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Abstract

We show that in the Merterns-Zamir universal type space the strategic closure of
finite common-prior types is nowhere dense under the strategic topology introduced by
Dekel, Fudenberg, and Morris (2006). The strategic closure includes all regular types
defined in Ely and Peski (2008) and a general notion of common-prior types. Thus,
our result is in sharp contrast to Lipman (2003), who shows that under the product

topology the set of finite common prior types is dense.

1 Preliminaries

Throughout this paper, for any arbitrary separable metric space Y with metric dy, let A (Y))
be the space of all probability measures on the Borel o-algebra of Y endowed with the weak*-
topology. It is well known that the weak*-topology is metrizable with the Prohorov distance

p defined as
p(u, )y =1inf{y > 0: pu(E) < u' (EY) +~ for every Borel set E C Y}, Vu, i’ € A(Y)
where E7 = {y :infyepdy (v,y) <~}

For simplicity, assume that there are two players, player 1 and player 2. Given a player

i € {1,2}, let —i denote the other player in {1,2}. The basic uncertainty is a finite set which
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is denoted by ©. By a type space we mean a tuple (73, ﬂi)i:L_z where T} is an arbitrary
set and m; : T; — A (O x T_;). We say a type t; is a finite type if there exists a type space
(13, Wj)j:i _, such that t; € T; and T; x T_; is a finite set.

Let YO =0 and Y =Y? x A (Y?). Then, for k& > 2 define recursively
Yk = {(«9,,ul, ...,uk) eY'x A (YO) X o xX A (Yk_l) cmargy ol = pt Tt Vi=2, .., kz} .
Then, the Mertens-Zamir universal type space is defined as
T = {(ul,uz, ) € XA (Yk) s margy o = ptt VI > 2}.

For each k > 1, let 7% : T* — A (Y’“_l) be the natural projection. For every player ¢ and
k> 1,let T and Y} denote the copies of T* and Y* respectively, write 7F : T — A (Y_ki_ 1)
for 7%, and define 7.* = 7% (T7). An element t; € T} is a type of player i. For simplicity, we
will write ¢¥ instead of 7 (¢;) for the k'"-order belief of type t;.! By the result of Mertens
and Zamir (1985), T (endowed with product topology) is homeomorphic to A (6 x T7,).
Let 7} denote this homeomorphism. In the Mertens-Zamir construction, for any type t;, the

marginal distribution of 7} (#;) on Y agrees with the distribution ¢¥.

Let p° be the discrete metric on Y = 0, i.e., p° (6,0') = 1if 0 # ¢ and p° (6,6) = 0.
For k > 1, let p* be the Prohorov metric on A (Yk_l) with respect to the metric d*~! on

Y*~! defined recursively as

dk_l [(97 S) ,uk_l) ) (9/’ A3 Vk_l)} = max{pO(H, 0/)7pk_1(:u17 V1)7 ) pk_l(ﬂk_17 Vk_l)}'

As defined by Chen, Tillio, Faingold, and Xiong (2009), the uniform-weak topology is gen-
erated by the metric

d“ (t,s) = sup p" (tk, sk) for types t and s in T,
k>1

Let G = (4A;, 9i) =12 be a finite game where A; is a finite set of actions for player
i and g; : A; X Ay x © — [—1,1] is the payoff function. For any ¢ > 0, DFM define

the e-interim-correlated-rationalizable set R (G, ¢e) to be the largest (w.r.t. set inclusion)

