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1 Introduction

We are concerned with maximum principles for minimizers of variational integrals

I[u]:/ﬂf(Du)dx, o9 = ug (1.1)

in a sense which is to made precise below. Here f is a convex function of linear growth and
u is a vector valued function of bounded variation. A variational problem is said to have the
convex hull property if solutions are contained in closed convex hull of the boundary data.
Below we give examples of variational integrals of the type (1.1) for which the associated
minimization problem does not have the convex hull property. Nevertheless, we give sufficient
conditions on f for minimizers of (1.1) to lie in a closed convex subset of R™ containing v,

and conditions for when this set is bounded.

2 Preliminaries and Main Result

A function v : R™ — R™ is said to be of bounded variation, v € BV, , = BV(R";R™),
if u € Ll _(R") and if there is a Radon measure |Du| and a R"*™ valued, | Du|-measurable

function ¢ with |o(z)] = 1 for |Dul-almost every z € R™ with the property that for all



9gECm = Ce(R™, R™™),
R" 1 j=1 L R™ 51 j=1
Sometimes we write Du/|Du| in place of o. It follows that for ¢ = 1,...,m, the coordinate

functions u; lie in BV(R™); there are Radon measures | Du;| and R™ valued, | Du;|-measurable
functions o; with |o;(x)| = 1 for |Du;|-almost every x € R™ and Du; = o; L |Du;|. Then for

all g € C3°

0,n,m

m

i=1 j=1 i=1 j=1 =1 j=1

A real valued function f defined on R™*™ is of linear growth provided there are positive

numbers a,a’, b and b’ for which
alQ —b < f(Q) <d|Q|+b YQ e R™™.

Here |Q| is the Euclidean norm |Q[* = 71, ™7 | Q7. We will occasionally write f(Q) =
f(Qy,...,Qm) whenever Q; € R™ are the columns of Q of f(Q) = f(QF,..., QL) whenever

Q; € R™ are the rows of (). If in addition, f is convex, then there is a homogeneous, convex

real valued function f,, on R™"*" defined by the formula

ful@) = Jim £ (1Q) ¥Q € R

Remark 2.1. In the sequel, f will always denote a real valued convex function of linear

growth defined on R™ .

Let v € BV,,, and u. be a sequence of smooth functions converging weakly to u in
BV,,n. Then
lim ﬂmﬂmz/ﬂmmm+/kwmww (2.2)
where D®u is the absolutely continuous with respect to Lebesgue measure part of Du and
D#u is the singular part. The right hand side of (2.2) is the definition of the integral I[u]
for a function u € BV, ,.
If v and p are measures with v < i, then D,v denotes the Radon-Nikodym derivative

of v with respect to v. The following lemma will be useful shortly.
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Lemma 2.2. Let u and v be Radon measures and let p and o be R* valued p-measurable
and v-measurable functions resp. with |p(x)| < 1 for p-almost every x € R" and |o(z)| =1

for v-almost every x € R™. Suppose that p L u and o L v are related by the formula

/ g~pdu=/ g-odv

for all g € Co(R™; RF). Then v < pu and every v-measurable set is p | {p # 0} measurable
and p=ocD,v. If f € C(R*,R), then

/ Fo)dv = / F(@) D dp. (2.3)

Proof. The fact that v < p follows easily from the fact that |o| = 1 almost everywhere. All
p-measurable sets are then v-measurable, and a p-measurable D v exists and is bounded
above by 1 for u-almost every z. By the formula for differentiation of measures, we see that
D,vL {p=0}=0.

For r > 0 define A(t) = sgn(t)(r + (|t| — r)4+) and let p, = (A(p1),..., A(px)) Then
|pr(x)| > 7 for p-almost every x and |p(z) — p,(x)| < r for every x € {|o| < r} and is zero
otherwise.

