2,
VE(t)[0 X E] = ¢i(t)[0 x (v¥71)7L(E)] for all @ € © and measurable E < TX1.

The type space (T, 4i)icr is called the universal type space, since for every type space
(T, di)ier there is a unique belief-preserving mapping from T; into 7T;, namely the
mapping v; above.” When the mappings (v;)icr are injective the type space (Tj, ¢;)ics is
called non-redundant. In this case each v; is an embedding onto the image v;(T;), which
is a measurable set and constitutes a belief-closed subspace of T;, i.e. u;(vi(t;))[® X
v_i(T_;)] =1foralli € I and t; € T;. Conversely, every belief-closed subspace of T;

can be viewed as a non-redundant type space.

2.2 Bayesian games and interim correlated rationalizability.

A game is a tuple G = (A;, gi)ic1, Where A; is a finite set of actions for player i and
gi 1 Ai X A_i X0 — [-M, M] is the payoff function of player i, with M > 0 an arbitrary
bound on payoffs that we fix throughout. Let G denote the set of all games, and for
each integer m > 1 let G™ denote the set of all games in which |A;| <m forall i € I.

>To say that v; is belief-preserving means that p; (v;(t;))[0 X E] = ¢ (t;)[0 x (v_;) " (E)] forall 0 € ©®
and measurable E < 7_;.



The solution concept of interim correlated e-rationalizability, or e-ICR, was intro-
duced in Dekel, Fudenberg, and Morris (2007). Given a type space (Tj, ¢i)ic; and a game
G, for each player i € I, each integer k > 0, and each type t; € T;, we let R{‘(ti, G,8) € A;
designate the set of k-order ¢-rationalizable actions of t;, writing just Rf(ti, €) when G

is clear from the context. These sets are defined as follows:
RY(t;, G, &) = A,

and recursively for k > 1, Rf(ti, G, ¢) is the set of all actions a; € A; for which there is

a measurable function o_; : ® x T_; — A(A_;) such that

suppo_;(0,t_;) c R’f{l(t,i, G,&) for ¢i(t;)-almost every (0,t_;) € @ X T_;,
and for all a; € A;,

Jop (0000 0-(0,6-0),0) = 9@, 010,10, 0)] (1) (d0 x i) = —.

For future reference, a mapping o; : ® X T_; — A(A_;) satisfying the former condition

will be called a (k — 1)-order e-rationalizable conjecture.

The set of e-rationalizable actions of type t; is then defined as

Ri(t;,G,&) = [ R¥(t;,G, &).
k=1

Dekel, Fudenberg, and Morris (2007) shows that the set of -ICR actions for a type
is determined by the hierarchy of beliefs of the type. That is, if two types (possi-
bly belonging to different type spaces) have the same hierarchy of beliefs then they
will have the same set of ¢-ICR actions in all games. Thus, without loss of generality
we will identify all types with their corresponding hierarchies of beliefs and, accord-
ingly, we will take the universal type space to be the domain of the correspondence
Ri(+,G,&):T; = A;.

A property of ICR that we will repeatedly use is that the k-order e-rationalizability
correspondence, R{.‘(-,G,s) : T; = A, is measurable with respect to k-order beliefs,
i.e. Ri-‘(tl-, G,¢) = Rf(si, G, ¢) for every pair of types s; and t; with t{‘ = Sll(. This implies
that, in order to establish whether a certain action is k-order &e-rationalizable, we can

restrict attention to (k — 1)-order e-rationalizable conjectures o_; : ® X T_; — A(A_;)



satisfying the additional restriction that o_;(0,t_;) = 0_;(0,s_;) for all t_;,s_; with
kol = gkl

Yet another property that will prove useful in what follows is that ICR can be
alternatively defined using best reply sets. In particular, fix a measurable function
¢i : T; — 24i for every player i. If, for every player i and every t; € T;, each a; € ¢;(t;)
can be &-rationalized by means of a conjecture o_; : ® x T_; — A(A_;) such that
suppo_i(0,t_;) < ¢_i(t_;) for ¢;(t;)-almost every (0,t_;) € ® x T_;, then ¢;(t;) <
R;(t;,G,¢) for every i and t;.

Finally, the following result shows that, just as for rationalizability in complete
information games, interim rationalizability has a characterization in terms of iterated

dominance, where the notion of dominance is now an interim one.

Proposition 1. Let G = (Ai, gi)ier be a game and let (T;, ¢pi)ic; be a type space. Let
e>0,k>=1,iel,t;eTy,anda; € A;. Thena; € Rf(ti,G,s) if and only if for every
o € A(Aj) and n > 0 there exists a measurablea_; : ©® X T_; — A_; such that

a(o,t_;) € Rflfl(t,i, G,g) for ¢i(t;)-almost every (0,t_;) € @ X T_; (1)

and onT [gi(ai,a_i(0,t_;),0)—gi(xi,a_i(0,t_;),0)] pi(t;)(dOxdt_;) = —e—n. (2)

The proof of the proposition, relegated to Appendix A, uses a separation argument
analogous to the familiar one establishing the equivalence between strictly dominated
and never-best reply strategies in complete information games. Here, too, the useful-
ness of the result comes from the fact that, in order to check whether an action is
rationalizable for a type, we are allowed to reverse the order of quantifiers by seeking

a possibly different conjecture for each possible (mixed) deviation.

3 Topologies on types.

As introduced in Dekel, Fudenberg, and Morris (2006), the strategic topology, or S-
topology for short, is the coarsest topology on the universal type space T; under which
the correspondence of interim correlated e-rationalizable actions, R;(-,G,-) : T; X
[0,M] = A;, is upper and lower hemi-continuous (along sequences &, — & with &, > ¢)

in all games.



For G € G, a; € A; and t; € T; let hi(tila;,G) = min{e > 0 : a; € R;(t;,G,¢&)}.
Dekel, Fudenberg, and Morris (2006) show that the S-topology on 7T; is metrizable by
the distance d°® defined as

ds(ti,si) = > 27™m sup sup |hi(tilai, G) — hi(sila;, G)|.
m=1 G=(Ai,9i)icI€G™ ai€A;
They also define the uniform strategic topology or US-topology, obtained by requiring
uniform convergence over the number of actions, viz
di®(t;, s;) = sup sup sup |hi(tila;,G) — hi(sila;,G)]|.
m=>1 G=(Aiagi)i€I€Gm aieAi
In this section we relate the S-topology and the US-topology to the uniform-weak
topology, or UW-topology, defined as the metric topology generated by the distance
A (t;,s;) = sup d¥ (&, s1),
k=1
where d° is the discrete metric on ©, and recursively for k > 1, df is the Prohorov
distance on A(O x Tf‘i’l) induced by the metric max{d®°, d'jl} on O X Tl‘i’l.“ First we
prove that the UW-topology is finer than the US-topology, in the strong sense that, for
all y > 0 and ¢ > 0, there exists 6 > 0 such that, for every type t; and every game G, all
actions that are y-rationalizable for t; remain (y + ¢)-rationalizable for every type whose
UW-distance from t; is smaller than 8. Second, we prove a partial converse, namely, that

around finite types — types belonging to a finite type space,— the S-topology (and hence
the US-topology) is finer than the UW-topology.