!Note that 7;* = 7% (7;) and hence when we write t¥ € T.F without specifying the type t;, t¥ should be
understood as the k*"-order belief of some type t; € 7;.
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set in ((2’4’1)Ti*) with the best-reply property that for any ¢« = 1,2, 7 = 3 — 4, and
i=1,2

a; € R; (t;,G,¢), there is some 0_; : © x T*, — A (A_;) such that

suppo_; (0,t_;) C R_;(t_;,G,¢e) forallt_; € T";
/ Z [9i (@i, a—:,0) — g (a7, a—i,0)] 0—; (0,—;) [a—i] | dmi (t;) > —e, Va; € A
OxT; a_;€EA_;
Equivalently, a; € R; (t;, G, ) iff there is some v € A (A_; x © x T*,) such that
v [{(a’*h 07 t*l) ta—; € Rf’i (tflﬁ G7 8)}] = 17
marge, = v = [t];
/ lgi (a;,a_;,0) — g; (ai,a_;,0)]dv > —¢ for all a; € A;.
(a,i,e,t,i)
For each t; € T}, define h; (t;la;, G) = min{e : a; € R; (t;,G,¢)}. Let 5 € (0,1) and G™ be

the collection of all games in which every player has m actions. For t; and t; € T}, define

the strategic distance between ¢; and s; as

d* (tiys)) =Y _p™  sup |k (tiai, G) = by (sila;, G)] ;
m=1

a; EA?L,GEQW

The strategic topology is the topology induced by the metric d°. It is shown in Chen, Tillio,
Faingold, and Xiong (2009) that the uniform-weak topology is stronger than the strategic

topology, and they are equivalent around any finite types.

2 Finite CP types are nowhere dense

The following definition of a finite common prior type is standard.

Definition 1 A type t; is called a finite Common-prior (CP) type if it is contained in a
finite type space (T;,m;) and there is a prior p on © x T; x T_; such that p[{t;}] > 0 and

p(-|t;) = 75 (t;) for every t; € T and every j € {i, —i}.

Observe that every type contained in a finite type space in Definition 1 is also a finite CP

type.



The following result have been proven in Dekel, Fudenberg, and Morris (2006) and is
reproduced here with an alternative proof. The alternative proof will later be used to show

the strategic closure of finite CP types is nowhere dense in the universal type space.
Proposition 1 Finite CP types are not dense in T} under the strategic topology.

Proof. We prove this proposition by constructing a finite type ¢; which is not the uniform-
weak limit of any sequence of finite CP types. Since ¢} is a finite type, by the result of
Chen, Tillio, Faingold, and Xiong (2009), strategic convergence to t implies uniform-weak

convergence to t7. Hence, 7 is not the strategic limit of any sequence of finite types.
Consider the type space ({t;},m;);,_; , such that

7 (e

We will show that d*“* (¢f,¢;) > 1/4 for any finite CP type ;. Suppose instead that there
exists a finite CP type ¢; and a type space (T, m; 1), , such that pu(t;) = a > 0 and
w(-|t;) = m; (t;) with p—probability 1, and d** (tf,t;) < 1/4. Since d"* (t},t;) < 1/4 and
m; (tF) [0 = 0] = 1, we have

7 (t;) [0 = 0] = u (0 =0|t;) > 3/4. (1)
Since d“* (tf,t;) < 1/4, we can find a set E' (C T_;) such that
™ (t) [E'] = (E'[t:) > 3/4 (2)
and d* (t*;,t_;) < 1/4 for any ¢t_; € E".

We claim that u (E') > 2a. By Bayes’ rule, we have

M t;t X El
() = 1) < )
p(ti EY)
Since p (t;) = a, by (2) we have u ({t;} x E') > 3a/4. Hence, it remains to show that
p(ti| EY) < 3/8.



First, since m_; (t*;) [0 = 1] = Land d"* (¢, t_;) < 1/4foranyt_; € E', 7_; (t_;) [0 = 1]
p(0=1Jt_;) > 3/4 for every t_; € E'. Thus, (0 = 1|E') > 3/4. Second, by Bayes’ rule,

3/4 < p(0=1E"
= p(t|E ) p(0=1{t}x B+ [1—pLIEY)] x p (0 =1] (= {t:}) x E")
< p(t|EY) xp(@=1[{t;} x E") + [1 — p (;|E")]
= 1+ [p(@=1{t:;} x E") — 1] x u (t:|E").