Without loss of generality, assume that v and p are finite. Let K C {p # 0} be v-
measurable with v(K) = 0. Let B D K be a Borel set with v(B) = 0 and u(K) = u(B).
Finally, let C' be Borel set with u(C'\ {p #0}) = u(CN{p=0})=0and set D =BNC.

pDN{p=0}) <pu(Cn{p=0} =0, v(D)<v(B)=0 (24)
Let {U;}:2, a be decreasing sequences of open sets with
v(D) =limv(U;), p(D) = limu(U;). (2.5)

For a positive integer i and € > 0, there is g € Co(R™; R¥) with spt(g) C W; and |g| < 1
so that

1 1
,LL(Ui)ge—i-—/g-prdu:e—l——(/g'adu—i—/g'(ﬂr—p)dﬂ>
T Ui r Ui Ui
1
<e+ ;V(Ui> + w(Ui 0 {lpl <7}).
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As e was arbitrary, we have u(U;) < r~'w(U;) + u(U; N {|o| < r}). Recall D is Borel. Thus
D n{l|p| < r} and W;N{|p| < r} are py-measurable. Thus, from (2.5) and (2.4), letting

1 — oo we find
u(D) <+ 0(D) + u(D A {Jol < 1}) = (D {lol < 7}).
Finally, D N {|p| = 0} and D N {|p| < r} are p-measurable for each r. Letting r — 0 gives
p(D) < lim (D 1 {]p] < r}) = u(D 0 {lp] = 0}) = 0.

Consequently, D and hence K have p-measure zero. This implies that p L {p # 0} <
v L {p # 0}. However, v L {p = 0} = 0 and hence L {p # 0} < v. This proves the first
claim.

For t > 0, (f(0)D,w) *([t,00)) is a v-measurable subset of {p # 0} and is hence u-
measurable. On the other hand, (f(o)D,v)"*({0}) is the union of a v-measurable subset of
{p # 0} with {p = 0} and is hence p-measurable. Thus f(o)D,v is p-measurable and the

second claim follows from the Radon-Nikodym theorem. [

Corollary 2.3. Suppose that u,v € BV, ,, and for all g € Cp . m,

Du Dv
LS ann(ips) avul= [ 23w (ipy) apd
ji

v g,k=1 i=1 j=1

for some A € L*(|Dul; R™*™). Then

[ G 1= [ (g ) 20

Proof. Without loss of generality, ||Al|Ls(pu)) < 1. Let

Du Dv
Dl v=IDl, p= oA o= Dl
Applying lemma 2.2, p = 0 D|psy|D*v], i.e.
Du Dv
ZEN = 2 Do | D).
[Dul ™~ Do

Using the change of variables formula (2.3), the homogeneity of f., immediately gives (2.6).
O



A form of (2.6) particularly useful for our purposes goes as follows. Let u € BV, ,,, with
Du =7 L |Du| and for i € {1,...,m}, the coordinate functions u; satisfy Du; = 7; L |Du;|.
Similarly, suppose that v € BV,,,, and the coordinate functions of v; and w; are related
by Dv; = n;Du; for some scalar valued functions 1, € L*(|Dw;|) C L*°(|Dul). Then, if
Dv =o L |Dv| and Dv; = o; L |Dv;|, lemma 2.2 applied to (2.1) implies

-0 _ ;0 p Do _,9p Du: _-Up Du
nT;t = 0o, |Dui\| Uz|7 0ji = 05 \Dv|| Uz|7 Tji = T, \Du\l uz|-
Multiplying the last equation by n; along with the fact that |Dv;| < |Du;| < |Dul,|Dv;| <
| Dv| gives

Dvi| Dipy| Dui| = 0 Dpy| Dvi| = ;i Djpuy| Do

NiTji = niTi(j)D|DU||Dui’ = JZ(j)DlDUi|

Again, if AT = 0D|py|Dv| where A is as in lemma (2.3), then the above equations shows
that
Aij =midi;, 0,5 €{l,...,m}. (2.7)

Corollary 2.4. Ifu € BV,,,,, R € O(m) and v = Ru, then Dv = DuRT and |Dv| = |Dul.

Proof. Clearly
& Dv & Du
Jo 2o (o), 191= [ 2 Roome (i),
Set u = |Dul|,v = |Dv|,0 = Du/|Du|R" and p = Dv/|Dv|. Then |o(z)| = 1 for p-almost
every x € R™ and |p(x)| = 1 for v-almost every € R™. Lemma 2.2 then implies that
|Du| < |Dv| and |Dv| < |Du| and p = 0D,v. However, by the definition of |Dv| and |Du|
as the variation measure associated with the distributional derivatives Du and Dwv resp.,

|Du|(U) = |Dv|(U) for any open set U and hence D, v = 1. O

In the sequel, Q is a bounded Lipschitz domain in R”, € is an open ball containing the
closure of € and u is an element of the Sobolev space W,:I (R™; R™). The class of admissible

