FOURIER SERIES

A Fourier series is a series of sine and. cosine functions, or else exponential
functions, used to represent a function of interest. For any of the functions we
consider in our applications, the appropriate series converges to the function.

Such series are used extensively in solid state physics to represent electron

wave functions and atomic displacement.

Let f(x) be a periodic function of one variable with period a:. f(x) = f(x +
na) for all values of x and for all integers n. If f(x) is single valued, if it has a
finite number of maxima and minima in any range of width a, if it is continuous
or has a finite number of finite discontinuities in any range of width a, and if
the integral [|A(x)I* dx over an interval of width a is finite, then f(x)} can be
represented by a convergent Fourier series:
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where the sums are over all positive integers. The Fourier coefficients are given
by
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If the function is known, Egs. F-2 and F-3 can be used to find the coefficients.
In most practical applications the function is not known, but we nevertheless
assume it can be expanded as a Fourier series and, for example, substitute the
series into an appropriate differential equation. The differentia} equation is then
used to determine the Fourier coefficients. In some cases, only a few terms in
the series are needed to reproduce the function with sufficient accuracy. In many
solid state applications, however, several thousand terms might be required and
a high-speed computer is used to evaluate the surs.

If f(x) is continuous at some- point x,, then the series converges to f(x,). If
f(x) is discontinuous at x,, then the limiting value of f(x) as x approaches x,
from above is different from the limiting value as it approaches from below. For
x = xq, the series converges to the average of the two limiting values.

Notice that the series consists of sinusoidal functions with periods that are

mcc?m,wnmnm_mm of the period of m@.w.zﬂu sinusoidal function with a period greater

- than that of f(x) enters the sum. Short period sinusoidal functions are needed

to reproduce details of f(x), all of which must, of necessity, occur in ranges
smaller than a. Qualitatively, the more rapidly f(x) varies, the larger the coef-
ficients associated with high £ terms.

Since cos(2wnx/a) = }[e?™x/a 4 e~2mx/a) and sin(2mwhx/a) = dijeftmixia _

- e~ 2"/a) a Fourier series can also be written in terms of exponential functions:

fx) = D Ce?mxia (F-4)
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where
C, = 1 % o flx)e~iZnhxia gy (F-5)
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Both positive and negative exponents must be included, so £ takes on both
positive and negative integer values. A series of exponentials is often more
tonvenient than a series of sine and cosine functions. .

The expression for C, clearly follows from Eq. F-4. We first note that

+...u_ ‘
% nQNAPC\nQHH .nm»a, Qu-mu
~a/2 )

where 8, is the Kronecker delta, a quantity that is 1 if £ = £’ and Oif = k.
Multiply Eq. F-4 by e~2"¥*/% and integrate the result from — a/2to +a/2 to obtain
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Every term in the sum vanishes except the & = £’ term, so the sum is equal to
aC,. Equation F-5 follows immediately when &’ is replaced by &.

The statements made above are easily generalized to three dimensions. Sup-
pose f(r) is periodic and its periodicity is described by a lattice with primitive
vectors a, b, and c. That is, r + ma + nzb + nye) = £(r) for any r and any
three integers ny, ny, and n;.

Write r = ua + vb + we and consider u, v, and w to be the independent
variables instead of the components of r. The function f(r) is periodic in each
of the variables and, for each, its period is 1. First consider A(r) to be a function
of u and expand it as a one-dimensional Fourier series. The coefficients depend
on v and w. Each coefficient may now be expanded as a series in v, with coef-
ficients that depend on w. Finally each of these coefficients may be written as
& series in w. The end result is :
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F1 Take a step-wave function (see fig.), , ' F . '
f(x) = 0 at —n<x<0, and f(x) = F at O<x< 1t ! 3 ! | »x
calculate the Fourier coefficients Ay, By, <ir W o Ly AT

and write down the resulting series. Plot (use Mathematica, or Maple, or MatLab) the series truncated np to h=1, 3,
5,7, watch for the Gibbs phenomenon, i.e. a “splash” near the discontinuity point.

sy
F2 For a “phase-shifted” form, f(x) = Ay/2 + Z.“ oy, cos(hx-6,) show that Ay = 0 cos By and By = 0 sin By, Or vice
versa, 01]12"'—'-' Ah2 + th, and tan Gh = Bu/Ag

F3 If a function is reat, f¥(x) = f(x), what restrictions are imposed on the coefficients Cy, in the Eq. (F'4)?

"(n)
T .
F4 A sawtooth-wave (see fig.), f(x) = x, -<K<M. . ,/' ’2“/" T v / ALY 3%
Find the Fourier series. / '/l" / ""“'/
F5 A triangular wave is represented by f(x) = x at O<xen,
and f(x)} = -x at -n<x<0. Find Fourier series. Do the F(#}
coefficients Ay, By (and Cy) decrease faster or slower, . ﬂ'b

with the number h, than in the Problems F1 or F4?
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F6 If the coefficients Ay, By are known for a function f(x), find the coefficients in the Fourier series for df/dx and for
d2f/dx?®. Trv the higher derivatives, and exercise with the exponential representation Eq. (F4), that is the Cy.