Hence, to show pu (¢;|E') < 3/8, it suffices to prove u (0 = 1]{t;} x E') < 1/3. By (1) and

Bayes’ rule, we have
3/4 < p(0=0[t)

= p(E't) x p (@ =0({t:}) x EY) + [1 — p (E't;)] x p (6 =0|(—{t;}) x E")
< u(BYG) x p (0 =01 ({t:}) x BY) + [1 - u (E't:)] .

Thus, )
iy Sk O=0l) < B,
Since u (E|t;) > 3/4 by (2), u (0 = 0| {t;} x E') >2/3. Hence, u (0 = 1| ({t;}) x E') <1/3.

Recall that d"* ( t* ) < 1/4 for any t_; € E'. Hence, for each t_; € E', we can find

aset Bf (C T;) such that m_; (t_;) [Efﬂ] =1 (Efﬁi|t_,-> > 3/4 and d" (tf,t;) < 1/4 for any
t; € E} . Then define E* = U, e E} . Then, u(E?E') > 3/4. We can similarly prove
1 (E?) > 2 (E") > 2%a. Continuing in this manner, we get for any k > 2, p (E¥) > 2ka.

Since p (Ek) <1 and 2¥a — oo as k — oo, this is a contradiction.l
Next, we prove that the strategic closure of finite CP types are nowhere dense under

the strategic topology.

Theorem 1 The strategic closure of finite CP types is nowhere dense in the universal type

space under the strategic topology.

Proof. Let TF be the set of all finite CP types and TF be the strategic closure of TF. By
Proposition 1, T*\ﬁ is a nonempty strategic open set. Let f; € T and ¢! be the type



we construct in Proposition 1. For every integer n > 1, let ¢; (n) = (1 — %) t; + %tf We
now show that t; (n) € T*\TF by proving d*” (t; (n) ,t;) > 1/4n for all t; € T* and integer
n > 2. Then, since t; (n) is a finite type, strategic convergence to ¢; (n) implies uniform-weak

convergence to t; (n). Hence, t; (n) € T*\TF.

Suppose instead that there exists a finite CP type ¢; contained in (7}, 7, u)j:i _, such
that d* (t; (n),¢;) < 1/4n for some n > 1. Since 7} (¢; (n)) [t*;] = 1/n, we can find a set
E'(C T-;) such that

T (t;) [E'] = p (E't;) > 3/4n

and d*" (t*_z-,t_i) < 1/4n for any t_; € E'. That is, for n > 1, d** (t*_i,t_i) < 1/4 for some
finite CP type t_; € E'. However, by the proof of Proposition 1, d“* (t*_i, t_i) > 1/4 for any
finite CP type t_;. This is a contradiction.Hl

3 Strategic closure of finite CP types

3.1 Regular types

Ely and Peski (2008) defined regular types to be types around which product topology is
equivalent to the strategic topology. By a result of Lipman (2003), we know that the set of
finite CP types is dense in the universal type space under product topology. Hence, the set

of regular types is contained in the strategic closure of finite CP types.

3.2 General CP types

We now propose a definition of general CP types and show that finite CP types are dense in
the space of CP types in the strategic topology. For any probability measure p on © x T; x
T, COxTrxT*, wesay that p has strategic full support on T; x T_; it for every player
i, p(G) > 0 for every strategic open set G C T such that GNT; # @.

Definition 2 A type t; (in the inversal type space) is said to be a Common Prior (CP)



type if there is a belief-closed subset T; x T_; in T} x T, containing t; admits a prior u on
© x T; x T such that: i) p(:|t;) = 7 (t;) for p—almost surely t; € T; with j € {i, —i}; ii)
i has strategic full support in T; x T_;.

In Definition 2, condition i) is a standard requirement for a common prior type. In
appendix, we show that condition ii) in Definition 2 is necessary to define a general common-

prior type.

We now prove that every CP type can be approximated by a sequence of finite CP
types under the strategic topology.

