Math 211
Exam # 2
November 3, 1996

Part 2

Instructions: Part 2 of Exam #1 is an open book, open notes, untimed, take home exam. It
is due in the Mathematics Department Office by 3:30 PM on Friday, November 8. You may not
consult with your fellow students about the exam. If you have any questions, consult with one of
the instructors for the course.

Write out and sign the pledge on your submitted solutions. Be sure to put your name on your
submission. In addition put the name of your instructor in a prominent place on the first page of
your submission.

Please give reasons for all of your answers. Remember that some reasons are better than others.
For example, it is better to refer to a theorem stated in class and/or in the books than to say “the
computer printout shows that ...". Of course sometimes the computer printout is all you have.

In answering these questions you are not limited to the use of MATLAB, although it will be use-
ful. You should use any combination of the analytic, qualtitative, or numerical methods you have
learned.

Probably most of you will want to use a MATLAB diary file in answering these questions. The
ideal way to prepare your submission is to use an editor to insert your comments into the diary file.
If you use the editor to leave enough room, equations can be entered by hand. If you do not want to
use an editor it is still your responsibility to organize your work in a readable and orderly manner.
Your comments should consist of complete sentences organized into cohesive paragraphs. This
does not mean that they have to be lengthy. In fact brevity is frequently a sign of understanding.
If you include MATLAB graphics they should be numbered and referred to by that number. Any
graphic which is not referred to will not be counted as part of your submission.

The matricesA, B, andC and vectors/y, Vo, V3, V4, andvs can be loaded into your MATLAB
workspace with the comman@ad exam2data.

For the first two problems we will consider the matrix

0O -2 -1 0 O
A=<11 -1 4 1 —2).

3 1 14 2 O

1. Find a basis for the nullspace af.



Answer: From the diary file:

>> rref(A)
ans =
1.0000 0 4.5000 0 4.0000
0 1.0000 0.5000 0 0
0 0 0 1.0000 -6.0000

We see from this that; andxs are free variables. Setting = 1 andxs = 0, and solving for
the rest we gex; = —9/2, X, = —1/2, andx4 = 0. Next settingkz = 0 andxs = 1, and solving
for the rest we get; = —4, x, = 0, andxy = 6. Hence a basis is

-9/2 -4
-1/2 0
vV, = 1 and v,=| O
0 6
0 1

This problem can also be solved usiagll, in which case the basis found will be more
complicated, but still correct.

Find the general solution to the equatidr = b where

()

Answer: We form the augmented matrix

>> a = [A b]

a:
0 -2 -1 0 0 10
1 -1 4 1 -2 7
3 1 14 2 0 =7

To find the solutions we useref

>> rref(a)

ans =

1.0000 0 4.5000 0 4.0000 -6.0000
0 1.0000 0.5000 0 0 -5.0000
0 0 0 1.0000 -6.0000 8.0000



We can sek3z = s andxs = t, and solve for the rest of the variables, or we canxget x5 = 0
and find the particular solution

Either way we find that the general solution is

Vo + Sv1 + tvo  wheres andt are arbitrary.

For the next three problems we will use the following vectors.

4 2 1 -5 4
v__1 v=1 v=1 Vq = 1 andv:O
1 o | V2 o Vs ol Vs _a | 5 2
2 2 1 -3 2

. Are the vectorwyy, vo, v3, andv, linearly dependent or independent? If they are linearly dependent
display a non-trivial linear combination which is equal to the zero vector. If they are linearly
independent give a proof.

Answer: We form the matrix with the vectong, v,, v3, andv, as columns.

>> V=[vl v2 v3 v4]

V =
4 2 1 -5
-1 1 1 1
2 2 0 -4
2 2 1 -3

With this matrixV we know that a linear combination

Ky
Ko
K3
K4

Kivi + koVo + Kavz + Kgva = V

Hence we can find a linear combination equal to the zero vector if and only if there is a nonzero



vector in the nullspace &. To find the nullspace we use-ef

>> rref (V)
ans =
1 0 0 -1
0 1 0 -1
0 0 1 1
0 0 0 0
We see that 1
1
k= -1
1

is in the null space oV. Hencev; + v, — v3 + v4 = 0, and the vectors are linearly dependent.

Are the vectorss, vs, V4, andvs linearly dependent or independent? If they are linearly dependent
display a non-trivial linear combination which is equal to the zero vector. If they are linearly
independent give a proof.

Answer: We proceed as in the previous problem, but without comment.

>> V=[v2 v3 v4 v5]

V =
2 1 -5 4
1 1 1 0
2 0 -4 2
2 1 -3 2

>> rref (V)

ans =
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

Since the nullspace df contains only the zero vector, the vectors are linearly independent.

Computing that the determinant ®fis nonzero would also suffice.



5. Consider the system
X' =y,
y =x—x5
This system is a special case of Duffing’s equation. It models the motion of a pendulum with an

iron bob when there are two strong magnets located along the arc of the pengudtime angular
displacement ang is the angular velocity.

a) On a piece of paper (preferably graph paper) draw a picture displaying the following items.
i) Draw the nullclines and indicate the direction of the vector field along the nuliclines.
i) Find and indicate the location of all of the equilibrium points.

It is probably easier to do this problem by hand, but if you can do it on the computer, go
ahead.

Answer: The required information is shown on Figure 1. Thaullcline is dashed and the
y-nullcline is solid. The equilibrium points are shown as small circles, and the arrows indicate the
direction of the vector field at the indicated points. Since the direction is constant along nullclines
between equilibrium points, these few vectors suffice to show the entire picture.
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Figure 1 Nullclines and equilibrium points.



b) On the basis of the information on this figure what can you say qualitatively about the solu-
tions to the system?