functions is
M = {v € BV, m;v(z) = up(z) for £ -almost every = € 0\ Q}.
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For u € .4 and f a convex, linear growth function, the appropriate variational integral of

type (1.1) for functions of bounded variation with boundary data wug is

M= [ f(bw

as defined in (2.2). I[-] is lower semicontinuous with respect to BV-weak convergence in .#

and a solution to

we M, Iu=mn{lv]:ve.#} (2.8)

exists. If z € S ! and ¢ € R™, then define P, =] — 2 ® z € R™™ and

K, .,={xeR":(z—q) -2 <0}

Theorem 2.5. Suppose that ug(Y) C K, . and u satisfies (2.8). If there is z € S™ ' with
the property that f(QP,) < f(Q) and fx(QPF.) < foo(Q) for all Q # QP,. Then there is

w € WHHQ) with
z-u(zr) = w(zr) whenever u(x) € R™\ K,
If in addition, f(QP,) < f(Q) for all Q # QP,, then u(z) € K, . for ZL"-almost every

foZ.

Example 2.6. If f has the form f(Q) = h(|Q|) for some strictly increasing function h, then
the first hypothesis of proposition 2.5 is satisfied for all z € R™. For such f, problem (2.8)

then has the convex hull property.
If f has the form

f(Q) = (’Q1|2 o |Qul + Q11Q12)1/2 ;

then the first hypothesis proposition 2.5 is satisfied for all z = (1,1,...) and z = (=1, 1,...)
but not z = (1,0,...) or z=(0,1,...). For such f, problem (2.8) does not have the convex

hull property (see proposition 3.3.)

Proof. We may assume without loss of generality that f is nonnegative, z = e, and ¢ = 0. To

see this, suppose u satisfies (2.8) and choose R € O(n) with Rz = e, and let 4g = R(ug — q)



and let .# be the admissible class with data @g. Then ﬂo(Q) C Ko, ={z € R™: x,, <0}.
We claim that @(z) € Ko, for Z"-almost every = € Q. Let &4 = R(u—q) so that ii(z) € 4.
If & € .4, then corollary 2.4 implies I[8] = I[v] + 2"(Q) min f where I[-] is defined as in
(2.2) by the linear growth function f(Q) = f(QR) + min f. Then, by the minimality of u,

I[i] = Ifu] + Z™(Q) min f < I[v] +.£"(Q) min f = I[0].

Note that e, ® e,, R = Rz ® z and thus P, R = RP,. Applying this fact to the function f ,

we learn
f(QP.,) = f(QF.,R) = f(QRP.) < f(QR) = f(Q)

it QP,, R = QRP, # QR, i.e. QP., # Q. Applying the remainder of the proof to u, the
claim follows. Since {a € Ko, } = {u € K.}, the claim then implies the proposition.

Let 0 < a < 1. According to [HZ94] lemma 1.2, there is nonnegative, |Du,,|-measurable
function n with n(z) <1 for |Du,,|-almost every x € R™ with the property that D(u,,); =
1nDu,,. Define a function v € BV,, ,,, by

v= (01, ,Um) = (U1, Un_1, min{uy,, 0} + a max{u,,,0}).
Then, if 6 =1— «,
Dv,, = (1 = Bn)Duy,, Dv; = Du;, i=1,...,m—1.

Let Du = 7 L |Du|, Dv = ¢ L |Dv|. From the representation formula (2.7), we have that
o L |Dv| = 7A L |Dul as bounded linear functionals on Cy,, ,, where A € L*°(|Du|; R™*™)
is diagonal with all nonzero entries equal to 1, except the last, A,,,, = (1 — Bn). Then,

applying (2.6) to the second integral below,

] = / F(D") dx + / Foo(0)d| D] = / F(D™uA) da + / foo(rA)d| D],

Note that for | Du|-almost every x € R™, 0 < fn(z) < 1 that A(zx) = (1—Gn(z))I + O6n(z)P,.
By the convexity of f and f.,

Iv] < /(1 — Bn) f(D"u) + Bn f(DuP.) dx + /(1 — 1) foo(T) + B foo (T P.) d| D%
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As f(DuP,) < f(Du), we see by the minimality of I[u] that I[v] < Iu] < Ifv]. It follows
that the second inequality must be equality and hence subtracting and dividing by 3 # 0

we have

/ nf(D*uP.) de + / nfoo(rP.) d|Du] = / nf (Do) da + / nfoo(r) d|D*ul.