3.1 UW-convergence implies US-convergence
Theorem 1. The UW-topology is finer than the US-topology.

The theorem is an immediate consequence of the following proposition.

6Recall that for a given metric space (S,d) the weak* topology on A(S) is metrizable with the Pro-
horov distance p defined as

p(u, ') =inf {6 > 0 : u(E) < p'(E®) + & for each measurable E c S} Yu,u € A(S),

where E® = {s € § : infycsd(s,s’) < &}.



Proposition 2. Foreveryy >0, everye > 0, every G € G, everyi € I, and every k > 1,

di (si,t;) <e/(12M) = R{(t;,G,y) S Rf(si,G,y +€)  Vsi,t; € Th.

Proof. Fix e > 0and let 6 = ¢/(12M). Fix y = 0 and a game G = (A;, g;i)ic;- The proof
is by induction on k. For k = 1, let s; and t; € T; be such that dll (54, t;) < 6. We now fix
an arbitrary a; € R} (t;, G, y) and show that a; € R} (s;,G,y + &) using Proposition 1.
Let ; € A(A;) be adeviationand a_; : ® — A_; a corresponding function satisfying the

incentive constraint (2) with a M6 slack, i.e.

> lgilai,a_i(0,t_1),0) — gi(a,a_;(0,t_;),0)]t} (0) = —y — 4M3. (3)
ISC)

(Note that condition (1) is trivial for k = 1.) Let a*; : ® — A_; be any function such that

a*;(0) € arg max [gi(ai,a_i, 0) - gi(xj,a_i, 9)] Vo e 0O

a_j€A_j

and let h(0) = gi(a;,a*;(0),0) — gi(«;,a*;(0),0) for all 0 € ©. Since |h(0)| < 2M for
all 0 € O, it follows from d}(s;,t;) < & that Y gce h(0)[s}(0) — t1(0)] > —4M§, and
hence

> h(0)s!(0)

> hO)[s}O) - tHO] + > hO)t}(0)

0O 00O 00O
> —4M§ + > h(0)t}(0)
00O
> —4AMS + > [gi(ai,a_i(0),0) — gi(ai,a_i(0),0)]t}(0)
[(Z=6)

v

—4M6& -y —M& > —y — ¢,
where the penultimate inequality follows from (3). This shows that a; € R} (si,G,y+¢),
which proves the result for k = 1.

Proceeding by induction, we now suppose the result is valid for k — 1 and show
that is valid for k. Let s;,t; € 7; be such that d’i‘(si,ti) < 0. Leta; € Ri-‘(ti,G,y)
and let us show that a; € Rl-‘(si, G,y + ¢€) using Proposition 1. Fix «; € A(A;) and let
a;i:0x Tf‘i’l — A_; satisfy conditions (1) and (2) with M6 slack, i.e.

J@le [gi(ai,a_i(0,t%:1),0) - gi(xi,a_ (6,671, 0)]tf (A6 x dt*;!) = —y — M5. (4)

10



Leta*,:® x Tk —~ A_; be a measurable function such that

a*,(0,t*71) e arg max [gi(ai,a_i,0)-gi(ai,a_;,0)] V(0,t51) e @xT* L

a_ieRM Ltk LGy +e)

We thus have a*,(0,t*71) € R* 1 (tk21, G,y + ¢) for all (6,t%;1) € @ x TX1, 50 it only

—1

remains to show that
J@mﬂ [gi(ai,a*;(0,t5:1),0) — gi(oxi,a*,(0,t%71), 0)]sf (A0 x dt*!) = —y - &.

For ease of notation, consider an enumeration Ay, ..., A; of the non-empty subsets of
A_;, and for each £ = 1,..., L define

Py = [thleTR 1 RN, G y) = Ayl
Qp = {tht ekt R} 1R G oy + o) = Ay,

so that {Pq,...,Pr} and {Q1,...,Q} are finite partitions of T_ki_l into measurable sets.
Foreach9 €®and ¥ =1,...,L define
hg(@) = max [gi(ai! a_i, 9) - gi(aiv a—i, 9)]

a_i€Ay

We then have
LMkil [gi(ai,a*;(0,t5:1),0) — gi(o;,a*,(0,t%71), 0)]sf (A0 x dt*;!) =

L
= > > he(0)sk0x Qy).

00 =1

Also, it follows from condition (1) and the definition of Py that a_; (0, tf{l) € A for all
(6,t*71) € @ x Py, and hence

[ os [01(@024(0,8551),0) — giesai(0,t51), )|tk (d0 x dtk; ) =

L
< D> > hp(0)tk (0 x Py).
00 =1

11



Therefore,

%

LM;H [gi(ai,a*,(0,t%;1),0) — gi(x;,a*,(0,5;1),0)]s(d0 x dt*; 1)

> | lei@iasi0,651),0) - gileq,ani (0,651, 0)]ek(d0 x dek )
OxTk1
L
+ 3 D he(0)[sk0x Q) -tk (0 x Py
0e0 =1
L
> -y -M5s+ Y > hp(0)|sk0xQp - thox Py,

0e0 £=1
where the last inequality follows from (4).
To conclude the proof, we will now show that
L

> > hg(@)[slk(Q x Qp) — tX(0 x Pg)] > —4M§ = —& + M.

0O =1
Let N = |O|L and consider an enumeration of ® x {1,...,L}, denoted {(Qn,ﬁn)}ﬁzl,
such that hy, (0,) = hy, ., (On+1) foralln =1,...,N — 1. Next, define

EnZQnXPyn al’ld Fn:QnXQen V1’l=1,...,N,

so that {E1,...,En} and {F1,...,Fy} are finite measurable partitions of ® x 7. Thus,
we have

L
> > he@[sk@x Q) - th@x Py =
0e0 =1

I
M=z

he, (0n)| sK(Fn) = tF(En) |

T
- =

= > [hy, (On) = hy,,, (Ons1)] D [sK(F)) — tF(E))]
j=1

z 3
—_

> [, (0n) =y, (Ons) ] [sK(On x Qp,) — tK(0n x Py,)].

n=1

By the induction hypothesis we have Q, 2 Pgn, and so dk(s;, t;) < & implies

${(On X Qy,) = sF(On X P) ) = tf(6n X Py,) =6 Vn=1,...,N,

12



and therefore

L
> S he(0)[sk0x Q) —thox Py =

00 =1
N-1, =0 g =0 .
= > [he, (0n) — hy,,, (On) ] [sK(0n x Qy,) — tF (00 x Py,)]
n=1
N-1
> -0 Z [hg, (On) —hy,  (Oni1)]
n=1
= —0[hy, (01) — hyy (ON)] = —4M,
as required. 0O

Corollary 1. The Borel o -algebras of the UW-, US-, S- and product topologies coincide.

