Physical Interpretation of the
Interval

Given two arbitrary
events p and q:

and a choice of a clock
running through p:

obtaint, andt, as
follows:

,=t(p) -t ()
t,=t(s) -t (p)
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» Get a sense of aapparentspatial distanceé\x
between p and q andpparentelapsed timeit,
according tahis clock (i.e. in its rest frame):

AX = 1/ (t, +t); At = 1/2¢, +1,) —t, = 1/2¢, —t,)

 Conclude that, andt, (and henceAx and At)
“encapsulate” features (of the relationship between
p and q) intrinsic to S&ndthose associated with a
particular choice of clocks.

« Try to “separate out the former” and “clearly post
them within ST.”

* The Intervall =t,t, dependnly on the choice of
events p and g anabt on the choice of a clock
Intrinsic to ST.

» Different clocks “induce” different perspectives on
the relativistic space-time (hence, differexx's
and At’'s), similarly to different Aristotelian
observers in the Galilean space-time.
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 Expressed in terms of the apparent distance and
elapsed timelx andAt:

_oo OXT A
=t =g g —(8)
 Analogy with distanced? vs.|
yp o o tA e
\ d/ | \ |
Ay 5 At
| f DX~ X | DX X
P P
= ()" + () =T
C

* In a certain (profoundly mathematical) sense, the
Interval just IS a (relativistic) distance between
events in the relativistic space-time:

« Counterintuitive feature of relativistic “distance”:

* not Euclidean

* not positive-definite (may be negative)

* the distance between two distinct points
(i.e., events) may be zero (for lightlike
separated events)
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Road Atlas Analogy

To specify the intrinsic structure of relativistic space-
time, one has to provide:

A list of all events (“past, present, and future”)
suitably named or otherwise individuated (without,
however, ascribing any coordinatization to them);

« A list of intervals (i.e., relativistic “distances”) for
all pairs of events.

 This information codifies ALL there is to know
about the intrinsic structure of ST.
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* g and ptimelikerelated; g in the ———
future of p, p in the past of g

| :DA—XDZ—(At)2<O, cAt > AX
Oc O

» ginsidethe light cone of p

* p and gimelikerelated; p in the
future of g, q in the past of p

| :DA—XDZ—(At)2<O, cAt > AX
Oc O

* pinsidethe light cone of g

» g and plightlike related; g to
the future of p

R (PP _
| = Oc O (At)? =0, CAt = AX
* gonthe light cone of p

» g and plightlike related; p to
the future of g

R (PP _
| = O O (At)? =0, CAt = AX
e ponthe light cone of g

* g and pspacelikerelated

o X
=510 (At)? >0, CAt < AX
e g and p ar@utsidethe light D q
cones of each other
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Lightlike Relation (Separation)

p and g lightlike separated, q to the future of p

p and ¢lightlike separated,'do the past of p
_ oA ) _ _

|—DCD - (At)* =0, CAt = AX

 Light just makes ifrom p to g (and from'qo p):
during the elapsed time between the two eveéits,
light hasjust enoughtime to travel the distance
between the eventAx: cAt = A X
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Timelike Relation (Separation)

p and q timelike separated, g to the future of p

p and gtimelike separated, ¢o the past of p

|:E‘ACXS - (At)? <0, CAt > AX

e During the elapsed time between the two events,
At, light has enough time to travi@rther than the
distance between the everks; cAt > Ax
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* If p and q are timelike related (separated), there is a
possible clock running through both p and q.
« According to this clock (i.e., in its rest frame):
» the spatial distance between p and g is zero:

AX = 0;
* the time elapsed between p and q Is:
At' =~/=I. The negative interval provides a

measure of an apparenime separation
between p and g (in the clock rest frame).

|_E‘ACXDZ (A1) = DAXD —(AL)?; AX =0
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Spacelike Relation (Separation)

t X

| = E‘ACXS - (At)? >0, CAt < AX

e p and q are too “far apart” in space; light never
makes it from p to g; during the elapsed time
between the two eventat, light does not have
enough time to travel the distance between the

events AX: cAt < Ax.
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S
t t' A o
O
=
(D]
-
new HPS-.].- q

* If p and q are spacelike related, therendsclock
that could be run through both; but there is a frame
In which these events asanultaneous

» According to clock corresponding to that frame:

* time elapsed between p and q is zé&tb= O;

- spatial distance between p and gAg: =c/I .
The positive interval provides a measure of an
apparenspatial distance between p and g (in
the clock rest frame).
| = DAXDz —(At)? = DAX D —(At):; A =0

Ue U
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Obijective Partition of Relativistic Space-
Time

’\

“<___ absolute future of p_»"

0
\d
0‘ Q

*., events timelike .

events ., relatedto ps"  events

spacelike ™., ~ spacelike

relatedtop ™, . relatedtop
p,’:o:‘,

absolute absolute

elsewhere" o "elsewhere"

of p of p

o “events tlmellke
relatedtop ™.