Since the integrands on the right hand side majorize the integrands on the left hand side

respectively, it must be that

/n(f(D“uPz) — f(D%))dz =0, /n(fOO(TPz> — Joo(7)) d|D*uf = 0.

Since 7 is nonnegative | Du,,|-almost everywhere, the above two integrands are | Du,,|-almost

everywhere non-positive, and hence
n(f(D*uP.) = f(D"u)) = n(foo(TP:) = foo(7)) = 0 |Duyy|-almost everywhere.  (2.9)
Let
E = {n7n # 0} U{nD"uy, # 0},
F={n(f(rF.) = f(r)) < 0} U{n(f(D"uP.) — f(D"u)) < 0}.

E and F are |Du,,|-measurable and F' C E. By (2.9), |Du,|(F) = 0. Furthermore, {n7,, #
0} C F and thus |Duy,|({n7m # 0}) < |Du,,|(F) = 0. This implies that

D*(um)+ = nrm|Dul = 0.

Then, (uy,)+ € WHH(Q).
If f(QF,) < f(Q) and fo(QPF,) < foo(®@)whenever QP, # @, then E C F. In this case,

| Dy |(E) = |Dugy|(F) = 0.
This proves the second claim of the theorem because
D(uy)+ = nDuy, =0

implying that Z"({z : u,,(x) > 0}) = 0 (by the Poincaré inequality for example.)



Corollary 2.7. Suppose that f : R™ — R and f(0) < f(p) for allp € R"\{0}. If u satisfies
(2.8), then for ZL"-almost every x € Q

essinfs uy < u(z) < esssupg uo

Remark 2.8. We do not require that f be strictly convex or satisfy any other structural

assumption.

Proof. Let ¢y = essinfgug and ¢ = esssupgug. When m = 1, P, = 0 for all z € S™1.

Furthermore,

UO(Q) C Kco,—l N Kco,l

and f(pP,) = f(0) < f(p)R™\ {0}. Applying proposition 2.5 twice, once for v = —1 and
q = ¢o and once for for v =1 and ¢ = ¢ we find that u(x) € Ko p—1N Ko gy for £m-almost

every x € Q. O

Corollary 2.9. Suppose f is strictly increasing in |QT| for each i = 1,...,n. If K is the
conver hull of ug(Q) and if u satisfies (2.8), then for £"-almost every x € R™ u(z) € K.

Proof. Let X be a countable set of couples (z,q) € S™ ! x R™ for which
K = m {z:(x—¢q) - 2<0}.
(z,9)eX

If X is empty, then K = R™ and we are done. Otherwise, let (z,q) € X.

U()(Q) C quz.
Furthmore, P, strictly decreases the Euclidean distance in R™ and hence for () € R™*™

fQP) = f(Q{P.,.... QL P.) < f(Q],....Qy) = f(Q)

unless Q7 P, = QF for all i = 1,...,n, in which case Q = 0. By proposition 2.5, u(z) € K, .
for .#"-almost every x € Q. Since (v, z) € X was arbitrary and chosen from a countable set,

we also have
u(x) € ﬂ K,.=K
(z,9)eX

for #"-almost every z € Q. m



3 Problems Without the Convex Hull Property

In this section, we discuss variational problems (proposition 3.2 and proposition 3.3) which
do not posses the convex hull property. We give convex, linear growth functions for which
solutions of (2.8) have two dimensional range where the data is one dimensional.

The following simple lemma will be used in proposition 3.2 to force an elliptic function
to be convex and have linear growth. Let f be a real valued function defined on R™™ and

assume that f is convex on the set ¥, := {Q : f(Q) < L} and ¥, is bounded for some

L > 0. Then Lipy,, (f) < co. Define a function f on R™™ by

F(Q) = max{f(Q), Lipg, (f)dist(Q, £1) + L}. (3.1)
First an elementary
Lemma 3.1. The function f defined in (3.1) is convex and has linear growth.

