Math 211
Final Exam
April 25, 2000

Instructions. Thisis a closed book, three hour exam. You are allowed to use a calculator to do
simple computations. You are not allowed to use a calculator for any symbolic computations such
as computing derivatives or integrals, or to solve differential equations.

Please give reasons for all of your answers.

1. (5 points) Solvetheinitial value problem

dy . y .
— =(1+1sint + —— with 0) =2
T 1+1) +1+t y(0)

Answer: This equation is linear, with the coefficient of y being a(r) = (1+ )~1. Anintegrating
factor is
u(t) = e—fa(t)dt
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=—cost+C or y()=(1+1)(C — cost).

Then we have

Integrating we get

Y
1+¢

Theinitial condition enables us to compute that
2=y0)=C—-1 or C=3.
Hence the solution to the initial value problemis

y(t) = (1+1)(3 — cost).



2. (5 points) Solvethe initial value problem

d
d—y — 14 y+r2y+12 with y(0) =0.
X

Answer: The differential equationis

d
=Lyt = LA+,

so the equation is separable. In the usual way we write

dy 2
— =1 +1t9dr.
1+y ( )

Integrating both sides yields
INA+y) =1 +13/3+C.

Solving for y,
y(t) — et+l‘3/3+c -1

Theintial condition tells us that
0=y(0)=¢“—1 or C=0.

Hencethe solution is
y(l') — et+l3/3 -1



3. (5 points) Find the general solution of the system x’ = Ax, where

-4 6
A= ( - 5) .
What is the type of the equilibrium point that this system has at the origin?

Answer: The characteristic polynomial is

—4—1 6
p(,\)zdet(A—u)zdet< 3 5—x)

=(—4-MB-1+18=12-1 -2
=A+DA-2).

Thusthe eigenvaluesare A1 = —1 and A2 = 2. Corresponding to .1 = —1 we have

(A—m):(AH):(:g g)

Clearly vi = (2, 1)T is an eigenvector, and the corresponding solution is

yi(t) = e“’vl =e ! (i) .

Corresponding to .2 = 2 we have

(A—x2D)=(A-2I) = <:g g)

Clearly vo = (1, 1)T is an eigenvector, and the corresponding solution is
ya(t) = e*?'vp = (1) :
The general solution is

y(t) = C1y1(t) + C2y2(t) = Cre™’ (i) 4 Cpe? (i) _

Since the eigenvalues have different signs, the origin is a saddle point.



4. (5 points) Solvetheinitial value problem

x”" +6x"+13x =0, with x(0)=2 and x'(0) =0.

Answer: The characteristic polynomial is p(1) = A2 + 6x + 13. It has roots

A:%[—6:I:M]
— 342

Hence the genera solutionis
x(t) = e~ ¥ (C10082¢ + CoSin2t).
From thefirst initial condition we get
2=x(0) =C;.
Differentiating, we find that
x'(1) = —3e¥ (C10082t + C2SiN2¢) + 2¢~ ¥ (—C15iN 2t + C2COS21) .
Then from the second initial condition we get
0=x'(0)=—-3C1+2C2,=-6+2C, or Cp=3.
The solution to the initial value problem is

x(1) = e ¥ (2c0s2r + 3sin2r) .



5. (5 points) Solve theinitial value problem

x”" —4x = (9 — 3)¢’, with x(0)=0 and x'(0) =0.

Answer: The homogeneous eqution is x” — 4x = 0, which has general solution

xp(t) = C1e? + Coe™ 2.

We need to find a particular solution x,, to the inhomogeneous equation. To do so we will use
undetermined coefficients. We propose that x,, has the same form as the forcing term. Hence we

have
xXp(t) = (at + b)e'

x,(t) = (at + b +a)e’ and
x;,/(t) = (at + b + 2a)é’

Hence
xl/,’ — 4x, = [(at + b+ 2a) — 4(at + b)]e'

= [—3at + (2a — 3b)]¢.

For this to be a solution we must have
—3a =9 and 2a —3b =-3.