An implication of this corollary is that the Mertens-Zamir universal type space
(T3, 1) ies remains a universal type space when equipped with either the UW-, the US- or
the S-topology, instead of the product topology. In effect, since these topologies leave
the measurable structure unchanged, the function y; : 7; — A(® x 7_;) remains the
unique belief-preserving mapping and a Borel isomorphism, albeit no longer a homeo-

morphism.

3.2 S-convergence implies UW-convergence to finite types.

Here we prove a partial converse to Theorem 1: as far as convergence to finite types is

concerned, convergence in the S-topology also implies convergence in the UW-topology.

Theorem 2. Around finite types, the S-topology is finer than the UW-topology.

The theorem is an immediate consequence of the following proposition, whose

proof in turn relies on Lemma 3 in Appendix A.

Proposition 3. For every finite type space (T, ¢i)ic; and every & > 0 there exist € > 0
and G € G such that, for everyi € I,

d¥(si,t;) =8 = RNt;,G,0) € R¥(s4,G,¢) Vk =1, V(t;,si) € T; x Ts.

13



Proof. Let (T;, ¢;)ics be a finite type space and fix 6 > 0. By Lemma 3 there exist € > 0
and a game G = (Aj, gi)ier € G with the following properties for every i € I. First,
A; 2 T;. Second, for every t; € T,

ticargmax > > ¢i(t)[0,t_i1gi(ai t_i,0). (5)
ai€Ai  gec@t_;eT_;

Third, for every t; € T;, every s; € T, and every measurable o_; : ® X T_; — A(A_;), if
|| o0 0D 10 x e < (k) D] - 5
@X'T,i
forany D < © X T_;, then
min > > il0,a[gi(tia-i,0) - gi(ai,a_;,0)] < —«. (6)
a;€A;
0cOa_jeA_;

We now prove that, for every i € I,

t; € RX(t;,G,0) Vk=>1, Vt; € T;, (7)
df(ti,si) >8 = t; € R{(5,G,¢) Vk=1, V(t,s) € i xTi. ()

Lletielandt; € Tj. Let 0_; : ® X T_; — A(A_;) be defined by o_;(0,t_;)[t_;] = 1 for
all (0,t_;) € ® x T_;. Then t; is a best reply to o_; by (5), and hence t; € R;(t;, G,0) by
the best-reply sets definition of ICR, proving (7). To prove (8) for k = 1, pick any s; € T;
with d} (t;,s;) > 8. Then there exists E < © such that s}[E] < t}[E] - §, and hence for
every o_; : ® — A(A_;) we have

> st010-i(O)[T-i] < s}HE] < t}[E] = 8 = pui(t;) [E x T_;] - .
0cE

It follows from (6) that t; ¢ Ri1 (&, tl'.; G). Proceeding by induction, let k > 2 and assume
that (8) holds for k—1. Fixi € I and t; € T; and pick any s; € T; with d¥(t;,s;) > 8. Then
there exists some E @foi_ I such that Sf[E 9] < t{‘[E ]1-6. For notational convenience,
define D = {(0,t_;) € ® x T_; : (0,t*;1) € E} and note that p;(s;)[D] = sF[E]. Let

0_i:0xT_; - A(A_;) be an arbitrary (k — 1)-order &-rationalizable conjecture, i.e.

suppo_;i(0,t_;) < Rflfl(t_i, G,¢) for p;(s;)-almost every (0,t_;) € @ x T_;. (9)
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By the induction hypothesis, for u;(s;)-almost every (0,t_;) € © x T_; and for every

(0,s5_;) € D,we can have o_;(0,t_;)[s_;] > 0 only if d’j{l(t,i,s,i) < 6. Thus,

J 0-i(0,t_{)[D]ui(s;)[dO x dt_;] < J - 0-i(0,t_{)[D]ui(s;)[dO x dt_;]
OxT_; (i H-1(E%)

S RTICHEL BN

= SFIE®] < tF[E]1 - 6 = pi(t)[D] - 6,
and it follows from (6) that t; ¢ Rf(si, G,é&). O

Corollary 2. Around finite types, the UW-, US-, and S- topologies coincide.

4 Non-denseness of finite types.

In this section we first show by an example that finite types are not dense under the US-
topology (and hence, by Theorem 1, not dense under the UW-topology). We achieve
this by proving that the e-mail type u; o who received no messages cannot be US-
approximated by finite types. Based upon this, we go one step further to show that the
set of finite types is nowhere dense, under both the US-topology and the UW-topology,
in the universal type space, i.e. the complement of the US-closure (resp. UW-closure) of
the set of finite types is open and dense under the US-topology (resp. UW-topology).”
Finally, we remark that 1 is a critical type in the sense of Ely and Peski (2008) and
comment on the implications of our example on the relationship between the S-topology
and the UW-topology around critical types.

Let ® = {09, 01} and consider the type space (Uj, Uz) thus defined:®

Up = {u1,0,u1,1,U1,2,..-}, Uz = {uz0,u2,1,U22,...},

“By Theorem 1 the UW-topology is finer than the US-topology, so non-denseness in the US-topology
implies non-denseness in the UW-topology. However, the analogous claim of nowhere denseness in the
UW-topology, while true, is not a corollary of Theorem 1 and nowhere denseness in the US-topology. (In

general, a set may be nowhere dense under a topology and not under a finer one.)
8This type space is an instance of the e-mail type space where the more informed player 1 who

received k messages attaches probability p = 2/3 (resp. 1 — p = 1/3) to player 2 having received k — 1
(resp. k) messages, and the less informed player 2 who received k messages attaches probability p
(resp. 1 —p) to player 1 having received k (resp. k + 1) messages. Our choice that p = 2/3 is unimportant;
our results hold true, with a few unimportant changes, if we assume any other value for p.
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and u1,0[00, u20] =1, uz0[00,u1,0] =2/3, uzpl01,u1,11=1/3,

ukl01,u2k-11=2/3, ukl01,uz k] =1/3 Vk =1,
ux k[0, u2 k] = 2/3, uxk[01,uz k411 =1/3 Vk > 1.

The following proposition establishes existence of a US-neighborhood of 11,0 with no
finite types in it, thereby proving that the set of finite types is not dense, under the
US-topology, in the universal type space.

Proposition 4. d{*(t1,u1,0) = M/6 for every finite type t; € T;.

The proposition is a direct consequence of the following two lemmas, whose proofs

are relegated to Appendix A.
Lemma 1. d{"V(t1,u1,0) = 1/3 for every finite type t; € T;.

Lemma 2. d{*(t1,u1,0) = (M/2)d\" (t1,u1,0) for everyt; € T1.