Proof. The linear growth of f follows from the linear growth of the distance function and
the fact that X, is bounded. Let P,Q € RY*" X\ € [0,1], R\ = AP+ (1 =)@ and Py, Q) be
nearest points in ¥; to P and @ respectively. Suppose that P,Q € RV*"\ ¥ and Ry € ¥p.
Then

FRY) S Af(Py) + (1= A)f(@x) S AF(P)+ (1= A)f(Q)

where the first inequality follows from the convexity of £, and f while the second follows

from the definition of Py and Q. Suppose that P € R¥**\ ¥; and Q, Ry € ¥;. Then
F(Ry) S AP+ (1= N f(Q) S M(P)+ (1= 1) f(Q)
follows similarly. Finally, suppose P, Ry € R¥*"\ ¥ and Q € X1. Then
f(Ry) — Lips, (/)|Ry — Q| < f(Q)
combined with
F(Ry) S Af(P)+ (1= M)(f(Rx) = Lips, (/)|Rx — Q))

gives the desired inequality. The remaining cases follow easily from the fact that f and

dist(+, ¥ ) are convex functions. O

10



In the following, Q@ C R? is the unit disk centered at the origin. We will only consider

u € A for which Du is absolutely continuous and use the variables

Qll Q12
Q21 QQZ

<8u1 8uQ aul 8u2

axl’ ax17 3x2’ 8x2> — (Q117Q12,Q217Q22)7 Q =

If f is differentiable at @, then D*f = {fo,;0u }7 k=1 Will denote the Hessian.

The first example allows us to explicitly compute solutions of (2.8).

Proposition 3.2. Let f be as in (3.1) where

~ Ouq Ou
Du) = |Duy|? + |Duy|? + 2272, 2
f(Du) = |Duy|* + [Dusy| +6$18$1 (3.2)

There exist ug so that if u is a solution of (2.8),
Lz e Q: u(z) ¢ (Hconvexuo(fl))} > 0.

Proof. To establishes the convexity and linear growth of f, note that D? f is symmetric and
strictly positive. Let
up(z) = e (222 — 1), z € R (3.3)

Clearly uy € W.2'(R2;R?) and the convex hull K of ug() is the one dimensional set

loc
[—1,1] x {0} C R2.

Suppose to the contrary that u(€2) is contained in K. Then there is a function . € BV(Q)
for which u(z) = pu(x)e; for a.e. x € Q and p(z) = po(x) for a.e. z € Q\ Q where we define
po(z) = 223 — 1. Define a CLG function
pr 0

D(p) = f(Qp) = Ipl*, Q=
D2

Clearly p is a solution to

we o, Ju= / (Dp) d < Jv),

Yve N ={veBV(Q):v(z) = po(z) for ae. z€Q\Q}.
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By modifying the argument around (2.9), one may show that there is 0 < M < oo indepen-
dent of L so that

esssUp,cq |Du| < M.

Choosing L sufficient large in (3.1), we find that ®(Dp) = |Du|*. Consequently p minimizes

the Dirichlet integral and is harmonic. In fact
) = o2 — 2 (3.4)

Now consider a smooth solution @; := (4, 1) solution to the Cauchy problem

(0 0%y,

%ZANt—Fa_;a Ho = M,

ov 0?

att Ay + au;, vy =0 (3.5)
\ U (z) = up(z),0 <t < oo,z € I

with Du, € Xy, at least for small time. One has

(@)
/f DUt dx_z] 1/fQ” DUt (8$38t> *

_ Z /Q (a%f%(mt)y dz = n(t).

ij=1

However, according (3.4) and (3.5),

O*(uo)e\* P\’
Z/(wika Duo)a 8$]) dff——/Q(a—x%> dx < 0.

i,j=1

This contradicts the minimality of I[u] since 4; € .# and

Iag] = n(t) < n(0) = I[u]
for sufficiently small, positive t. n

Motivated by the above propositions, we give an example of an immersion of the disk

into R? which is not contained in the convex hull of its boundary data, an embedded circle.
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Figure 1: A resolution of the image of u in proposition 3.2. Note that the image lies outside

the convex hull of the data (the black curves).

Let © be as above. Define an embedding of the unit circle 9Q by z € S' — ug(z) € R?
where

UO(.T> = 61(21}% — 1) + €92€X 9 + 63(.771 + .’L'Q) (36)

The above analysis shows that for sufficiently large L in (3.1), if w satisfies (2.8) with f
defined by (3.2) and wug given by (3.6), then w is unique and is the equilibrium solution of
(3.5). Solving we find

2
w(z) = 6—31(4$% — 275 — 1) + ey <€!L‘2 — g(:c? + 3 — 1)) +es(zy +x2), xe€Q (3.7
The image of the disk €2 under w can be seen in figure 1. The solution given in proposition
3.2 can resolved this way by setting e = 0 and projecting by 7 onto the 1, xo-axis.