Hencea = —3and b = —1. Thus x, (1) = —(3r + 1)¢’, and the general solution to the inhomoge-
neous equaiton is
x(t) = xp(1) + xp(7)

= — (3t + e’ + C1e% + Cae™ 2.
By differentiation we see that

X' (t) = —(3t + d)e' + +2C1e% — 2Ce 2.

Theinitial conditions become
0=x0)=-14+C1+C>2

0=x'0)=—-4+C1—C>
Solving we obtain C; = 5/2 and C2 = —3/2, so the desired solution is

5 3
x(t) = —3t+ De' + 562’ — Ee_Zt.



6. Consider the non-linear equation
x" +4x —x3=0.
a) (5 points) What is the associated first order system?

Answer: If weintroduce y = x’, then thefirst order systemis

/
X =Yy

y = x3— 4x.

b) (5 points) Find all critical points for the associated first order system.

Answer: Weneed y = 0and x3 — 4x = 0. Since x3 — 4x = x(x — 2)(x + 2), we must have
x = —2, 0, or 2. Thusthere are three equilibrium points, (—2, 0), (0, 0), and (2, 0).

¢) (5 points) Describe the behaviour of the linearized equation at each of the critical points.

Answer: The Jacobian matrix is

At (0, 0),
r00=(° )

The determinant is D = 4 and thetraceis T = 0. This equilibrium point is a center.

J(£2,0) = (g é)

Now thedeterminantis D = —8andthetraceis T = 0. These equilibrium points are saddle points.

At (£2, 0),

d) (5 points) On the basis of the linear analysis in part c), what can you say about the nature of
the solutions to the nonlinear system near each of the critical points?

Answer: Saddles are generic, so the nonlinear system has saddle points a (+2, 0). However
centers are not generic, so the fact that the linearization at the origin has a center, does not mean
that the nonlinear system has a center at the origin.



7. Consider the differential equation
y" +2by" +cy =0,
where b # 0 and ¢ are constants.
a) (5 points) Write down the first order system x’ = A x which is equivalent to this equation.
Answer: Setting x; = y and xo = y’, the system is

X X2

N~ P~
I

Xo = —cx1 — 2bxo.

In the matrix form X’ = A x, we have the matrix

0 1
A= (—c —2b>'

b) (7 points) Suppose that the characteristic polynomial for the second order equation has a mul-
tiple root. Under this assumption, show that the matrix A has an eigenvalue of multiplicity 2,
and that this eigenvalue is deficient; i.e., show that the geometric multiplicity of the eigenvalue
isless than its algebraic multiplicity.

Answer: The characteristic polynomial for the second order equation is the same as that for the
matrix A, andis p(1) = A2 + 2bx + ¢. This polynomial has roots

A=—-bEVb%—c.

Thereis adouble root when 52 — ¢ = 0. Inthiscase ¢ = b2, and

0 1
A= (—bz —2b>'

Theonly eigenvaluefor A isA = —b. It has algebraic multiplicity 2. On the other hand,

b 1

The dimension of the nullspaceof A — A1 is1, and it is spanned by the eigenvector

(%)

Hence the geometric multiplicity of A is 1.



8. A singeristrying to shatter awineglass. The vibration of the glassis modeled by the equation
y" + 2y’ + 4y = 8cos(2t),

where y isthe displacement of the top of the glass (perhaps measured in millimeters). If |x(¢)]
ever exceeds 7 the glass shatters.

a) (5 points) Show that the general solution to the homogeneous equation is

e 1(C1 0083t + C2SinV/31).

Answer: The characteristic polynomial for the homogeneous equation is p(L) = A% + 21 + 4. It's
roots are

= % [—ZiM]
= —14+i/3.

From thisit follows immediately that the general solution to the homogenous equation is

yu(t) = e '(C1cosv/31 + C2sin+/31).

b) (5 points) What is the general solution to the inhomogeneous equation.

