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1 Introduction

We are concerned with maximum principles for minimizers of variational integrals

I[u] =

∫
Ω

f(Du) dx, u|∂Ω = u0 (1.1)

in a sense which is to made precise below. Here f is a convex function of linear growth and

u is a vector valued function of bounded variation. A variational problem is said to have the

convex hull property if solutions are contained in closed convex hull of the boundary data.

Below we give examples of variational integrals of the type (1.1) for which the associated

minimization problem does not have the convex hull property. Nevertheless, we give sufficient

conditions on f for minimizers of (1.1) to lie in a closed convex subset of Rm containing u0

and conditions for when this set is bounded.

2 Preliminaries and Main Result

A function u : Rn → Rm is said to be of bounded variation, u ∈ BVn,m ≡ BV(Rn; Rm),

if u ∈ L1
loc(Rn) and if there is a Radon measure |Du| and a Rn×m valued, |Du|-measurable

function σ with |σ(x)| = 1 for |Du|-almost every x ∈ Rn with the property that for all
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g ∈ C∞0,n,m ≡ C∞0 (Rn; Rn×m),∫
Rn

n∑
i=1

m∑
j=1

ui
∂gij
∂xj

dx = −
∫

Rn

n∑
i=1

m∑
j=1

gijσji d|Du|.

Sometimes we write Du/|Du| in place of σ. It follows that for i = 1, . . . ,m, the coordinate

functions ui lie in BV(Rn); there are Radon measures |Dui| and Rn valued, |Dui|-measurable

functions σi with |σi(x)| = 1 for |Dui|-almost every x ∈ Rn and Dui = σi |Dui|. Then for

all g ∈ C∞0,n,m∫
Rn

n∑
i=1

m∑
j=1

gijσji d|Du| = −
∫

Rn

n∑
i=1

m∑
j=1

ui
∂gij
∂xj

dx =

∫
Rn

n∑
i=1

m∑
j=1

gijσ
(i)
j d|Duj|. (2.1)

A real valued function f defined on Rn×m is of linear growth provided there are positive

numbers a, a′, b and b′ for which

a|Q| − b ≤ f(Q) ≤ a′|Q|+ b ∀Q ∈ Rn×m.

Here |Q| is the Euclidean norm |Q|2 =
∑m

i=1

∑n
j=1Q

2
ij. We will occasionally write f(Q) =

f(Q1, . . . , Qm) whenever Qi ∈ Rn are the columns of Q of f(Q) = f(QT
1 , . . . , Q

T
n ) whenever

Qi ∈ Rm are the rows of Q. If in addition, f is convex, then there is a homogeneous, convex

real valued function f∞ on Rn×m defined by the formula

f∞(Q) = lim
t→∞

1

t
f (tQ) ∀Q ∈ Rn×m.

Remark 2.1. In the sequel, f will always denote a real valued convex function of linear

growth defined on Rn×m.

Let u ∈ BVm,n and uε be a sequence of smooth functions converging weakly to u in

BVm,n. Then

lim
ε→0

∫
f(Duε) dx =

∫
f(Dau) dx+

∫
f∞(σ)d|Dsu|. (2.2)

where Dau is the absolutely continuous with respect to Lebesgue measure part of Du and

Dsu is the singular part. The right hand side of (2.2) is the definition of the integral I[u]

for a function u ∈ BVm,n.

If ν and µ are measures with ν � µ, then Dµν denotes the Radon-Nikodym derivative

of ν with respect to ν. The following lemma will be useful shortly.
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Lemma 2.2. Let µ and ν be Radon measures and let ρ and σ be Rk valued µ-measurable

and ν-measurable functions resp. with |ρ(x)| ≤ 1 for µ-almost every x ∈ Rn and |σ(x)| = 1

for ν-almost every x ∈ Rn. Suppose that ρ µ and σ ν are related by the formula∫
Rn

g · ρ dµ =

∫
Rn

g · σ dν

for all g ∈ C0(Rn; Rk). Then ν � µ and every ν-measurable set is µ {ρ 6= 0} measurable

and ρ = σDµν. If f ∈ C(Rk,R), then∫
f(σ) dν =

∫
f(σ)Dµν dµ. (2.3)

Proof. The fact that ν � µ follows easily from the fact that |σ| = 1 almost everywhere. All

µ-measurable sets are then ν-measurable, and a µ-measurable Dµν exists and is bounded

above by 1 for µ-almost every x. By the formula for differentiation of measures, we see that

Dµν {ρ = 0} = 0.

For r > 0 define λ(t) = sgn(t)(r + (|t| − r)+) and let ρr = (λ(ρ1), . . . , λ(ρk)) Then

|ρr(x)| ≥ r for µ-almost every x and |ρ(x) − ρr(x)| ≤ r for every x ∈ {|σ| < r} and is zero

otherwise.

Without loss of generality, assume that ν and µ are finite. Let K ⊂ {ρ 6= 0} be ν-

measurable with ν(K) = 0. Let B ⊃ K be a Borel set with ν(B) = 0 and µ(K) = µ(B).

Finally, let C be Borel set with µ(C \ {ρ 6= 0}) = µ(C ∩ {ρ = 0}) = 0 and set D = B ∩ C.