Answer: We can see that the solution curves “circle” in a clockwise direction. Those that start
near the equilibrium points &t1, 0) and (1, 0) circle around those points, passing between the
points and the origin. Those that start further away from these points seem to circle around all three
equilibrium points. It is not possible to decide if the solution curves are closed (i.e., the solutions
are periodic).

c) UsePPLANE to compute and plot enough solutions to get a general idea about the behavior of
all solutions. Print and submit the result. What additional information do you get about the
solutions from this figure?

Answer:

With the information we have already obtained it is only necessary to plot the three solutions
indicated in Figure 2. this verifies what we found in part b), and in addition shows us that the
solution curves are closed.
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Figure 2 Three solution curves.

There has to be some transition between these types of solutions near the origin, but it is
not necessary to describe that. For these answers it was convenient to plot the solution curves on



the same plot as was submitted for part a). This will not be possible for most of the students. A
standardPPLANE plot will suffice.

Find the general solution to the systefm= Bx, where

1 0 -4
B:<6 -3 6).
2 0 7

Find the solution with the initial value
4
X(0) = < 0 )
-3

Answer: There are many ways to do these problems, and there are many different ways to
express the answer. Here is one way. We first find the eigenvalues.

>> eig(B)

ans =

Since the eigenvalues are real and distinct we know that for each eigenvalilk associated
eigenvectowv we have the solutiom(t) = €'v. For the eigenvalue -3 we useef to find an
eigenvector.

>> rref (B-(-3)*eye(3))

ans =

1 0 0

0 0 1

0 0 0
We see that

0 0
Vi = (1) and xi(t) = e v, = (e—3t> )
0 0



Similarly for the eigenvalue 3:

>> rref (B-(3)*eye(3))

ans =
1 0 2
0 1 1
0 0
so
2 2e
vo=1| 1 and xx(t) =etv, = e
-1 _e3t

Finally for the eigenvalue 5

>> rref (B-(5)*eye(3))

ans =

1 0 1
0 1 0
0 0 0

SO

1 et
v3:< 0) and x3(t)=e5tv3=< 0 )
-1 —e

The general solution is(t) = kyX1(t) 4+ koXa(t) + KsXa(t).

To find the solution with the indicated initial value we must find the coefficients such that

X(0) = K1X1(0) + kaX2(0) + kax3(0)
= kiv1 + koVo + Kavs

Ky
= [V1Vav3] <k2)
k3

()



In MATLAB

>> vi=[0 1 0]';v2=[2 1 -1]';v3=[1 0 -1]"';
>> V=[vl v2 v3]

vV =
0 1
1 1
0 -1 -1

>> x0=[4 0 -3]"';

>> k=V\x0
k:
-1
1
2

Hence the solution is(t) = —Xx1(t) + Xo(t) + 2x3(t).

Itis also possible to do this problem usifg,E] = eig(B). If the problem is done this way,
the eigenvectors may be multiples of the ones found here, and as the result the coefficients in the
vectork will be different.

Consider the matrix

3 -4 20
5 -6 5 1
C=1_9 _11 8 1
4 -6 4 1

a) Find the general solution to the systgim= Cx.

Answer: We useeig to find the eigenvalues and eigenvectors.

>> [V,E] = eig(C)

V =
0.7071 0.3162 0.3634 - 0.44861 0.3634 + 0.44861
-0.0000 -0.6325 -0.4060 + 0.04261 -0.4060 - 0.04261
0.7071 -0.6325 -0.0426 - 0.4060i -0.0426 + 0.40601
-0.0000 0.3162 -0.4486 - 0.3634i -0.4486 + 0.36341



-1.0000 0 0 0
0 1.0000 0 0
0 0 0.0000 + 1.00001 0
0 0 0 0.0000 - 1.00001

Just to be fancy we will look for eigenvectors with integer entries. For the eigenvalue -1 we have

1 1

= O

and xi(t) =et

o
o

1 1
| -2 | -2
va=1 _, and Xp(t) =€ o
1 1
For the complex eigenvalue i we use MATLAB
>> w = V(:,3)/V(3,3)
W =
1.0000 + 1.0000i
0.0000 - 1.00001
1.0000
1.0000 - 1.00001
which yields the complex solution
1+i
T
Z(t)=¢€ 1
1—i
/1 1
. 0 | -1
= [cost + i sint] 11+ o
[ \1 -1
cost — sint cost + sint
_ sint e — cost
N cost sint

cost + sint cost + sint



Since the real and imaginary parts of a complex valued solution are solutions we have the real
valued solutions

cost — sint cost + sint
sint — cost
X3(t) = cost and xa(t) = sint
cost + sint — cost + sint

The general solution is(t) = kyX1(t) 4+ koXo(t) + KaXa(t) + KaXa(t).
Once again there are different but equally valid ways of doing the problem.

b) Find the solution to the systexh= Cx, with the initial value
1
-1

2

0

Xx(0) =

Answer: We must find the coefficients such tha0) = k;X1(0) + koX2(0) + ksx3(0) + ksx4(0).
Notice that
X1(0) = vy

X2(0) = v

x3(0) = real partw)

X4(0) = imaginary parntw)
Using MATLAB

>> vi=[1 0 1 0]';v2=[1 -2 -2 1]"';
>> V=[vl v2 real(w) imag(w)]

V =
1.0000 1.0000 1.0000 1.0000
0 -2.0000 0.0000 -1.0000
1.0000 -2.0000 1.0000 0
0 1.0000 1.0000 -1.0000

>> x0=[1 -1 2 0]"';

>> k=V\x0

k:
-9.0000
-2.0000
7.0000
5.0000

Hencex(t) = —9xy(t) — 2Xo(t) + 7X3(t) 4+ 5x4(t).