One may wonder whether the convex hull property is lost due to the ellipticity of (3.2).
The following proposition shows that the convex hull property may not hold for honest

convex functions of linear growth.

Proposition 3.3. Let

Ou au?) - (3.8)

Du) = ( |Du|? + |Dus|? + — ==
1(00) = (1Dl + 1Dl + 515

There exist ug so that if u is a solution of (2.8),
Lz € Q:u(x) ¢ Heonvex (u0())} > 0
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Proof. To see that f is convex, make the change of variables

Qu + Q12 Qi — Q12
V2T V2

In these coordinates (a rotation of Q) (3.8) becomes (3¢%/2+1?/2+£2+x?)Y/2. This function

(Q11;Q127Q217Q22) = ( ,Q21,Q22) = (Cﬂ?yf,X)-

is convex by the triangle inequality. The linear growth of f is clear from its definition.
Let

up(z) = er(z? — 1), €. (3.9)

Again, ug € WHH(Q; R?) and the convex hull K of uy(2) is the one dimensional set {te; :
te[-1,1]} Cc R
Suppose to the contrary that u(x) is contained in K for .#%-almost every = € Q. Then
there is a function p € BV() for which u(z) = u(x)e; for a.e. x € Q and pu(x) = po(x) for
ae. 1 €Q \ © where we define p(x) = 27 — 1. In particular, Du; = Dy, Duy = 0 and thus
the variational integral reduces to
szémmmW@:LWMm

Clearly p is a solution to

we N, = / Dyl de < Jlv),
0

Yve N ={veBV(Q):v(x) = p(z) for ae. ze€Q\Q}

Unlike in the proof of proposition 3.3, it is difficult to work with a parabolic equation

associated with (3.8). Instead, we elect to work with I[-] directly. We use the definitions for
Q:%UQIUQQ7 8%281%U82%

found in theorem 4.4 in the appendix when ¢t = co. Note that u agrees with (4.7) a.e. in Q

for t = co. Let v C C§°(Q2) and for € > 0 and define u. = pe; + eves. Consider

o v \*
Iu] = Dul? + €|Dv|* + e—— d
N R e

au oy \ M2
:/ (|Du|2+62|DV|2+68—“8—V> d:v—i—/ (|DM|2+62|DV|2)1/2 dx+/e|Dy|dx.
o €1 011 Q2 R
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Differentiating the above expression with respect to € and then setting € equal to zero we

find
d 1 4, Ou Ov sgn(xy) Ov /
—1I'u, = ~|Dp| = Dvldx = _ Dvl|d
I L N e AL

1
:——/ yd%”1+/ |Dv| dz.
2 OR1 R

By approximation, we may choose a sequence {v;}°; in C3°(Q2) with v; — xg € BV(Q) with

v; — v in L'(OR) and Dy; — Dv in L'(9).

Thus,
li d[[ Il li 1/ d%w/u) |d
im —1{u, = llm —2 Vi vi| ax
i—oo de e=0 i—oo 2 OR, R
1
= —5%1(81%1) +07%(R) < 0.
This contradicts the minimality of u and the conclusion follows. O

4 Appendix

Consider the following variational problem for scalar valued functions of bounded variation;

ue N, J[u]E/Q|Du|dx§J[U], 1)

Vu e N ={veBV(Q):v(x) = up(x) for ae. z € Q\ Q}.
There is a parabolic equation associated with (4.1) called the coarea flow or total variation
flow. The coarea flow is the L? gradient descent of a function of bounded variation with

respect to the total variation J[-]. In classical form, the Cauchy problem for the coarea flow

reads
Oy Y Dy
o= (o) )
po(x) = h(x), x€Q, (4.3)
p(x) =g(x), (z,t) € 00 x [0, 00). (4.4)
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One cannot in general expect a classical solution to (4.2-4.4) to exist. Instead, a unique
generalized solution ([HZ94]) u; € L°°(]0,00); BV(Q2)) with u} € L*(Q x [0,00)) is known to

exist and satisfies

/ / Wo(v — ) + | Dv| — | Dy de + / v — gl dA" " dt > 0 (4.5)
0 Q o0

for all v € BV(Q) and s > 0. If 2 is convex and h and g satisfy a Lipschitz condition, then
we € L2(]0,00); Lip(€2)). We will prove the following

Theorem 4.1. There exist real analytic data h and g and a bounded real analytic domain
Q for which the unique, generalized solution to (4.2-4.4) is uniformly Lipschitz but never
differentiable and pj, ¢ L*>(Q x (0,¢€)) for any € > 0. The solution p, converges uniformly to

a solution p = pe of (4.1) with an exponential rate.