The proof of the latter actually establishes a slightly stronger claim, namely, that for
every n > 1 there exist a game and an action aj o for player 1 in that game such that,
for every 6 > 0 and every type t; € T for which a, o is n-order (M§/2)-rationalizable,
the n-order beliefs of t; cannot differ from those of 11,0 by more than 6. Thus the
game, and in particular the number of actions in the game, will depend on n, but not
on the particular t; chosen. To better guide the reader through that proof, it is useful

to illustrate the argument for a particular n and the particular case where M = 2.9

Consider the game in Figure 1. The key feature of this game, at the base of the idea
of the proof, is that for each 6 = 0, if there exists a d-rationalizable conjecture that
o-rationalizes the risky action a;x simultaneously against the safe action s; and both
of the even riskier actions b; x and c; k, then the beliefs (at some appropriate order) of
player i cannot differ by more than 6 from those of type u; k. (To see this more clearly,
the relevant payoffs appear in bold in the figure.) Given the presence of s; and s», it
is clear that a; is not §-rationalizable for any t; with t{[6y] < 1 — &, while a1 and

a1 are not d-rationalizable for any f; with t%[@l] < 1-6, and ap,; and ay are not

9The game in Figure 1 works for n = 6. As is evident from the proof of the lemma, for every even n
the game has 3n/2 — 1 actions for player 1 and 31/2 + 1 actions for player 2.
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az,o bs 0 C2,0 az, by 1 C2,1 az,» b; C2,2 S2

ao | o 0 1 1 1 -1 1 1 1 -1 1 1 1 1 1 1 1 ] 1 0
ain |, U, U, T, U U T T, ], T, o
b1 | 1 ! -1 1 1 1 1 1 1 1 -1 1 -1 1 -1 1 -1 1 0
AR R oo
= 0o
a2 |, L, L, Uy U, T, Ty T, T, T, o
bioly U]q Ty, Ty U]y T, T, T, U], [, 0
caly U]y T]q Ty U]y U] T, T, U] [, 0
s1lo -1 0 -1 0 -1 0 -1 0 -1 0 -1 0 -1 0 -1 0 -1 0 0
az,o by €2,0 az, by, C2,1 az; b, C2,2 2
ao [, U, U, T, U1, U], [, U, U], ], o
ai 0 0 1 -2 -1 2 0 0 1 1 ] -1 -1 1 1 -1 -1 -1 -1 0
by 1 -1 1 -1 1 1 2 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 0
cnlq Tlg Tg Tl Uy U], T, T, U], [, 0 oo
=0
a | 1 1 -1 1 -1 0 0 1 -2 1 2 0 0 1 1 1 -1 1 0
by 1 1 1 -1 1 -1 1 -1 1 -1 1 1 2 -1 1 -1 1 -1 1 0
Ci,2 1 1 1 1 1 -1 1 -1 1 1 1 1 2 -1 1 1 1 -1 1 0
st o 1o "1o 1o "lo "1o "1lo 900 2|0 2|0 ©

Figure 1: Here a1 o € R1(u1,0,0) butai,o ¢ Ry (t1,0) if d?(tl,ul,o) > 0.

o-rationalizable for any t» with t% [01] <1 - 6. Also, given the presence of s; and b3 o
(resp. sz and cz,0), action a,o is not d-rationalizable for any t> with t%[@l] <1/3-6
(resp. t%[@o] < 2/3 — 6). Based on these facts, inductively using essentially the same
arguments, we see e.g. that a;,1 is not §-rationalizable for any t; with t2[6; x {u%,o}é] <
2/3 -6 or t%[@l X {u§,1}5] < 1/3 - 6, that ay is not d-rationalizable for any t, with
t5001 x {uf 1°] < 1/3 = § or t3[00 x {ui 4}°] < 2/3 - &, and so on, eventually proving
that a0 is not d-rationalizable for any t; with tf’[Go X {u§’0}5] <1-59.

We are now ready to prove the main result in this section.

Theorem 3. Finite types are nowhere dense under the US-topology and the UW-topology.

Proof. It suffices to prove that every finite type can be UW-approximated by a sequence

of infinite types, none of which is the US-limit of a sequence of finite types.'” Fix a finite

10Indeed, by Theorem 1 the sequence will also US-approximate the finite type, hence nowhere dense-
ness in the US-topology will follow; by the same theorem, none of the types in the sequence will be the
UW-limit of a sequence of finite types, thus nowhere denseness in the UW-topology will also follow.
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type space (T1,T>) and a type t, € T». For each £ > 1 let 5y = 1/(£ + 1) and define
the infinite type t, p by the requirement that, for every k > 1 and every measurable
EcOxTf

t5 J[E] = (1= 8)t5[E] + Spu5 o [E].

Note that for all £ > 1, k > 1, and measurable E < © x 7! we have
th LE] = (1 — §)t5LE] + Spub o [E] < tk [E%] + 5,

hence d5" (£, ¢,t2) < dp. It follows that the sequence (; ¢) p~; UW-approximates t», and
it only remains to prove that none of the types in the sequence is in the US-closure of the
set of finite types. To this end, we will prove that d5°(t; ¢, s2) = min{M/12,M /(3¢ +1)}
for every £ = 1 and every finite type s> € 7.

Fix £ = 1, a finite type space (S1,S2), and a type s» € S». Using Proposition 4, choose

n = 1 large enough so that
df(rwl)(tl,ulyo) >1/3 VYVt € T U Sy. (10)

Let Gy = (Ain,Gin)i-1,2 be the game defined in the proof of Lemma 2. Define another

game G, = (A!

i Gin)i=1,2 as follows:

Al =Ain,  Apy=Asnx {01},
and, forall a; € A1 n, a2 € Ao n, x € {0,1}, and 0 € 0,

, 1
gl‘n(alvai-Xae) = Egl,n(alvaie) (11)

M/2 if x =1and a; = a1,
, 1
o nlai,az,x,0) = S92nlai, az, 0)+1-M/(3¢+1) ifx=1anda; #ap 12)

0 otherwise.

Note that, since all payoffs of G, are between —M and M, the same is true for all payoffs
of G;,. Moreover, for all k > 0 and all 6§ > 0,

RX(t1,Gn,28) = R¥(t1,G},, 6) vt € T1, (13)
R%(t2,Gn,28) = proja, R (t2,G},, 5) Vi, € To, (14)
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which we prove below. Assuming for the moment that (13) and (14) hold, we now
prove that (az,1) € R (t, ¢, Gy, 0) for some az € A, but (az,1) ¢ Ra2(s2,Gy,,6) for all
ap € Ay and all 6 < min{M/12,M /(3¢ + 1)}, reaching the desired conclusion.

Let 07 : © X 71 — A(A; ) be an arbitrary rationalizable conjecture for game G, and

define the conjecture oy : ©® x T1 — A(A] ;) for game G;, as

o1 (0,t1)[a1] = 01(0,t1)[a1] Vt; € T1\ Uy, Va; € Aj,
o (0, uyp)laixl =1 vk = 0.