µ(D ∩ {ρ = 0}) ≤ µ(C ∩ {ρ = 0}) = 0, ν(D) ≤ ν(B) = 0. (2.4)

Let {Ui}∞i=1 a be decreasing sequences of open sets with

ν(D) = lim
i
ν(Ui), µ(D) = lim

i
µ(Ui). (2.5)

For a positive integer i and ε > 0, there is g ∈ C0(Rn; Rk) with spt(g) ⊂ Wi and |g| ≤ 1

so that

µ(Ui) ≤ ε+
1

r

∫
Ui

g · ρrdµ = ε+
1

r

(∫
Ui

g · σdν +

∫
Ui

g · (ρr − ρ)dµ

)
≤ ε+

1

r
ν(Ui) + µ(Ui ∩ {|ρ| < r}).
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As ε was arbitrary, we have µ(Ui) ≤ r−1ν(Ui) + µ(Ui ∩ {|σ| < r}). Recall D is Borel. Thus

D ∩ {|ρ| < r} and Wi ∩ {|ρ| < r} are µ-measurable. Thus, from (2.5) and (2.4), letting

i→∞ we find

µ(D) ≤ r−1ν(D) + µ(D ∩ {|ρ| < r}) = µ(D ∩ {|ρ| < r}).

Finally, D ∩ {|ρ| = 0} and D ∩ {|ρ| < r} are µ-measurable for each r. Letting r → 0 gives

µ(D) ≤ lim
r→0

µ(D ∩ {|ρ| < r}) = µ(D ∩ {|ρ| = 0}) = 0.

Consequently, D and hence K have µ-measure zero. This implies that µ {ρ 6= 0} �

ν {ρ 6= 0}. However, ν {ρ = 0} = 0 and hence µ {ρ 6= 0} � ν. This proves the first

claim.

For t > 0, (f(σ)Dµν)−1([t,∞)) is a ν-measurable subset of {ρ 6= 0} and is hence µ-

measurable. On the other hand, (f(σ)Dµν)−1({0}) is the union of a ν-measurable subset of

{ρ 6= 0} with {ρ = 0} and is hence µ-measurable. Thus f(σ)Dµν is µ-measurable and the

second claim follows from the Radon-Nikodym theorem.

Corollary 2.3. Suppose that u, v ∈ BVn,m and for all g ∈ C0,n,m,∫
Rn

n∑
i

m∑
j,k=1

gijΛkj

(
Du

|Du|

)
ik

d|Du| =
∫

Rn

n∑
i=1

m∑
j=1

gij

(
Dv

|Dv|

)
ji

d|Dv|

for some Λ ∈ L∞(|Du|; Rm×m). Then∫
f∞

(
Dv

|Dv|

)
d|Dsv| =

∫
f∞

(
Du

|Du|
Λ

)
d|Dsu|. (2.6)

Proof. Without loss of generality, ‖Λ‖L∞(|Du|) ≤ 1. Let

µ = |Dsu|, ν = |Dsv|, ρ =
Du

|Du|
Λ, σ =

Dv

|Dv|
.

Applying lemma 2.2, ρ = σD|Dsu||Dsv|, i.e.

Du

|Du|
Λ =

Dv

|Dv|
D|Dsu||Dsv|.

Using the change of variables formula (2.3), the homogeneity of f∞ immediately gives (2.6).
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A form of (2.6) particularly useful for our purposes goes as follows. Let u ∈ BVn,m with

Du = τ |Du| and for i ∈ {1, . . . ,m}, the coordinate functions ui satisfy Dui = τi |Dui|.

Similarly, suppose that v ∈ BVn,m and the coordinate functions of vi and ui are related

by Dvi = ηiDui for some scalar valued functions ηi ∈ L∞(|Dui|) ⊂ L∞(|Du|). Then, if

Dv = σ |Dv| and Dvi = σi |Dvi|, lemma 2.2 applied to (2.1) implies

ηiτ
(j)
i = σ

(j)
i D|Dui||Dvi|, σji = σ

(j)
i D|Dv||Dvi|, τji = τ

(j)
i D|Du||Dui|.

Multiplying the last equation by ηi along with the fact that |Dvi| � |Dui| � |Du|, |Dvi| �

|Dv| gives

ηiτji = ηiτ
(j)
i D|Du||Dui| = σ

(j)
i D|Dui||Dvi|D|Du||Dui| = σ

(j)
i D|Du||Dvi| = σjiD|Du||Dv|.

Again, if Λτ = σD|Du||Dv| where Λ is as in lemma (2.3), then the above equations shows

that

Λij = ηiδij, i, j ∈ {1, . . . ,m}. (2.7)

Corollary 2.4. If u ∈ BVn,m, R ∈ O(m) and v = Ru, then Dv = DuRT and |Dv| = |Du|.

Proof. Clearly∫
Rn

n∑
i=1

m∑
j=1

gij

(
Dv

|Dv|

)
ji

d|Dv| =
∫

Rn

n∑
i=1

m∑
j=1

gijRik

(
Du

|Du|

)
jk

d|Du|.

Set µ = |Du|, ν = |Dv|, σ = Du/|Du|RT and ρ = Dv/|Dv|. Then |σ(x)| = 1 for µ-almost

every x ∈ Rn and |ρ(x)| = 1 for ν-almost every x ∈ Rn. Lemma 2.2 then implies that

|Du| � |Dv| and |Dv| � |Du| and ρ = σDµν. However, by the definition of |Dv| and |Du|

as the variation measure associated with the distributional derivatives Du and Dv resp.,

|Du|(U) = |Dv|(U) for any open set U and hence Dµν = 1.