Proposition 2 The set of finite CP types is dense in the space of CP types.
The proof of Proposition 2 requires the following lemmas:

Lemma 1 Suppose that v € A (T;) for some Ty C Ty and that R; (t;,G,¢) = A; for all t; €

)

T;. Let t; (v) € T} be defined as t; (v) = m; " [ [ «} (t;) dv [t;]]. Then, R; (t; (v),G,e) D A;.

Proof. Suppose a; € A;. For all t; € T;, since R; (t;,G,¢) = Ay, a; € R; (t;,G, ). Hence, for
each t; € Tj, there is some 0", : © x T*, — A (A_;) such that

suppcrﬁi (0,t_;) CR_;(t_;,G,e) forall t_; € T";; (3)
/ Z [gl (0, a;, a—i) — G (97 agv a—i)] O-Ei (97 t—l) [a—i] dﬂ-;k (tl) Z —€, va; € AZ (4)
OxT*, a_i€A_

Now define
o (0,4 [a ] = / ot (0,4) [a_i] dv[t].
t,€T;

It follows from (3) that suppo_; (6,t_;) C R_; (t_;,G,¢) forall t_; € T_;.

[ s -a@adao. 0.0 i 60)

> g0 ai,a-) — gi (0, a_3)] 0%, (0, ) [a] | drf (t:) | dv[t]
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Lemma 2 Fiz any finite collection of m action games G, 7' > 0, and a CP type {; with
type space (Ti, 1),y . There exists a finite CP type space (ﬁ,ﬁ) and functions (fi);_;
each f; : Ty — T;, and some v >~ > 0 such that R; (t;,G,e) C R; (f (t;),G, ) for p-almost
surely t; € T}, ¢ € {0,7,27,...}, and G € G .

Proof. Following the idea of Dekel, Fudenberg, and Morris (2006), we first define the type

7 as the smallest number in the set {0,,27,...}

space as follows. For any v > 0, write (z)
greater than x, and let I be the set of all maps from A" x G" into {0,7,27,...}. We build
the type spaces <ﬁ, /7) using the subsets of I'"™ by defining f; (t;) = ((h; (ti]ai, G)>7)ai,G‘ Let
ﬁ be defined such that ¢; € Tz iff t; = fi (t;) for some t; € T; and p [f{l (Z)] > 0. Note that

YN} is a finite set.

Since p has strategic full support and h; (¢;]a;, G) is continuous in ¢; under the strategic
topology, p [fi ' ({f (t:)})] > 0if t; € T; and for all a; in G with G € G", hi (ti]a;, G) # kv
for some positive integer k. Then, since A" x G" is a finite set, we can choose v such that

Y>>0, u[f7({f(t)})] >0 for p-almost surely ¢; € T;.
Define 7; : YN’I — A <® X f_z) as follows. For each #; € ﬁ-,

0 {57
= T () | (0, t) 0 = 0, f=i(to) =t | dp [l ({:})] -
/fi%{n}) i }]
Let n = po(Ig X fi X f,l-)_1 where Ig is the identity mapping on © and hence Ig X f; X f_;

is a measurable function from © x T; x T_; onto © x YN’Z X T_i with (Ig X fi X f_)(0,t;,t_;) =
(0, fi (t;) , f—i (t_;)).> We now establish our claim in three steps:

Step 1 11 (|£) =T (tNZ) for p—almost surely t; for i = 1,2, i.e., @i is a common prior on

ﬁ X T_i.

It is measurable because h; (t;|a;,G) is a continuous function on T} under strategic topology which
induces the same measurable structure as that induced by the product topology, by a result in Chen, Tillio,

Faingold, and Xiong (2009)).



Let ¢; € i Since L [fi_l (a)} > 0,

@) [(37.)] = Sy @) [{ 6.6 9=0 Footto) =] dufe)

w5 (5]
g e [{e =0 ) =T 1] du
: w7 ()]
[0t 0= () = B fa () =T
E w [ ({E)]
_a{eEL)}]
i [{&]]

where the second equality is because p (+|t;) = 77 (¢;) for p—almost surely ;. Hence, 1 (|E) =
e (E) for all ¢;.