From the proof of Lemma 2 it follows — using (13) — that o is a rationalizable conjec-

ture and also — using (10) — that
aio € Ri(t1,Gn, 9) Vo <M/6, Vt1 € T1 U 1, (15)

so 0,(0,t1)[a1,0] =0 forall @ € ® and all t; € T;. Thus, for all a» € Ay,

j 01(0,t1)[a11[g5(a1,a2,1,0) - g5(a1,a2,0,0) |2 (t2,0)[dO, dt1] =
OxT

= (260/3)% ~ (1-26,/3) 0,

30+1
i.e. (a2,0) and (a2, 1) give type t, y the same expected payoff under ;. This implies
that (a», 1) is a best reply to o7, hence that (az,1) € R2(t3 9, G, 0), for some a; € Ax.
However, (az,1) ¢ Ra(s2,G,,,0) for all a; € A and all § < min{M/12,M /(3¢ + 1)}.
Indeed, by (13) and (15), for every such § and every §-rationalizable conjecture o for

game G,,, we must have o7 (0,s1)[a1,0] =0 for all & € © and all 51 € S;, hence

M

> skte, sk Y 01(9,51)[a1][gi(a1,a2,1,9)—gi(al,az,O,Q)]=—m

0cO s1€81 al1EA]
for all a, € Ay, proving that (a», 1) is not d-rationalizable.

It remains to prove (13) and (14). They are trivially true for k = 0, so assume they
hold for some k > 0. Then there exists a mapping & : 7> X A» — {0, 1} satisfying

(a2, E(t2,a2)) € R (t2, Gy, 8) Vi, € To, VYaz € R5(t2, G, 26). (16)

Lett; € 71 and a; € Ay. Suppose a; € R’f“(tl, Gn,26) andlet 0o : © X To> — A(A) be
a corresponding k-order 25-rationalizable conjecture. Define o : © X T2 — A(A)) as

05(0,t2)[a2,&(t2,a2)] = 02(0,t2)[az] VO €0, Vi € T, Vao € Aj.
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By (16), 0, is a k-order d-rationalizable conjecture in game G,,. Moreover,

J K 2. 02'(9,tz)[az,x][g’l(a’l,az,x,e) —gi(al,az,x,9)]t{<+1(d9,dt’2<)
OxT; (az,x)€A)
-3 ! k+1 k 1 B
2 Joxtk angz 02(9,t2)[a2][g1(a1,a2,9) —gl(a1,a2,9)]t1 (do,dty) < 526=10

for all aj; € Aj, hence a; € R’f”(tl, G, 0). Conversely, assume the latter is true and
let 05 : ® X T> — A(A5) be a corresponding k-order §-rationalizable conjecture. Define
02:0xTr — A(Ap) as

02(0,t2) = margy, 05(0,t2) VO €0, Vi, € To.

By (14), o> is k-order 2d-rationalizable in G,. Moreover,

J } > 02(9,t2)[6l2][g1(6l'1,a2,9)—gl(al,az,9)]t]f+1(d9,dt§)

OxT, arEA

=2 ok > 05(9,tz)[az,x][gi(a’l,az,x,0)—g1(a1,a2,x,0)]t’f”(d9,dt§) <26
X292 (ay,x)€A),

for all a; € Aj, hence a; € R'f“(tl,Gn,Z(S). Thus (13) remains true for k + 1. To

prove that (14) also remains true for k + 1, let t, € 7, and a» € Ay. Suppose a» €

R12<+1 (t2,Gn,20) andlet o1 : ®©xT7 — A(A1) be a corresponding k-order 2§-rationalizable
conjecture. Choose any

x* € arg maxJ Z 01(0,t1)[a1lg5(ar, a2, x, G)té‘“(de,dt{‘).
xe{0,1} JOXT! Ty

Then for every (a5, x) € A, we have

J@m > o1(0,t)larl|gh(ar, ah, x, 0) — gh(ar, az,x*, 0) |th*1(do,dt}) <

1 a1€A1
J . > o0, t)la][gh(ar,ab, x,0) - gh(ar,az, x,0) |t5*1 (40, dtk) =
OxT; a1eA
1 , 1
5 o 2 OO tlal]g2(ar,a2,0) - ga(ar,a;, 0) [t (0, dtf) < 526 = 5,

1 are’Ay

hence (az,x*) € R§*1

(t2, Gy, 0). Conversely, pick any x € {0,1} and assume (az,x) €
R’z‘“(tz, Gn,0). Let 0] : @ x T1 — A(A)) be a corresponding k-order §-rationalizable
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conjecture. Then

J@xr_rk > O—{(G’tl)[al][QZ(alya/z;e)—g2(a1,a2,9)]t§+1(d9;dt’f)

1 are’ry
=2 ) Z o, (0, tl)[al][gé(al,a'z,x, 0) — g>(ai,az, x, 9)]t’2‘“(d6,dt’f) <26
OxT] aLeA,
for all a), € A, hence a, € R§+1(t2, Gn, 26), thus establishing (14) for k + 1. O

A Omitted Proofs

A.1 Proof of Proposition 1

Fix k = 1 and t; € T; and let 3_; denote the set of measurable functions o_; : ®@ X T_; —
A(A_;) such that

suppo_i(0,t_;) < Rflfl(t_i, G,&) for ¢i(tj)-almost every (0,t_;) € © x T_;,

where we identify any pair of functions that are equal ¢(t;)-almost surely. The set
>_; can thus be viewed as a convex subset of the real vector space of R4-il-valued

measurable functions over ® x T_;.

Consider the function f : A(4;) X X_; — R such that
Sflaj,0-4) = J@X _ [gi(ai,0-i(0,t_;),0) — gi(xi, 0-i(0,t_;),0)]Ppi(t;) (O x dt_y).

Thus, f is the restriction of a bi-linear functional to the Cartesian product of the com-
pact, convex set A(A;) with the convex set 3_; (not topologized). By a minimax theorem
of Fan (1953) we obtain
min sup f(&,0_;) = sup min f(o;,0_;).
& EA(A)) o_jex_; o_i€3_; GEA(A))
Now a; € Rf(ti, G, ¢) if and only if the right-hand side is greater than or equal to —«.

We have thus shown that a; € R{-‘(ti, G, ¢) if and only if for every n > 0 and «; € A(A;)
there exists o_; € Zt_ii such that f(xj,0_;) > - —n.
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A.2 Proof of Lemma 1

First we prove by induction that
aAM(uik,uip) =2/3  Vi=1,2, Vk=0, V£ =0 s.t. £ +k. 17)

Forall k > 1, uj ¢[6o] = 1 and uj ,[6o] = 0, hence dj(u1,0,u1 k) = 1 > 2/3; moreover,
u30[60] = 2/3 and u%’k[éo] = 0, hence d}(u20,uzx) > 2/3. Assume that we have
proved df(ui,k,l,ui,mg) >2/3foralli=1,2,somen >1,alll <k <n,and all £ = 0.
Then, for all £ > 1, since py (u1,,)[01 X U2 n-1] = 2/3 and p1 (U 34¢)[01 X U] = 0 for

all k < n, we obtain u’fj}[@l xuf, 11=2/3and uf;ig[Ql x {uf, 13?31 = 0, hence

AT (Ug i, Uy yg) = 2/3. Since po (up,n)[01 X U1 ] = 2/3 and po (Uz 44 ¢)[01 XUt k] =0

for all k < n, we also get u?’#[el xuy,]l=2/3and ug";i{)[el x {uy,1%/3]1 = 0, hence

At (upm, Uz pyg) = 2/3. The proof of (17) is complete.