In the sequel, Ω is a bounded Lipschitz domain in Rn, Ω̃ is an open ball containing the

closure of Ω and u0 is an element of the Sobolev space W 1,1
loc (Rn; Rm). The class of admissible

functions is

M ≡ {v ∈ BVn,m; v(x) = u0(x) for L n-almost every x ∈ Ω̃ \ Ω}.
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For u ∈ M and f a convex, linear growth function, the appropriate variational integral of

type (1.1) for functions of bounded variation with boundary data u0 is

I[u] ≡
∫

Ω̃

f(Du)

as defined in (2.2). I[·] is lower semicontinuous with respect to BV-weak convergence in M

and a solution to

u ∈M , I[u] = min{I[v] : v ∈M } (2.8)

exists. If z ∈ Sm−1 and q ∈ Rm, then define Pz = I − z ⊗ z ∈ Rm×m and

Kq,z ≡ {x ∈ Rm : (x− q) · z ≤ 0}.

Theorem 2.5. Suppose that u0(Ω̃) ⊂ Kq,z and u satisfies (2.8). If there is z ∈ Sm−1 with

the property that f(QPz) ≤ f(Q) and f∞(QPz) < f∞(Q) for all Q 6= QPz. Then there is

w ∈ W 1,1(Ω̃) with

z · u(x) = w(x) whenever u(x) ∈ Rm \Kq,z.

If in addition, f(QPz) < f(Q) for all Q 6= QPz, then u(x) ∈ Kq,z for L n-almost every

x ∈ Ω̃.

Example 2.6. If f has the form f(Q) = h(|Q|) for some strictly increasing function h, then

the first hypothesis of proposition 2.5 is satisfied for all z ∈ Rm. For such f , problem (2.8)

then has the convex hull property.

If f has the form

f(Q) =
(
|Q1|2 + · · ·+ |Qm|2 +Q11Q12

)1/2
,

then the first hypothesis proposition 2.5 is satisfied for all z = (1, 1, . . . ) and z = (−1, 1, . . . )

but not z = (1, 0, . . . ) or z = (0, 1, . . . ). For such f, problem (2.8) does not have the convex

hull property (see proposition 3.3.)

Proof. We may assume without loss of generality that f is nonnegative, z = em and q = 0. To

see this, suppose u satisfies (2.8) and choose R ∈ O(n) with Rz = em and let ũ0 = R(u0− q)
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and let M̃ be the admissible class with data ũ0. Then ũ0(Ω̃) ⊂ K0,em ≡ {x ∈ Rm : xm ≤ 0}.

We claim that ũ(x) ∈ K0,em for L n-almost every x ∈ Ω̃. Let ũ = R(u−q) so that ũ(x) ∈ M̃ .

If ṽ ∈ M̃ , then corollary 2.4 implies Ĩ[ṽ] = I[v] + L n(Ω̃) min f where Ĩ[·] is defined as in

(2.2) by the linear growth function f̃(Q) ≡ f(QR) + min f. Then, by the minimality of u,

Ĩ[ũ] = I[u] + L n(Ω̃) min f ≤ I[v] + L n(Ω̃) min f = Ĩ[ṽ].

Note that em ⊗ emR = Rz ⊗ z and thus PemR = RPz. Applying this fact to the function f̃ ,

we learn

f̃(QPem) = f(QPemR) = f(QRPz) < f(QR) = f̃(Q)

if QPemR = QRPz 6= QR, i.e. QPem 6= Q. Applying the remainder of the proof to ũ, the

claim follows. Since {ũ ∈ K0,em} = {u ∈ Kq,z}, the claim then implies the proposition.

Let 0 < α < 1. According to [HZ94] lemma 1.2, there is nonnegative, |Dum|-measurable

function η with η(x) ≤ 1 for |Dum|-almost every x ∈ Rn with the property that D(um)+ =

ηDum. Define a function v ∈ BVn,m by

v = (v1, . . . , vm) ≡ (u1, . . . , um−1,min{um, 0}+ αmax{um, 0}).

Then, if β = 1− α,

Dvm = (1− βη)Dum, Dvi = Dui, i = 1, . . . ,m− 1.

Let Du = τ |Du|, Dv = σ |Dv|. From the representation formula (2.7), we have that

σ |Dv| = τΛ |Du| as bounded linear functionals on C0,n,m where Λ ∈ L∞(|Du|; Rm×m)

is diagonal with all nonzero entries equal to 1, except the last, Λmm = (1 − βη). Then,

applying (2.6) to the second integral below,

I[v] =

∫
f(Dav) dx+

∫
f∞(σ)d|Dsv| =

∫
f(DauΛ) dx+

∫
f∞(τΛ)d|Dsu|.

Note that for |Du|-almost every x ∈ Rn, 0 ≤ βη(x) ≤ 1 that Λ(x) = (1−βη(x))I+βη(x)Pz.

By the convexity of f and f∞,

I[v] ≤
∫

(1− βη)f(Dau) + βηf(DauPz) dx+

∫
(1− βη)f∞(τ) + βηf∞(τPz) d|Dsu|.
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As f(DuPz) ≤ f(Du), we see by the minimality of I[u] that I[v] ≤ I[u] ≤ I[v]. It follows

that the second inequality must be equality and hence subtracting and dividing by β 6= 0

we have∫
ηf(DauPz) dx+

∫
ηf∞(τPz) d|Dsu| =

∫
ηf(Dau) dx+

∫
ηf∞(τ) d|Dsu|.

