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417 Summary 2/6/20, Parametric elements 

𝑢(𝑥)  =  𝑢(𝑟) = ∑ 𝐻𝑗(𝑟) 𝑢𝑗
𝑒 = [𝑯(𝑟)]{𝒖𝒆} = {𝒖𝒆}𝑇[𝑯(𝑟)]𝑇 ,   𝑓𝑜𝑟 𝑥 𝑖𝑛 Ω𝑒

𝑛𝑖

𝑗=1
 

𝑄(𝑟) = ∑ 𝐻𝑗(𝑟) 𝑄𝑗
𝑒 = [𝑯(𝑟)]{𝑸𝒆} = {𝑸𝒆}𝑇[𝑯(𝑟)]𝑇 ,   𝑓𝑜𝑟 𝑥 𝑖𝑛 Ω𝑒

𝑛𝑛

𝑗=1
 

𝑥(𝑟) = ∑ 𝐻𝑗(𝑟) 𝑥𝑗
𝑒 = [𝑯(𝑟)]{𝒙𝒆} = {𝒙𝒆}𝑇[𝑯(𝑟)]𝑇 ,   𝑓𝑜𝑟 𝑥 𝑖𝑛 Ω𝑒

𝑛𝑛

𝑗=1
 

𝑑𝑥 =
𝑑𝑥

𝑑𝑟
𝑑𝑟 = 𝐽(𝑟)𝑑𝑟, 𝑎𝑛𝑑 

𝑑

𝑑𝑥
=

𝑑

𝑑𝑟

𝑑𝑟

𝑑𝑥
=

1

𝐽(𝑟)

𝑑

𝑑𝑟
, 𝑎𝑛𝑑 𝑖𝑓𝑓 𝑥 ≡ 𝑥1

𝑒 + 𝐿𝑒𝑟 𝑡ℎ𝑒𝑛 𝐽(𝑟) = 𝐿𝑒 

𝑑𝑢(𝑟)

𝑑𝑥
=

𝑑𝑢(𝑟)

𝑑𝑟

𝑑𝑟

𝑑𝑥
=

1

𝐽(𝑟)

𝑑𝑢(𝑟)

𝑑𝑟
=

1

𝐽(𝑟)

𝑑[𝑯(𝑟)]

𝑑𝑟
{𝒖𝒆} =

1

𝐽(𝑟)
[
𝑑𝑯(𝑟)

𝑑𝑟
] {𝒖𝒆} =

1

𝐽(𝑟)
∑

𝑑𝐻𝑗(𝑟)

𝑑𝑟

𝑛𝑖

𝑗=1
 𝑢𝑗

𝑒 

𝑖𝑓𝑓 𝑥 ≡ 𝑥1
𝑒 + 𝐿𝑒𝑟 𝑡ℎ𝑒𝑛 

𝑑𝑢(𝑟)

𝑑𝑥
=

1

𝐿𝑒
∑

𝑑𝐻𝑗(𝑟)

𝑑𝑟

𝑛𝑖

𝑗=1
 𝑢𝑗

𝑒  𝑎𝑛𝑑 
𝑑2𝑢(𝑟)

𝑑𝑥2
=

1

(𝐿𝑒)2
∑

𝑑2𝐻𝑗(𝑟)

𝑑𝑟2

𝑛𝑖

𝑗=1
 𝑢𝑗

𝑒 

For a quadratic Lagrange line element (1-----2-----3) with equally spaced physical nodes 𝐽(𝑟) = 𝐿𝑒 and   

𝑢(𝑟) = [(1 − 3𝑟 + 2𝑟2)  (4𝑟 − 4𝑟2)  (−𝑟 + 2𝑟2)] {

𝑢1

𝑢2

𝑢3

}

𝑒

= [𝐻1(𝑟)   𝐻2(𝑟)   𝐻3(𝑟)] {

𝑢1

𝑢2

𝑢3

}

𝑒

 

𝑑𝑢(𝑟)

𝑑𝑟
= [(−3 + 4𝑟)  (4 − 8𝑟)  (−1 + 4𝑟)] {

𝑢1

𝑢2

𝑢3

}

𝑒

, and 
𝑑𝑢(𝑟)

𝑑𝑥
=

1

𝐿𝑒

𝑑𝑢(𝑟)

𝑑𝑟
 

𝑑2𝑢(𝑟)

𝑑𝑟2 = [(4)  (−8)  (4)] {

𝑢1

𝑢2

𝑢3

}

𝑒

, and  
𝑑2𝑢(𝑟)

𝑑𝑥2 =
1

(𝐿𝑒)2

𝑑2𝑢(𝑟)

𝑑𝑟2  

 

Note: ∑ 𝐻𝑗(𝑟) ≡ 1,
𝑛𝑖
𝑗=1  𝑎𝑛𝑑 ∑

𝑑𝐻𝑗(𝑟)

𝑑𝑟
≡ 0 

𝑛𝑖
𝑗=1  