Remark 4.2. A feature of the coarea flow is that it seems to be a tool for finding area
minimizing hypersurfaces. As was pointed out in [HZ94| example 5.2, it is interesting to
note that the levels of h are stationary hypersurfaces but not locally area minimizing. In
contrast, a solution to the level set equation ([ES91]) with data h and ¢ is then constant in

time.
Lemma 4.3. There is a unique solution a : R, — R to the ordinary differential equation

! ! lima(t) = 0. (4.6)

a'(t) = 4&2(t) o 4a(t) 1_— a(t)z’ t10

The solution a(t) is monotonically increasing and the estimate

V2

cre” Mt < a(t) — > < cge 2t

holds for some positive constants cq, ca, dy, ds.
Theorem 4.1 is now a consequence of

Theorem 4.4. Let €2 be the two dimensional unit disk centered at the origin. Define Cauchy
data
h(z) = g(x) = po(x) =225 —1=1-223, z€R”
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Let a: Ry — R be as in lemma 4.3. Fort > 0 let 2(t) = a(t)* and b(t) = /1 — a(t)? and
K(t) C Q be the rectangle parallel with the coordinate axes and horizontal and vertical side

lengths 2a(t) and 2b(t) respectively and centered at the origin. Let 01 %(t) be the vertical part
and 0o % (t) the horizontal part of the boundary of %(t). Define

i 71| = a(t) = (),
u(@,t) =4 1—a3  |zo| >b(t) = (), (4.7)
z(t) r € A(t).

Then p, € L>(]0, 00); Lip(Q)) with u, € L*(Q x [0,00))and p; satisfies (4.5).

We describe briefly how one arrives at (4.7). We first assume that u is defined by (4.7) for
an unknown function z : R, — R and then use test functions v in (4.5) to find an ordinary
differential equation satisfied by z. Let n € C§°(Q2) and choose v = u + en for € > 0. In the

sequel, the dependence on ¢ will be omitted. Then the integrand of (4.5) becomes
e/ 2'n + | Dn| dx +/ |Du + eDn| — |Duldx > 0.
% IV
Since |Du| > 0 on Q \ #, dividing by € and bounded convergence implies

D
/ 2'n+ |Dn| dx +/ el Dndx > 0. (4.8)
R % | Dul

Since u is constant in the x; or x5 variable in the complement of %, we have

D 0 0
/ —u-Dndx:/ —ndx—/ et/
O\Z |DU‘ ZN{z1>a} 83:1 ZN{z1<a} 8xl

15} 0
- / T + / g
A {wa>b} OT2 A {wa<b} OT2

= / ond#", (n has compact support)
%

where o = 1 on the horizontal part of the boundary of % and ¢ = —1 on the vertical part

of the boundary of #Z. Choosing a sequence 7;|% — X, this and (4.8) implies

2 u(#) +2(a—0b) > 0. (4.9)
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On the other hand, choosing v = u — en for € > 0 implies

—6/ z/7]+|D77\dx+/ |Du — eDn| — |Du| dxz > 0.
7 O\

Dividing by € and sending € to zero implies the contrary inequality;

D
/ z’77+]Dn\dw+/ —U-Dndang. (4.10)
R O\Z | Dul

Choosing 7 as before implies then
2 u(R) + 2(a—b) <0. (4.11)

As ((Z) = 4ab, (4.9) and (4.11) imply that any solution of the form (4.7) must satisfy

, b—a

2ab

Changing variables z(t) = a(t)? gives (4.6).
Now we prove that the function given by (4.7) where z solves (4.6) is in fact a solution

of (4.5).