Since the integrands on the right hand side majorize the integrands on the left hand side

respectively, it must be that∫
η(f(DauPz)− f(Dau)) dx = 0,

∫
η(f∞(τPz)− f∞(τ)) d|Dsu| = 0.

Since η is nonnegative |Dum|-almost everywhere, the above two integrands are |Dum|-almost

everywhere non-positive, and hence

η(f(DauPz)− f(Dau)) = η(f∞(τPz)− f∞(τ)) = 0 |Dum|-almost everywhere. (2.9)

Let

E = {ητm 6= 0} ∪ {ηDaum 6= 0},

F = {η(f(τPz)− f(τ)) < 0} ∪ {η(f(DauPz)− f(Dau)) < 0}.

E and F are |Dum|-measurable and F ⊂ E. By (2.9), |Dum|(F ) = 0. Furthermore, {ητm 6=

0} ⊂ F and thus |Dum|({ητm 6= 0}) ≤ |Dum|(F ) = 0. This implies that

Ds(um)+ = ητm|Dsu| = 0.

Then, (um)+ ∈ W 1,1(Ω̃).

If f(QPz) < f(Q) and f∞(QPz) < f∞(Q)whenever QPz 6= Q, then E ⊂ F. In this case,

|Dum|(E) = |Dum|(F ) = 0.

This proves the second claim of the theorem because

D(um)+ = ηDum = 0

implying that L n({x : um(x) ≥ 0}) = 0 (by the Poincaré inequality for example.)

8



Corollary 2.7. Suppose that f : Rn → R and f(0) < f(p) for all p ∈ Rn \{0}. If u satisfies

(2.8), then for L n-almost every x ∈ Ω̃

ess infΩ̃ u0 ≤ u(x) ≤ ess supΩ̃ u0

Remark 2.8. We do not require that f be strictly convex or satisfy any other structural

assumption.

Proof. Let c0 = ess infΩ̃ u0 and c0 = ess supΩ̃ u0. When m = 1, Pz = 0 for all z ∈ Sm−1.

Furthermore,

u0(Ω̃) ⊂ Kc0,−1 ∩Kc0,1

and f(pPz) = f(0) < f(p)Rn \ {0}. Applying proposition 2.5 twice, once for v = −1 and

q = c0 and once for for v = 1 and q = c0 we find that u(x) ∈ Kc0,R,−1∩Kc0,R,1 for L n-almost

every x ∈ Ω̃.

Corollary 2.9. Suppose f is strictly increasing in |QT
i | for each i = 1, . . . , n. If K is the

convex hull of u0(Ω̃) and if u satisfies (2.8), then for L n-almost every x ∈ Rn u(x) ∈ K.

Proof. Let X be a countable set of couples (z, q) ∈ Sm−1 ×Rm for which

K =
⋂

(z,q)∈X

{x : (x− q) · z ≤ 0}.

If X is empty, then K = Rm and we are done. Otherwise, let (z, q) ∈ X.

u0(Ω̃) ⊂ Kq,z.

Furthmore, Pz strictly decreases the Euclidean distance in Rm and hence for Q ∈ Rn×m

f(QPz) = f(QT
1 Pz, . . . , Q

T
nPz) < f(QT

1 , . . . , Q
T
n ) = f(Q)

unless QT
i Pz = QT

i for all i = 1, . . . , n, in which case Q = 0. By proposition 2.5, u(x) ∈ Kq,z

for L n-almost every x ∈ Ω̃. Since (v, z) ∈ X was arbitrary and chosen from a countable set,

we also have

u(x) ∈
⋂

(z,q)∈X

Kq,z = K

for L n-almost every x ∈ Ω̃.
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3 Problems Without the Convex Hull Property

In this section, we discuss variational problems (proposition 3.2 and proposition 3.3) which

do not posses the convex hull property. We give convex, linear growth functions for which

solutions of (2.8) have two dimensional range where the data is one dimensional.

The following simple lemma will be used in proposition 3.2 to force an elliptic function

to be convex and have linear growth. Let f̃ be a real valued function defined on Rn×m and

assume that f̃ is convex on the set ΣL := {Q : f̃(Q) ≤ L} and ΣL is bounded for some

L > 0. Then LipΣL
(f̃) <∞. Define a function f on Rn×m by

f(Q) = max{f̃(Q),LipΣL
(f̃)dist(Q,ΣL) + L}. (3.1)

First an elementary

Lemma 3.1. The function f defined in (3.1) is convex and has linear growth.

Proof. The linear growth of f follows from the linear growth of the distance function and

the fact that ΣL is bounded. Let P,Q ∈ RN×n, λ ∈ [0, 1], Rλ = λP + (1−λ)Q and Pλ, Qλ be

nearest points in ΣL to P and Q respectively. Suppose that P,Q ∈ RN×n \ΣL and Rλ ∈ ΣL.