~_ absolute pastofp .,

.
. .,

Yuri Balashov Page 12 3/22/99



OPTIONAL: Special Relativistic Space-
Time as &Pseudo-EuclideaNector Space

rA = (Xa:Ya)

= (Xg.,Ys)
I‘ + rB (Xa Xz, YatYs)
[A = (Xa—Xgs Ya—Ys)

ArB |rA”rB| COSO =X, Xg +Ya V&
IFal = V(rara) =V(Xa Xa +Ya Ya) =V(Xa” +Ya%)
cosf = Xg T YaYe

X YR XY
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IrAl, Irg|, @ndB are preserved under rotation in space.
Iral = V(%2 +¥a?) = V(Xa* +Y2%)

Iral = V(xg° +yg°) =V(X&* +Y'5°)

Since 0 is also preserved;rg = |rallrglcoD is
preserved too.

Falg = [rallrel COSO =Xy Xz +Ya Ve =Xa Xg + YA Ve

X, =X, Cosa +Yy, sina

(XasYa) 1O (X a,Y ) . .
y. ==X, Sina +Y, cosa

X, = X, COSA + Yy, Sina

(Xg,Ys) t0 (X'g,Y's): . :
y. =—X_Sina +Y, cosa

Fals = [rallrsl COSO =X, Xz +Ya V&

_ A O0Ox.0O
_(XA’yA)E) 1 yE

0
1Yy,

>

L]

FNESNNED AR SN (xA,yA)%
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Xy = AX, —
spatial distance
between O and A
according to
clock Q)

t, = At,—time
elapsed between
O and A
according to
clock Q)

A difference choice of clock (Qresults in different
spatial distance and time elapsed between O and A:
AX , andAt',

But the relativistic
“rotation” (i.e.,
transition from Q
to Q described by
Lorentz transfor.)
preserves the
“length” of vector
OA, that is, the
Interval between
O and A.
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At clock Q

V <

X
3 4

_ X, [ DAX 0
X, O D<AET
S0 ) =gl )

Analogy with scalar product:

o)
R == (0 N:

LK,
I_E:);AD (t) _(XA’A)%}/ ° %[P(g

FAlg =Xa Xg T YA YB—(XA,yA)E) laa? %

us]

X, X
“Relativistic scalar product” =22 —t,t

T 2  A'B
C
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Orthogonality in Space

y

A\
D(~1,3)

O rA A(llo)
rAUrg = rarg=|ralfglcos8=0 < coD=0
- 0=9C

(Al = XA Xg YA Yg=1%X0+0x1=0
rcery, 2 = rerp=07?

el =X X% +YeYp=3%x(-1)+1x3=-3+3=0
retrp
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“Orthogonality” in Relativistic Space-Time

t t'
clock Q
cIock\Q L~
B(0,1) D (0,1

C (1,0

O A(1,0) X

OA OB ?
W, o0OK.[ 0L, o000

OA OB=(x,,t C = = (L0)~'C
mgs a0y S

J[B
- (LO)@?E: 0 O OADOB
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"
A clock Q
cIock\Q [~
B(O,l)A
OoCcuob ?
>
@) pﬁio) X

Xc=1Lyc=0;xXp=0;yp=1

From K'c,Y'c) and K'p,Y'p) t0 (Xe.Ye) and &y, Yp):

1
Xe =y (X +uty) V= 1_u2
o=yt + 5 x) c
C
=y(1l+ux0)= I L, 5
X = Y( - )=y c D:(Xc,tc)%% Oﬁ@
tC:y(O+—2X1):E2 0 —104
C C _ WDCZ 0 L
X = y(0+ux1) =y “VHg  _H,H
u
t, =y(d+—,;x0)=y W
c =(v.")0c 0
C GyO
_ o o
—yxE-"xy =0
yxa= a2V

OCLOD! (Yes!)
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