Now let (T, T>) be a finite type space and for every i = 1, 2 and every k > O define
Tix=1{tieTi: d"(ti,uix) <1/3}.
Note that, by (17),
TixNTip=09D Vi=1,2, Vk=0, V£ =0 s.t. £ +k. (18)

Assume, contrary to our claim, that T;,0 is nonempty. Pick any t10 € Ti1,0 and any
1/3 > 6 > dy"(t1,0,u1,0). Then

tfo[eox{u%l}‘s] >ullo[0oxufgl]-6=1-6 VYn=0
and, therefore,
0<1-6= lim t{o[00 x {ufy'}°]
= U1 (t1,0)[00 X {t2 € To = d¥™(t2,u2,0) < 6}] = 1 (t1,0)[60, T2,0],

implying that T» o is also nonempty. Now assume T> j is nonempty for some k > 0 and

pick any to x € Tox and any 1/3 > & > d5" (t2,0,u2,0). Then

[0 x {ul 11 > ul [01 xufi1-6=1/3-6 Vn=0
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and hence, as before,
0<1/3-6 < lim 7, [61 X Uit 1]
= pa(top)[61 x {t1 € Ty + dAYW(t1, U1 k+1) < O}] = po(t2x)[01 X T1 k1],

S0 T1 k+1 is also nonempty. Finally, assume T  is nonempty for some k > 1 and pick

any t1 x € Tix and any 1/3 > 6 > d{¥(t1 x, U1 k). Then
e [01 x {ul 0] > ult [00 x {ul ' ] -6=1/3-8 Vn=0,
hence again
0<1/3-6 = lim ¢, [61 x {ul;'}°]
= p1(f1 ) [01 % {t2 € To = dy™(t2, u2k) < 6}] = p1(t1x)[01 X To k],

so To  is also nonempty. We have reached the conclusion that T; is nonempty for
every i = 1,2 and every k > 0. By (18), this contradicts the finiteness of T} and T>.

A.3 Proof of Lemma 2

Fix n = 1. The proof is divided into three steps. In Step 1 we construct a game G, =
(Ain,gin)icr and prove that a certain action of player 1 is rationalizable for type u1 .
In Step 2 and Step 3 we prove by induction that, for all § = 0 and t; € T3, if that action
is §-rationalizable for t1, then d5 " (t1,u,0) < 26/M.

Step 1. The action sets in game G, are as follows:
An = {al,oial,l,bl,licl,ly---,al,n,bl,nycl,n,sl};
App = {012,0, b2o,c20,a21,b21,¢21...,a2n, bZ,n,CZ,n,SZ}-
Payoffs are as follows. Actions s; and s, are safe actions that give constant payoffs:
gin(0,s1,a2) = gon(0,a1,s2) =0 for every 0 € ©, a; € A1, and az € Az .

Actions ai,0,...,a1,n and a2, ..., a2, are risky actions, weakly dominated by the safe

actions above:
0 if£=0,0=0py and a» = a.o,
gin(0,ay,a2) =10 if £>0,0=01,and as € {ay_1,a,},

—M /2 otherwise;
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0 if £ =0and (0,a1) € {(00,a1,0),(01,a1,1)},
gon(0,a1,az0) =10 if £>0,0=01,andai € {a, gp,a; 011},
—M/2 otherwise.

Actions bi11,¢1,1,-..,b1,n,¢1,n @and bp,¢2,0,...,b2n,c2n are even riskier, though not
weakly dominated actions: for every £ = 1,...,n,

M/2 if@=01andaz =ay_,
gin(0,byp,a2) =1-M  if 0 =0y and az = a,y,

—M /2 otherwise,

M if 0 =01 and az = a,y,
—M /2 otherwise.

gl,n(elcl,glaz) = {

For player 2,
M/2 if 0 = 0p and a1 = a1,
QZ,n(e,alin,O) =1-M if0 =601 and a; =ai,

—M /2 otherwise,

M if0=60,and a; = a1,
gon(0,a1,c20) =
—M/2 otherwise,

and, for every £ = 1,...,n,

M/2 if 0 =01 and a; = a,y,
g2n(0,a1,b0) =1-M  if0=0,and a1 =ay .,

—M /2 otherwise,

M if 0 =01 and a1 = a; 441,
gen(6,a1,cop) =

—M /2 otherwise.

It is immediate to verify that ajo is rationalizable for u; . To see this, just note
that the conjectures o1 : ® x 73 — A(A1,) and 02 : © X T2 — A(A2,) such that

24



01(0,t1 p)la, ] = 1 and 02(0,t, p)[as ] = 1 for every 0 € © and every {=0,...,n
clearly satisfy the requirement in the best reply set definition of ICR.

Step 2. For convenience, in this step we define aj 41 to be s1. Also, in this step and
the next, for any 2 < £ < n, we define 0y to be 0;. In this step we prove that, for all
£=0,...,n,

ap € RY(t2,8) = di(to,try) <28/M Vi, € T (19)

and
ayp € R} (t1,8) = di(t1,t1) <26/M Vi, € T. (20)

Fixanyt; € T and 0 < £ < n, assume thata, y € R}(t2,6) andlet oy : ©x T — A(A1 )
be a corresponding 0-order §-rationalizable conjecture. Since a, y is a 5-best reply to
01, the difference in expected payoff when choosing s instead of a, y under o} must

be no greater than ¢, i.e.

M
i 6 ,t A y t 9 ,dt n
5 {Gg}xﬁm( o, 0 [Arn \ {ay e} p2(t2) [0, dt1 ]
M
T2 {01}x T o1(01,0) [A1n \ {aype1} 2 (82)[01,dE1] < 0.

Rearranging the latter, we get

Oy, t t2)[0,, dt
J{é),,}x,_rl o1(0p, t1)[ay p]p2(62)[0g, dtr ]+

20
9 jt t 9 ’dt > 1_7. 21
+J{91}x71 o1(01,t)[ayp1lp2(t2)[61,dt1 ] = o 1)

Similarly, the difference in expected payoff when choosing b, y or ¢, p instead of a, p

under o; must be no greater than 9, that is, respectively,

ol J

— o1(0p,t1)|a t2)|0p,dt1|-M o1(01,t1)|a t2)[01,dt1]| <6
> Jiours 1(0p,t1) [y ¢]u2(t2) [0, dt: ] - 1(01, t1) [ay o1 | p2(£2)[ 01, dt |
and

MJ J
- Op,t t2)|0p,dti | +M 01,t t2)|01,dt1| < 6.
2 Jioyier, 01(0p,t1)[ay plu2(t2) [0, dt1] - 0101, t1)[ay g1 u2(t2)[61,dt1] <

The latter two inequalities together with (21) imply

S

01(0p, t1)[ay ¢lu2(t2)[ 0, dt1] = (22)

W

{{Qg}X’Tl
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and

@. (23)

1
0q,t t2)|01,dt1| = = —
J{el}XTl o1(01, t1) [ay g1 |p2 (t2)[01,dt1 ] Y

Since 01 (0,t1)[a1] < 1 for all (0,t;) € ® x T and all a; € A, inequalities (21), (22),
and (23) respectively imply

W | =
S

26
— 5 and pz(t2)[01] =

w N

p2(t2)[0g] + p2(t2)[01] = 1 - %, p2(t2)[0p] =

hence d} (t,,t5 ¢) < 25/M, as required by (19).