Then

f(Rλ) ≤ λf(Pλ) + (1− λ)f(Qλ) ≤ λf(P ) + (1− λ)f(Q)

where the first inequality follows from the convexity of ΣL and f̃ while the second follows

from the definition of Pλ and Qλ. Suppose that P ∈ RN×n \ ΣL and Q,Rλ ∈ ΣL. Then

f(Rλ) ≤ λf(Pλ) + (1− λ)f(Q) ≤ λf(P ) + (1− λ)f(Q)

follows similarly. Finally, suppose P,Rλ ∈ RN×n \ ΣL and Q ∈ ΣL. Then

f(Rλ)− LipΣL
(f̃)|Rλ −Q| ≤ f(Q)

combined with

f(Rλ) ≤ λf(P ) + (1− λ)(f(Rλ)− LipΣL
(f̃)|Rλ −Q|)

gives the desired inequality. The remaining cases follow easily from the fact that f̃ and

dist(·,ΣL) are convex functions.
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In the following, Ω ⊂ R2 is the unit disk centered at the origin. We will only consider

u ∈M for which Du is absolutely continuous and use the variables

(
∂u1

∂x1

,
∂u2

∂x1

,
∂u1

∂x2

,
∂u2

∂x2

)
↔ (Q11, Q12, Q21, Q22), Q =

 Q11 Q12

Q21 Q22

 .

If f is differentiable at Q, then D2f = {fQijQkl
}2
i,j,k,l=1 will denote the Hessian.

The first example allows us to explicitly compute solutions of (2.8).

Proposition 3.2. Let f be as in (3.1) where

f̃(Du) = |Du1|2 + |Du2|2 +
∂u1

∂x1

∂u2

∂x1

. (3.2)

There exist u0 so that if u is a solution of (2.8),

L 2{x ∈ Ω̃ : u(x) /∈ (Hconvexu0(Ω̃))} > 0.

Proof. To establishes the convexity and linear growth of f, note that D2f̃ is symmetric and

strictly positive. Let

u0(x) = e1(2x2
1 − 1), x ∈ R2. (3.3)

Clearly u0 ∈ W 1,1
loc (R2; R2) and the convex hull K of u0(Ω) is the one dimensional set

[−1, 1]× {0} ⊂ R2.

Suppose to the contrary that u(Ω̃) is contained in K. Then there is a function µ ∈ BV(Ω̃)

for which u(x) = µ(x)e1 for a.e. x ∈ Ω̃ and µ(x) = µ0(x) for a.e. x ∈ Ω̃ \ Ω where we define

µ0(x) = 2x2
1 − 1. Define a CLG function

Φ(p) ≡ f(Qp) = |p|2, Qp =

 p1 0

p2 0

 .

Clearly µ is a solution to

µ ∈ N , J [µ] ≡
∫

Ω̃

Φ(Dµ) dx ≤ J [ν],

∀ν ∈ N ≡ {ν ∈ BV(Ω̃) : ν(x) = µ0(x) for a.e. x ∈ Ω̃ \ Ω}.
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By modifying the argument around (2.9), one may show that there is 0 < M <∞ indepen-

dent of L so that

ess supx∈Ω |Dµ| < M.

Choosing L sufficient large in (3.1), we find that Φ(Dµ) = |Dµ|2. Consequently µ minimizes

the Dirichlet integral and is harmonic. In fact

µ(x) = x2
1 − x2

2 (3.4)

Now consider a smooth solution ũt := (µt, νt) solution to the Cauchy problem

∂µt
∂t

= ∆µt +
∂2νt
∂x2

1

, µ0 = µ,

∂νt
∂t

= ∆νt +
∂2µt
∂x2

1

, ν0 = 0

ũt(x) = u0(x), 0 ≤ t <∞, x ∈ ∂Ω

(3.5)

with Dũt ∈ ΣL, at least for small time. One has

d

dt

∫
Ω̃

f(Dũt) dx =
2∑

i,j=1

∫
Ω

fQij
(Dũt)

(
∂2(ũt)i
∂xj∂t

)
dx

= −
2∑

i,j=1

∫
Ω

(
∂

∂xj
fQij

(Dũt)

)2

dx ≡ η(t).

However, according (3.4) and (3.5),

η(0) = −
2∑

i,j=1

∫
Ω

(
fQijQkl

(Dũ0)
∂2(u0)k
∂xl∂xj

)2

dx = −
∫

Ω

(
∂2µ

∂x2
1

)2

dx < 0.

This contradicts the minimality of I[u] since ũt ∈M and

I[ũt] = η(t) < η(0) = I[u]

for sufficiently small, positive t.

Motivated by the above propositions, we give an example of an immersion of the disk

into R3 which is not contained in the convex hull of its boundary data, an embedded circle.

12



w

u

!

Figure 1: A resolution of the image of u in proposition 3.2. Note that the image lies outside

the convex hull of the data (the black curves).

Let Ω be as above. Define an embedding of the unit circle ∂Ω by x ∈ S1 7→ u0(x) ∈ R3

where

u0(x) = e1(2x2
1 − 1) + e2εx2 + e3(x1 + x2) (3.6)

The above analysis shows that for sufficiently large L in (3.1), if w satisfies (2.8) with f

defined by (3.2) and u0 given by (3.6), then w is unique and is the equilibrium solution of

(3.5). Solving we find

w(x) =
e1

3
(4x2

1 − 2x2
2 − 1) + e2

(
εx2 −

2

3
(x2

1 + x2
2 − 1)

)
+ e3(x1 + x2), x ∈ Ω. (3.7)

The image of the disk Ω under w can be seen in figure 1. The solution given in proposition

3.2 can resolved this way by setting ε = 0 and projecting by π onto the x1, x2-axis.