Step 2 R; (t;,G.e) C R; (f; (t;).G,¢e) for all t; € T; such that p [f7' ({f (t:)})] > 0 and
e €{0,7,2v,...}. In particular, R; (ti, G,e) C R; (fl- ( Z) ,G,E)

For any t; € ﬁ-, we define

[y ™ 0 [157 (D)

For each t; € ﬁ-, fix any ¢; € T such that f;(t;) = t;. Label this type ¢ (ﬂ) Since
e € {0,7,2v,...}, Ri(t;,G,e) = R; (C,- (E) ,G,s) for any t; € T; such that f;(t;) = t,.
By Lemma 1, R; (ni (t;) , G, 5) D R;(t;,G,e) for any t; € T; such that f; (t;) = t; and in

particular R; (m (?ﬁ;) , G, 5) D R; (Q (E) , G, 6).
Define
S; (E) =R (Uz‘ (E) ,G,g) .
We then claim that S is an e—best response set. Suppose a; € S; (Z) Then, there is some

veA© xT_; x A_;) such that

v[(@,t_,a):a; € R;(t;,G,e)] =1, (5)
marge, v = ; (n: () ; (6)
/[gi 0,a;,a_;) — gi (0,a,,a_;)]dv > —e, Va, € A;. (7)



We now define v € A (@ X Tv,i X A,i> as

v [(G,tN,i,a,i)} =V [(Q,t,i,a,i) . f,i (t,Z) = t,Z] s W (G,tN,i,a,i) €0 x T,Z' X A,Z'.

First, observe that for almost surely t_; € T;, f_; (t_;) = i, for some {_; € T, by the def-
inition of T_;. Moreover, since R_; (n_i ( ) G, 5) DR (C_ ( _Z) G, 5) =R ;(t_;,G,e)
for any t_; € T_; such that f_; (t_;) = t_; and since S_; ( _i) is either R_; (n_i (?_Z) , G, 5)
or R_; (¢ (tN,Z) ,G,e),a_; € R_;(t_;,G,¢e) implies a_; € S_; (f_; (t_;)). Hence, (5) implies

v[(0,ta) rai € S (t)] =1L (8)

Second, since p [t; : fi (t;) = Z} > 0,

7 (n (B)) = /f_l({a_}) () die [t 57 (). ©

Hence, (6) implies

marge, . V=7 (t;) -

Finally, by our construction, margex4_,v =margexa_,V and hence (7) implies
/[gi 0,a;,a_;) — gi (0,a,,a_;)]dv > —e, Va, € A;. (10)
Thus, (8)—(10) altogether imply a; € BR; (S) (E).

Proof of Proposition 2. Lemma 2 is a counterpart of Lemma 12 in DFM. Hence, it follows
from the proofs of Lemma 13 and Lemma 8 in DFM that for almost-surely ¢; € T; and € > 0,
there is some finite CP type ¢; such that d° (ti,ﬂ) < €. Since p has full strategic support,
it follows that for any ¢; € T; and € > 0, there is some type t; such that d° (¢;,t}) < /2
and d° (t;,tNZ) < ¢/2 for some finite CP type t;. By the triangle inequality for d° (Dekel,
Fudenberg, and Morris, 2006, Lemma 2), d° (ti,%vi) < e. This completes the proof.l

A Appendix

Definition 2 A type t; (in the inversal type space) is said to be a Common Prior (CP)

type if there is a belief-closed subset T; x T_; in T x T, containing t; admits a prior | on
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O x T; x T; such that: i) ju(:|t;) = 7} (t;) for p—almost surely t; € Ty with j € {i, —i}; ii)
i has strategic full support in T; x T_;.

We show by examples why condition ii) in Definition 2 is needed to define a general
common-prior type. In Appendix A.1, we show why we need a full-support condition; in
Appendix A.2, we show why we need the strategic (rather than the product) full-support

condition.

A.1 Why a full-support condition is needed?