Answer: We need to find a particular solution to the inhomogeneous equation. We will use the
complex method of undetermined coefficients, looking for a solution to the complex equation

Z// + 2Z + 4Z — 8€2it

of theform .
2(t) = ae®!.
Then ' .
7"+ 274 4z = [—4a + dia + 4a] €2 = diae?.

The function z will beasolution if 4ia = 8, or if a = —2i. Thus

7(t) = —2ie%!
=2S8Sn2t — 2i coS2t.

Our particular solutionis y, (1) = Realz(t) = 2sin2¢. The general solution to the inhomogeneous
equation is

y(t) = yp(t) + yp(t) = 2sin2r + e (Cl cosv/3t + Co sin\/§t> )



¢) (5 points) What is the solution to the inhomogeneous equation with initial conditions

y(0)=0 and y'(0) =0?

Answer: Thefirst initial condition gives
0=y(0) =Ci.
Putting thisinto the formulafor y and differentiating we get
V' (t) = 4c0s2t + e [—Czsin\/ét + C2\/§COS\/§I] .
Hence the second initial condition is
0=y (0) =4+ C2v/3, s0 Cp=—4//3.

The solution to the initial value problem is

4
(t) = 25in2t — —e ' sin+/3t.
' NE

d) (5 points) Describe the long term behavior of the solution in part c).

Answer: Theexponentil termin the solution tendsto O, so over time the solution tendsto the steady
State solution y, (1) = 2sin2t.

€) (4 points) Will the glass shatter under the motion in the solution to part ¢)?

Answer: No. The solution satisfies

4
ly(1)] = |2sin2r — —e ™" sin/31]

V3
4
< 128in2¢] + |—e " sinV/3t|
V3
4
<2+ —
V3

<24+4=6<38.



9. Consider the matrix
2 a a
A= (2 -3 a) .
3 2 0

a) (5 points) Find anon-zero value of a for which A has determinant O.

Answer: Expanding det A by the third row, we get

a a 2 a
dn =i 4) —20a (2 %)

= 3(a®+3a) +0
= 3a(a + 3).

Hencedet A =0if a = —3.

b) (5 points) For thisvalue of a find the nullspace of A.

2 -3 -3
A= (2 -3 —3) .
3 2 O

There are several ways to proceed. Let’s choose a non-standard way. If we subtract row 1 of A
from row 2, we get
2 -3 -3
(0 0O O ) .
3 2 0

The homogeneous system corresponding to this matrix is

Answer: Witha = —3 we have

2x—3y—3z=0
3x +2y=0.
The second equation implies that y = —3x/2. Substituting into the first equation we get 2x +

9x/2 — 37 =0, or z = 13x/6. We will let x = 6¢, wheret isfree. Thenz = 13x/6 = 13r, and
y = —3x/2 = —9t. Consequently the nullspace consists of all vectors of the form

()



10. (9 points) Consider asystem of three different species existing together. Population 3 depends
on population 2 for its food supply, and it would die out if population 2 were not present.
Populations 1 and 3 do not interact in any way. There are no dependencies between them. On
the other hand, populations 1 & 2 depend on and compete for the same resources for food and
space. Anincrease in population 1 would mean less resources for population 2 and vice versa.
Derive a differential equation model for this system. This means that you should write down
asystem of differential equations which describes this phenomenon. (You are not required to
solve the system or to analyzeit.)

Answer: Let x1, x2, and x3 denote populations 1, 2 & 3 respectively. Then x; interacts only with
x2, and the presence of x» decreases the reproductive rate for x1. Assuming that x; itself satisfies
the logistic model we have

x] = axy — bx% — cx1X2.

The population x2 is affected by competition with x1 and predation by x3. If we again assume
that xo all by itself isgoverned by alogistic limit the equation for xz is

x5 = Axp — Bx% — Cx1x2 — Dx3x>.

For the predator population x3 we have a negative reproductive rate in the absebce of x2, sO
the equation is
xé = —ax3 + Pxox3.

All of the constants are positive under the assumption of logistic limitson x; and x2. However,
the problem does not state that thisis assumed. An answer not contining » and B is acceptable.