Proof of Theorem 1. Since u is nonincreasing and () is convex, it is sufficient to check (4.5)
for v € BV(Q) with
veC™(), vol=g, v>u. (4.12)

Let u be as in (4.7) and v € BV (2) as in (4.12). Then
Ev) = / W (v — ) + |Dv| — | Dul da
Q

:z’/v—zdx+/|Dv|—|Du|dx
% 0

since u = z on Z. Applying the change of variables formula gives

&(v) :Z’/Ooo,iﬂ({v—z>s}ﬂ§?)—|—/oooPQ({v>3})—PQ({u>3})ds

Here P denotes the perimeter relative to ; Po(E) = ||OE||(Q2). Setting s + z +— s in the

first integral gives.

E(v) = /00 L% {v > sy NR&) + Po({v > s}) — Po({u > s})ds
+ /OZ Po({v > s}) — Po({u > s})ds.
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By (4.12), {u > s} C {v > s} for all s € R,. Then, clearly, Po({v > s}) — Po({u > s}) >0
(0O{u > s} consists of two parallel line segments) for all s € R, so that in particular,
the second integral above is nonnegative. Below we demonstrate that the first integrand is

nonnegative for Z!-almost every s > z. For fixed s, consider the function

f(8)=2L*({v > s} NZ) + Po({v > s}) — Po({u > s})
b—a
~ 2ab

({v > s} N&) + Po({v > s}) — Po({u > s}).

By (4.7) and by monotonicity of Lebesgue measure,
Po({u > s}) <2b, ZL*({v>s}NR) < L*R) = 4ab.

Thus
F(s) > 2 — %iﬂ({v > SYNR) + Pol{v > s}) — 2b
— Po({v > s}) — %32({1; > YN ).

By (4.12) and Sard’s theorem, for almost every s > z,
N
Ho>stNZ = U%
i=1
where {7}, is a finite, disjoint collection of smooth curves connecting points (%4, £b) where
s=1—(b)?=(a)?and
Po({v > s}) = Zlength Vi)

Since s > z, we also have

a>a, b<b.

The number if curves N is at least 2. We assume that v and 7, connect (+a,£b) while
Y3, . ..,Yn are the boundaries of disjoint, connected components Gs, ..., Gy.
Suppose 7y, connects (@, b) with (—a, b) and consequently ~, connects (a, —b) with (—a, —b).
Then
length(v;) + length(vs) > 4a.
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On the other hand, by the convexity of 2 and definition of g, {v > s} N Z is contained in

the rectangle with corners (£a, +b) leaving
L*{v > syNZR) < dab.

Thus
1
f(s) >4a— %4% = 2a > 0.

In the remaining case, suppose 71 and 7, connect (@,b) with (@, —b) and (—a,b) with
(—a, —b) respectively. Let Gy be the connected component bounded by 4 and {zy = a}. Let
G9 be the connected component bounded by 7, and {z; = —a}. Since f(s) decreases if the
perimeter of {v > s} decreases, we may without loss of generality assume that Gy,..., Gy C
Z. Let Gl be the projection of G; onto the {x; = a} axis which preserves the length of
the horizontal slices of G;. Let G5 be the projection of Gy onto the {z; = —a} axis which
preserves the length of the horizontal slices of Gy. Then G; is a subgraph (over x5 € (—b, b))

of a continuous, piecewise smooth function g; with g;(—b) = ¢;(b) = 0 and

L*(Gi) = £%(Gy), length(g;) < length(y,), i=1,2.

Then
R b b oo
22(G) = 2G) = [ gtedra< [ [ gl dr e,
. b “bh (4.13)
< 2b / 1+ (gi(r))?dr = 2blength(g;) < 2blength(~;)
-b
for i = 1,2. Since Gs,...,Gy are connected, their projection onto the {x; = 0} axis are
intervals (c3,ds), ..., (cy,dn) C (—Z~), l~)) By making a small perturbation, we may assume
that horizontal slices of G, ..., Gy have vanishing length at the endpoints of the intervals

(c3,d3), ..., (cn,dy). Let Gs,...,Gy be the Steiner symmetrization ([EG92]) of G, ...,GN
with respect to the {z; = 0} axis and let g3, ..., gy be the height of Gs, ..., Gy defined over
(c3,d3), ..., (cn,dy). Then

L2(Gy) = L2%(Gy), 2length(g;) < length(v,), i=3,...,N.
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and

d/
<2 =) [ VTFG0Pdr 419
= 2(d' — )length(g;) < 2blength(y;)

In total, (4.13) and (4.14) imply

N
Z {length Vi) — %$2(G )| > 0.
i=1

This completes the proof. n
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