To prove (20), fix any t; € 77 and 0 < ¥ < n, assume that a, y € R2(t1,6) and let

02 1 © X T, - A(Az,) be a corresponding 1-order §-rationalizable conjecture. First
consider the case £ = 0. Since a; is a §-best reply to o», it must give an expected
payoff within 6 of the one from s, i.e.

M M

2 Jiourer, 02(00, t2)[A2,n \ {az,0} 1 (01)[00, dt2] + Sopn (1) [01] < 6.
Rearranging, and using (19) and the fact that o» is 1-order -rationalizable, we get

ui(t) [ {00} x {t2 € To = db(ta,u20) <28/M}| =1-25/M,

as required by (20) when € = 0. Next, consider the case £ > 0. Since a; p is a 5-best
reply to o», it must give an expected payoff within 6 of the one from sy, i.e.

M M
?m(h)[@o] 5 LMXTZ 02(01,t2)[A2n \ {a2,p-1, a2, 0} |1 (1) [ 61, dt2] < 6.

Rearranging the latter, we get

20

02(01, tz)[a2,€71]u1(t1)[91,dt2]+J 02(01,t2)[ap p]ui (£1)[61,dt2] = 1—-—.

J{91}><Tz {01} XT> M

Similarly, comparing a; ¢ to b; y and c; y, we must have, respectively,
M

— o02(01,t2)|ar p_ t1)|01,dt —MJ o2(01,t2)|a t1)|01,dt2| <6
2 o, 2(01,t2)[a,p—1]u1(t1)[01,dt2] - 2(01,t2)[ap,p]ui (t1)[01,dt2]

and

M 02(01,t2)[az,p—1 ] (£1)[01,dt2]+M 02(01,t2)[az ¢]p (t1)[01,dt2] < 6.
2 Jio11xT, ’ {01}xT> ’

The latter three inequalities together imply

02(01,t2)[as g1 ]p1(t1)[01,dt2] = 5 —

26
M

W N

J{BI}XTZ
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and
1 26
02(01,t2)|a t1)[01,dt2] = - — —.
J{el}xf_rz 2(01, t2)[az, ¢]p1 (t1)[ 01, dtz] s M
Since o0 is a 1-order 6-rationalizable conjecture, by (19) we have 02 (01,t2)[a, 1] =0
for all t, € T> such that d} (to,t501) > 26/M, and 02(01,t2)[a,,¢] = 0 for all t> € T>

such that d%(tz,uglg) > 26 /M. Thus, we also have

2 25
ul(tl)[{el} X {tz €Ty : di(tr,upp ) < 25/M}] =50
and S
1 2
mt)[(0) x {t2 € T2+ dhlta,up) <28/M}] > 3= 30,

as required by (20) when € > 0.

Step 3. Let 1 < k < n and assume that for all £ = 0,...,n — k + 1 we have proved
both

arp € RN = A3t thy) <26/M Vi, € To (24)

and
al e R%*2(t)) = a¥(t1,uyy) <26/M Vi, € T. (25)
We now prove that these are again true, for all £ = 0,...,n — k, when k is replaced by

k + 1. This induction step will conclude the proof of the lemma.

Pick any t» € 7> and any 0 < ¢ < n — k, assume that a, y € R§k+1’5(t2) and let

01:0 x T - A(A1 ) be a corresponding 2k-order §-rationalizable conjecture. Since
a; p is a 6-best reply to o7, the difference in expected payoff when choosing s> instead

of a, y under o1 must be no greater than 4, i.e.

M
2 0p,t1)[A t2)[0p, dt
2 {0,}x T} 01(0¢, 1)[ 1vn\{a1,€}]ﬂ2( 2)[ 05 1]—1—
M
i 2 (011xT) 01 (01, t1) [A1n \ {al,€+1}]ﬂz(t2)[91,dt1] < 4.

Rearranging the latter, we get

o1 (0y, t1)[a1,€]uz(t2)[9£,dt1]+L9 01(01,t1)[ay 11 ]p2(t2)[01,dt1] = 1-26/M.

J{Qy}XT] 1}xT1

Similarly, the difference in expected payoff when choosing b, y or ¢, instead of a, y
under o; must be no greater than 6, that is, respectively,

M

2 oy, 01(0g, t1) [ay ¢]u2(t2)[0p, dt1] P 01(01, t1) [y a1 |12 (t2)[01,d11]
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and
_MJ 01(0p, t1) [ay ¢ ]u2(t2)[ 0y, di ]+MJ 01(01,t1) @y g1 Ju2(t2)[01,dt1] < 6
2 Jiopyxr oty JH2 )10, dhh w0 per, THOB 100 p2(t2)[61,dt1] < 6.

The latter three inequalities together imply

2 20
o1 (0p,t t2)|0p,dt1| =2 = — —
J{Gp}le 1(0p, t1) [ay p]u2(t2) [0y, dt1] 3" M
and
J 0101, t) [y oy lp2 (2) [0, dt] > + — 20
{gl}le 1 1,L1 l,€+1 2\L2 1, 1] = 3 M

Since o7 is a 2k-order S-rationalizable conjecture, by the induction hypothesis (25)
we have 01(60y,t1)[a; ] = 0 for all t; € 77 such that d%k(tl,ul,e) > 20/M, and
o1(01,t1)[ay¢.1]1 = 0 for all t; € Ty such that d5¥(t1,u; 4,1) > 26/M. Thus, we

also have

2 26
uz(tg)[{@g}x{tleﬂj : d%k(tl,ul,g)s&i/MH Z§_ﬁ
and 5
1 2
[.lg(l'z)[{@l} X {tl €T : d%k(tlyul,m—l) < 25/M}] > 3T M
This proves that for all £ = 0,...,n — k we have
asp € R (1, 8) = A3 L(tr,upy) <26/M Vi, € To, (26)

i.e. that (24) remains true with k + 1 instead of k.

Now pick any t; € 77 and any 0 < £ < n — k, assume that a; y € R%’”Z(tl, d) and
let 02 : @ X T2 — A(Az2 ) be a corresponding (2k + 1)-order §-rationalizable conjecture.
First consider the case £ = 0. Since aj o is a 5-best reply to o>, it must give an expected
payoff within 6 of the one from sy, i.e.

M M
2 Jiounr, 02(00,t2) [A2n \ {az,0}]u1(t1)[ 00, dt2] + ?Hl(tl)[el] <é.
Rearranging, and using (26) and the fact that o> is (2k + 1)-order é-rationalizable,
u(t) [ {00} x {to € To = d3* M (ta, uz0) <28/M}] =1-25/M. (27)

Next consider the case £ > 0. Since a, ¢ is a 6-best reply to o2, it must give an expected

payoff within 6 of the one from s, i.e.