One may wonder whether the convex hull property is lost due to the ellipticity of (3.2).

The following proposition shows that the convex hull property may not hold for honest

convex functions of linear growth.

Proposition 3.3. Let

f(Du) =

(
|Du1|2 + |Du2|2 +

∂u1

∂x1

∂u2

∂x1

)1/2

. (3.8)

There exist u0 so that if u is a solution of (2.8),

L 2{x ∈ Ω̃ : u(x) /∈ Hconvex(u0(Ω̃))} > 0

13



Proof. To see that f is convex, make the change of variables

(Q11, Q12, Q21, Q22) 7→
(
Q11 +Q12√

2
,
Q11 −Q12√

2
, Q21, Q22

)
≡ (ζ, η, ξ, χ).

In these coordinates (a rotation of Q) (3.8) becomes (3ζ2/2+η2/2+ξ2 +χ2)1/2. This function

is convex by the triangle inequality. The linear growth of f is clear from its definition.

Let

u0(x) = e1(x2
1 − 1), x ∈ Ω̃. (3.9)

Again, u0 ∈ W 1,1(Ω; R2) and the convex hull K of u0(Ω) is the one dimensional set {te1 :

t ∈ [−1, 1]} ⊂ R2.

Suppose to the contrary that u(x) is contained in K for L 2-almost every x ∈ Ω̃. Then

there is a function µ ∈ BV(Ω̃) for which u(x) = µ(x)e1 for a.e. x ∈ Ω̃ and µ(x) = µ0(x) for

a.e. x ∈ Ω̃ \ Ω where we define µ0(x) = x2
1 − 1. In particular, Du1 = Dµ,Du2 = 0 and thus

the variational integral reduces to

I[u] =

∫
Ω̃

(
|Du1|2

)1/2
dx =

∫
Ω

|Dµ| dx.

Clearly µ is a solution to

µ ∈ N , J [µ] ≡
∫

Ω̃

|Dµ| dx ≤ J [ν],

∀ν ∈ N ≡ {ν ∈ BV(Ω̃) : ν(x) = µ0(x) for a.e. x ∈ Ω̃ \ Ω}.

Unlike in the proof of proposition 3.3, it is difficult to work with a parabolic equation

associated with (3.8). Instead, we elect to work with I[·] directly. We use the definitions for

Ω = R ∪ Ω1 ∪ Ω2, ∂R = ∂1R ∪ ∂2R

found in theorem 4.4 in the appendix when t = ∞. Note that µ agrees with (4.7) a.e. in Ω

for t =∞. Let ν ⊂ C∞0 (Ω) and for ε > 0 and define uε = µe1 + ενe2. Consider

I[uε] =

∫
Ω̃

(
|Dµ|2 + ε2|Dν|2 + ε

∂µ

∂x1

∂ν

∂x1

)1/2

dx

=

∫
Ω1

(
|Dµ|2 + ε2|Dν|2 + ε

∂µ

∂x1

∂ν

∂x1

)1/2

dx+

∫
Ω2

(
|Dµ|2 + ε2|Dν|2

)1/2
dx+

∫
R

ε|Dν| dx.

14



Differentiating the above expression with respect to ε and then setting ε equal to zero we

find

d

dε
I[uε]

∣∣
ε=0

=

∫
Ω1

1

2
|Dµ|−1 ∂µ

∂x1

∂ν

∂x1

+

∫
R

|Dν| dx =

∫
Ω1

sgn(x1)

2

∂ν

∂x1

+

∫
R

|Dν| dx

= −1

2

∫
∂R1

ν dH 1 +

∫
R

|Dν| dx.

By approximation, we may choose a sequence {νi}∞i=1 in C∞0 (Ω) with νi → χR ∈ BV(Ω) with

νi → ν in L1(∂R) and Dνi → Dν in L1(Ω).

Thus,

lim
i→∞

d

dε
I[uε]

∣∣
ε=0

= lim
i→∞
−1

2

∫
∂R1

νi dH
1 +

∫
R

|Dνi| dx

= −1

2
H 1(∂R1) + 0H 2(R) < 0.

This contradicts the minimality of u and the conclusion follows.

4 Appendix

Consider the following variational problem for scalar valued functions of bounded variation;

u ∈ N , J [u] ≡
∫

Ω̃

|Du| dx ≤ J [v],

∀u ∈ N ≡ {v ∈ BV(Ω̃) : v(x) = u0(x) for a.e. x ∈ Ω̃ \ Ω}.
(4.1)

There is a parabolic equation associated with (4.1) called the coarea flow or total variation

flow. The coarea flow is the L2 gradient descent of a function of bounded variation with

respect to the total variation J [·]. In classical form, the Cauchy problem for the coarea flow

reads

∂µt
∂t

= div

(
Dµt
|Dµt|

)
(4.2)

µ0(x) = h(x), x ∈ Ω, (4.3)

µ(x) = g(x), (x, t) ∈ ∂Ω× [0,∞). (4.4)
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One cannot in general expect a classical solution to (4.2-4.4) to exist. Instead, a unique

generalized solution ([HZ94]) µt ∈ L∞([0,∞); BV(Ω)) with µ′t ∈ L2(Ω× [0,∞)) is known to

exist and satisfies∫ s

0

∫
Ω

µ′t(ν − µt) + |Dν| − |Dµt| dx+

∫
∂Ω

|ν − g| dH n−1 dt ≥ 0 (4.5)

for all ν ∈ BV(Ω) and s ≥ 0. If Ω is convex and h and g satisfy a Lipschitz condition, then

µt ∈ L∞([0,∞); Lip(Ω)). We will prove the following

Theorem 4.1. There exist real analytic data h and g and a bounded real analytic domain

Ω for which the unique, generalized solution to (4.2-4.4) is uniformly Lipschitz but never

differentiable and µ′t /∈ L∞(Ω× (0, ε)) for any ε > 0. The solution µt converges uniformly to

a solution µ = µ∞ of (4.1) with an exponential rate.