The following example shows why a full-support condition is needed to define a common-prior

type.

Consider a type space T; = {t!,t?} such that 77 (¢}) [t1,,0 =0] = 1 for i = 1,2;
%5 (1) (2.0 = 1] = 1: and

Q, if h =1;

*(t3) [th,0 = 0] =
() 150 =0 l—a, ifth=2,

with a being positive but sufficiently close to 0.

That is, ¢} and ¢!,

; are types with common knowledge of [# = 0], but ¢? and t*; are

standard non-common-prior types when a = 0. When « is positive but sufficiently small, ¢2
is very close to a non-common-prior type according to our usual sense. However, without the
full-support condition, ¢ will be viewed as a common-prior type, because it can be generated
by the prior which has dirac measure on [t],t3,6 = 0]. The problem is that, being outside
support, t7 can form arbitrary conditional belief. Therefore, we need a full support condition

to define a general common-prior type.

A.2 Why the strategic (rather than the product) full support?

The notion of strategic full support ties to game and hence we may wonder whether in

defining CP types we can replace strategic full support with product full support, i.e., to
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require p (G) > 0 only for every product open set G C T such that GNT; # @. We call
these types product CP types. However, in the following example, we demonstrate that this
modified definition does not capture the intuitive meaning of a common prior, and moreover,

Proposition 2 fails to hold.

Example. Let T be the space of finite CP types and write

e}

TF = U {t; € T; : (T}, ) is a finite CP type space and |T; x T_;| =n}.

)
n=1

Clearly, for each finite CP type space T; x T_; with cardinality n, A (© x T; x T_;) has a
countable dense subset under the Euclidean topology on A (© x T; x T_;). Hence, there is
a countable set M of priors such that for any t; € T* with prior u, u is a (Euclidean) limit
point of M and each u in M is associated with a finite CP type space. Let T be the space
of all hierarchies generated by M, i.e., t; € TM iff 77 (t;) = p (+|t;) for some p € M. Using
these properties, we can verify that TM is a countable dense subset in T in the product
topology. Hence, we can write T = {¢7'}>7 | and let " be the prior which generates ¢ and
denote its type space by (7}, 1™). By the result of Lipman (2003), the product closure of

TF is Ty. Hence, the product closure of T is also T}

For any k > 1, consider the type space (T}, m;) =12 defined as follows.

T = {t(k), o1
n=1

T, = {rulm
n=1

Define the prior p** = >°° Ly Define ; (t;) = p** (-|t;) = pu™ (-|t;) for each type t; € T

n=1 2n

for every n, m (¢5) [0 = 0,t5] = m (t5) [0 = 1,¢;] = 1, and

. 1 1 (—=1_ .,
7 (t (k) = (1 - E) Oo-0s5} + 7 <nzl T (t1)> .
We now show that for any k, t; (k) is a CP type. Observe that every t; € 17" generates
the same hierarchy of beliefs in (77", u") as in (Ti,m),_; ,- Hence, we can identify T} in

(ﬂﬂﬂi)izlﬂ as in (7}*77;%:1,2'

Since product closure of TM is T, the minimal product closed and belief-closed set in

(T3, 7} ) ;= o containing ¢, (k) is the universal type space Ty x T5. Since p** [{¢}'}] > 0 for all n

7
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and the product closure of TM is T, 1** has product full support. Finally, since p** [{t;}] > 0
if and only if ¢t; € T, u** (:|t;) = 7} (t;) for p—almost surely ¢; € T; with ¢ = 1,2. Hence,
t; (k) is a CP type. However, we can also verify that d*” (¢, (k),t]) < ¢
Hence, by the result of Chen, Tillio, Faingold, and Xiong (2009), d° (t; (k),t!) — 0 as

— 0 as k — oo.

k — oo. By Proposition 1, ¢ is not the strategic limit of any sequence of finite CP types. It
follows that for some m, t; (m) is not the strategic limit of any sequence of finite CP types.

That is, Proposition 2 fails for some product CP type.l
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