M M
—u1(t1)[6o] + *J 02(01,t2)[Aon \ {a2,0-1, a2, 0} |1 (t1)[61,dt2] < 6.
2 2 J{o1x T,

28



Rearranging the latter, we get

J{Ql}XTZ 0'2(91,t2)[a2,€—1]ﬂl(t1)[91,dt2]+J . 02(01,t2)[az¢]p1 (t1)[01,dt2] = 1-26/M.

{011xT>2

Similarly, comparing a; y to b; y and c; y, we must have, respectively,

M
) 01,t _ t1)[ 61, dt —MJ 01,t ] t1)[01,dt] <6
5 J{gl}XTz 02(01,t2)[az ¢—1 |p1 (61)[ 01, dt2 ] - 02(01, t2)[ay ¢l u1 (11)[ 61, dt2] <

and

_= 01,t _ t1)]|01,dty |+ M 01,t 1[0y, dt>] < 6.
2 Jiorems 02(01,t2)[az ¢-1]p1 (61)[ 01, Atz ] s 02(01,t2) [az ¢ ]p (£1)[ 61, dt2]

The latter three inequalities together imply

2 20
0.t - t1)[61,dtr] = = — —
J{HI}XTZ 02(01,t2)[az ¢y |1 (t1)[ 61, dt2] o
and 6
1 2
9 ,t t 9 ,dt > - _ 29
Lel}x:fz 02(01,t2)[ay ¢]u1 (t1)[61, dt2] 1M

Since o7 is (2k + 1)-order S-rationalizable, by (26) we have 02(01,t2)[a,¢_;] = 0 for
all to € T, such that d%k+1(t2,u2’3_1) > 20/M, and 02 (01,t2)[a, ] = 0 for all to € To
such that d3**1(t»,u, o) > 26/M. Thus, we also have

2 26
. 32k+1 = _ ==
pi(t) [ 101} x {t2 € T2 ¢ d3* ! (t2,up 1) < 28/Mf| = 5 = 4

and 5

1 2
pi () [101) x {t2 € To © d3* ! (t2,uz) < 28/M 1| 2 5 = T
Together with (27), this implies that, forall £ = 0,...,n — k,
7SWAS R%k+2(l’1,5) = d%’ﬁ'z(tl,ul’y) <206/M vVt € 11,

i.e. that (25) remains true with k + 1 instead of k, as was to be proved.

A.4 Lemma 3 and its proof

Lemma 3. Let (T;, ¢i)ics be a finite type space. For every 6 > 0 there exist € > 0 and a
game G = (Aj, gi)ier, with A; 2 T; for all i € I, such that, for everyi €I andt; € Tj,

t;cargmax > > ¢i(t)0,t_ilgi(ai,t_;,0) (28)
ai€A; 0O t_;eT_;
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and, for every ¢ € A(O x A_;) such that y[D] < ¢[D] -6 for someD < ® x T_;,

min > > wl0,a_il[gi(ti,a_i,0) - gilai,a_i, 0)] < —¢. (29)

ai€A; fc®a_icA_;

Proof. For each i € I let p; and | - ||; denote the Prohorov distance on A(® x T_;) and
the Euclidean norm on R®*7-i| respectively. Also, let f; : ® x T_; x A(®@ x T_;) — R be
the function defined by

(0,5, @) = 2@[0,t_i] - llyll?,

and let F; : A(® X T_;) X A(O® X T_;) — R be the function defined by

W)~ > w0, t1fi(0,t_,¢).
(0,t_;)eOXT_;

Note that Fi(y, @) — Fi(¢', @) = ||y — (,U’IILZ for all ¢,y € A(O® x T_;), hence

N O

|

1 . 4 14 4
n =5 min {Fi(,¢) — B, @) 1 @', w € A@x T), pilw, ') 2
is well defined and positive, and moreover, !
pilw, ) <n/2 = Fi(y,p)-F,p)<n Vy,p' e A@ X T).

The compact set A(® x T—;) can be covered by a finite union of open balls of radius
n/2. (These balls are taken according to the metric p;.) Choose one point in each of
these balls and let A; € A(® x T_;) denote the finite set of chosen points. Enlarge A;,
if necessary, to ensure A; 2 T;. (We identify each t; € T; with ¢;(t;).) Thus, for every
Y € A(O x T_;) there exists a; € A; such that F;(y,y) — Fi(a;, @) < n.

Now define the payoff function g; : ® x A; X Aj — R, as follows:

(Mé6/4)fi(0,a_,a;) ifa_;eT,
gi(0,ai,aj) =-M ifaje Tianda_; ¢ T_;,
-Méb/4 ifaij¢ T;anda_; ¢ T_;.

Hletting h:® x T_; — [—1,1] be the mapping (0,t_;) — w[0,t_;]1 — y’[0,t_;], for all € > 0 we have

Fi(y,w) - FEW,w) =y -y'|* = > wlo,tIh(0,ty) - > Y0t ln(6,t ) <2C

(0,t_;)e®XT_; (0,t_;)e®XT_;

whenever p; (@, ') < T, as we explained in Section 2 when we introduced the Prohorov distance.
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It follows directly from the definition of g; and the fact that ¢;(t;)[®@XT_;] = 1 that each
a; € A; yields an expected payoff of (Md&/4)F;(ai, ¢i(t;)). Since Fi(¢pi(t;), Pi(t;)) =
Fi(ai, ¢;i(t;)) for all a; € A;, (28) follows.

Fixany 0 < € < (M6/4) min{n(1 — 6/2),6/2}. We shall prove (29) now. Fix t; € T;
and ¢ € A(O X A_;), and assume that there exists D < © x T_; such that ¢[D] <
¢i(t;)[D] — 6. First suppose @[O0 x T_;] < 1—-5/2. Pick any a; € A; \ T;. Since f; maps
into[-1,1],

> > wlo,a-illgi(ti,a-i,0) — gi(ai,a—i,0)] <
0c®@a_;cA_;
<2M6/4)(1—-06/2) + (6/2) (=M + Md/4) = —M52/8 < —E.

This establishes (29) for the case ¢[® x T_;] < 1 — /2. Now suppose instead that
Y[O X T_;]=1-6/2. Consider the conditional probability ¢(-) = ¢ (-10 X T_;). Then

@[D] = yw[D] =@[D]Y[® XT_;] = P[D]-65/2, (30)
hence

|@ID] — ¢i(t) D] = |wID] ~ ¢i(t:)[D1| — [@w[D] - P[D]|
>0-0/2=0/2,

which implies F; (@, @) — F;(t;, @) = 2n, by the definition of . Now pick any a; € A;
with pi(¢,a;) <y, so that Fi(a;,¢) — Fi(¢, ) > —n. Then

Fi(ai, @) — Fi(¢pi(t),P) > n
and hence

> > wlo,aillgi(ti,a-i,0) - gi(ai,a—i,0)] <
96(’)@_1'614_11
<(Mo6/4) (=) (1 =6/2) +(8/2)(-M +Mé5/4) < (M6/4)(—=n)(1 —6/2) < —¢,

proving (29) for the case ¢[® X T_;] = 1 — §/2 and thus concluding the proof. O
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