Remark 4.2. A feature of the coarea flow is that it seems to be a tool for finding area

minimizing hypersurfaces. As was pointed out in [HZ94] example 5.2, it is interesting to

note that the levels of h are stationary hypersurfaces but not locally area minimizing. In

contrast, a solution to the level set equation ([ES91]) with data h and g is then constant in

time.

Lemma 4.3. There is a unique solution a : R+ → R to the ordinary differential equation

a′(t) =
1

4a2(t)
− 1

4a(t)
√

1− a(t)2
, lim

t↓0
a(t) = 0. (4.6)

The solution a(t) is monotonically increasing and the estimate

c1e
−d1t ≤

∣∣∣∣∣a(t)−
√

2

2

∣∣∣∣∣ ≤ c2e
−d2t

holds for some positive constants c1, c2, d1, d2.

Theorem 4.1 is now a consequence of

Theorem 4.4. Let Ω be the two dimensional unit disk centered at the origin. Define Cauchy

data

h(x) = g(x) = µ0(x) = 2x2
1 − 1 = 1− 2x2

2, x ∈ R2.
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Let a : R+ → R be as in lemma 4.3. For t ≥ 0 let z(t) = a(t)2 and b(t) =
√

1− a(t)2 and

R(t) ⊂ Ω be the rectangle parallel with the coordinate axes and horizontal and vertical side

lengths 2a(t) and 2b(t) respectively and centered at the origin. Let ∂1R(t) be the vertical part

and ∂2R(t) the horizontal part of the boundary of R(t). Define

u(x, t) =


x2

1 |x1| ≥ a(t) ≡ Ω1(t),

1− x2
2 |x2| ≥ b(t) ≡ Ω1(t),

z(t) x ∈ R(t).

(4.7)

Then µt ∈ L∞([0,∞); Lip(Ω)) with µ′t ∈ L2(Ω× [0,∞))and µt satisfies (4.5).

We describe briefly how one arrives at (4.7). We first assume that u is defined by (4.7) for

an unknown function z : R+ → R and then use test functions v in (4.5) to find an ordinary

differential equation satisfied by z. Let η ∈ C∞0 (Ω) and choose v = u + εη for ε > 0. In the

sequel, the dependence on t will be omitted. Then the integrand of (4.5) becomes

ε

∫
R

z′η + |Dη| dx+

∫
Ω\R
|Du+ εDη| − |Du| dx ≥ 0.

Since |Du| > 0 on Ω \R, dividing by ε and bounded convergence implies∫
R

z′η + |Dη| dx+

∫
Ω\R

Du

|Du|
·Dη dx ≥ 0. (4.8)

Since u is constant in the x1 or x2 variable in the complement of R, we have∫
Ω\R

Du

|Du|
·Dη dx =

∫
R∩{x1≥a}

∂η

∂x1

dx−
∫

R∩{x1≤a}

∂η

∂x1

dx

−
∫

R∩{x2≥b}

∂η

∂x2

dx+

∫
R∩{x2≤b}

∂η

∂x2

dx

=

∫
∂R

ση dH 1, (η has compact support)

where σ = 1 on the horizontal part of the boundary of R and σ = −1 on the vertical part

of the boundary of R. Choosing a sequence ηi|R → χR , this and (4.8) implies

z′µ(R) + 2(a− b) ≥ 0. (4.9)
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On the other hand, choosing v = u− εη for ε > 0 implies

−ε
∫

R

z′η + |Dη| dx+

∫
Ω\R
|Du− εDη| − |Du| dx ≥ 0.

Dividing by ε and sending ε to zero implies the contrary inequality;∫
R

z′η + |Dη| dx+

∫
Ω\R

Du

|Du|
·Dη dx ≤ 0. (4.10)

Choosing η as before implies then

z′µ(R) + 2(a− b) ≤ 0. (4.11)

As µ(R) = 4ab, (4.9) and (4.11) imply that any solution of the form (4.7) must satisfy

z′ =
b− a
2ab

.

Changing variables z(t) = a(t)2 gives (4.6).

Now we prove that the function given by (4.7) where z solves (4.6) is in fact a solution

of (4.5).

Proof of Theorem 1. Since u is nonincreasing and Ω is convex, it is sufficient to check (4.5)

for v ∈ BV (Ω) with

v ∈ C∞(Ω), v|∂Ω = g, v ≥ u. (4.12)

Let u be as in (4.7) and v ∈ BV (Ω) as in (4.12). Then

E (v) :=

∫
Ω

u′(v − u) + |Dv| − |Du| dx

= z′
∫

R

v − z dx+

∫
Ω

|Dv| − |Du| dx

since u ≡ z on R. Applying the change of variables formula gives

E (v) = z′
∫ ∞

0

L 2({v − z > s} ∩R) +

∫ ∞
0

PΩ({v > s})− PΩ({u > s}) ds

Here PΩ denotes the perimeter relative to Ω; PΩ(E) = ‖∂E‖(Ω). Setting s + z 7→ s in the

first integral gives.

E (v) =

∫ ∞
z

z′L 2({v > s} ∩R) + PΩ({v > s})− PΩ({u > s}) ds

+

∫ z

0

PΩ({v > s})− PΩ({u > s}) ds.
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By (4.12), {u > s} ⊂ {v > s} for all s ∈ R+. Then, clearly, PΩ({v > s})− PΩ({u > s}) ≥ 0

(∂{u > s} consists of two parallel line segments) for all s ∈ R+ so that in particular,

the second integral above is nonnegative. Below we demonstrate that the first integrand is

nonnegative for L 1-almost every s > z. For fixed s, consider the function

f(s) ≡ z′L 2({v > s} ∩R) + PΩ({v > s})− PΩ({u > s})

=
b− a
2ab

L 2({v > s} ∩R) + PΩ({v > s})− PΩ({u > s}).

By (4.7) and by monotonicity of Lebesgue measure,

PΩ({u > s}) ≤ 2b, L 2({v > s} ∩R) ≤ L 2(R) = 4ab.

Thus

f(s) ≥ 2b− 1

2b
L 2({v > s} ∩R) + PΩ({v > s})− 2b

= PΩ({v > s})− 1

2b
L 2({v > s} ∩R).

By (4.12) and Sard’s theorem, for almost every s ≥ z,

∂{v > s} ∩R =
N⋃
i=1

γi

where {γ}Ni=1 is a finite, disjoint collection of smooth curves connecting points (±ã,±b̃) where

s ≡ 1− (b̃)2 ≡ (ã)2 and

PΩ({v > s}) =
N∑
i=1

length(γi).

Since s ≥ z, we also have

ã ≥ a, b̃ ≤ b.

The number if curves N is at least 2. We assume that γ1 and γ2 connect (±ã,±b̃) while

γ3, . . . , γN are the boundaries of disjoint, connected components G3, . . . , GN .

Suppose γ1 connects (ã, b̃) with (−ã, b̃) and consequently γ2 connects (ã,−b̃) with (−ã,−b̃).

Then

length(γ1) + length(γ2) ≥ 4ã.
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On the other hand, by the convexity of Ω and definition of g, {v > s} ∩R is contained in

the rectangle with corners (±ã,±b) leaving

L 2({v > s} ∩R) ≤ 4ãb.

Thus

f(s) ≥ 4ã− 1

2b
4ãb = 2ã > 0.

In the remaining case, suppose γ1 and γ2 connect (ã, b̃) with (ã,−b̃) and (−ã, b̃) with

(−ã,−b̃) respectively. Let G1 be the connected component bounded by γ1 and {x1 = ã}. Let

G2 be the connected component bounded by γ1 and {x1 = −ã}. Since f(s) decreases if the

perimeter of {v > s} decreases, we may without loss of generality assume that G1, . . . , GN ⊂

R. Let G̃1 be the projection of G1 onto the {x1 = ã} axis which preserves the length of

the horizontal slices of G1. Let G̃2 be the projection of G2 onto the {x1 = −ã} axis which

preserves the length of the horizontal slices of G2. Then G̃i is a subgraph (over x2 ∈ (−b̃, b̃))

of a continuous, piecewise smooth function gi with gi(−b̃) = gi(b̃) = 0 and

L 2(G̃i) = L 2(Gi), length(gi) ≤ length(γi), i = 1, 2.

Then

L 2(Gi) = L 2(G̃i) =

∫ b̃

−b̃
gi(x2) dx2 ≤

∫ b̃

−b̃

∫ x2

−b̃
|g′i(r)| dr dx2

≤ 2b̃

∫ b̃

−b̃

√
1 + (g′i(r))

2 dr = 2b̃length(gi) ≤ 2blength(γi)

(4.13)

for i = 1, 2. Since G3, . . . , GN are connected, their projection onto the {x1 = 0} axis are

intervals (c3, d3), . . . , (cN , dN) ⊂ (−b̃, b̃). By making a small perturbation, we may assume

that horizontal slices of G3, . . . , GN have vanishing length at the endpoints of the intervals

(c3, d3), . . . , (cN , dN). Let G̃3, . . . , G̃N be the Steiner symmetrization ([EG92]) of G3, . . . , GN

with respect to the {x1 = 0} axis and let g3, . . . , gN be the height of G̃3, . . . , G̃N defined over

(c3, d3), . . . , (cN , dN). Then

L 2(G̃i) = L 2(Gi), 2length(gi) ≤ length(γi), i = 3, . . . , N.
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and

L 2(Gi) = L 2(G̃i) = 2

∫ d′

c′
gi(x2) dx2 ≤ 2

∫ d′

c′

∫ x2

c′
|g′i(r)| dr dx2

≤ 2(d′ − c′)
∫ d′

c′

√
1 + (g′i(r))

2 dr

= 2(d′ − c′)length(gi) ≤ 2blength(γi)

(4.14)

In total, (4.13) and (4.14) imply

f(s) =
N∑
i=1

[
length(γi)−

1

2b
L 2(Gi)

]
≥ 0.

This completes the proof.
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