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[SS81] Thm: M" c R*t1 embedded stable, H* 2(singM) < oo
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[W] Thm: M"™ immersed, then near ©,; < 3

singM = singM«,,_7 UbranchM«,,_».



[SWO07] Thm: PDE method for producing stable immersions G™ C

R”+1 with branch set (n —2)-dml C1¢ submanifold, Z>, symmetric.
k

[RO7] Thm: Forn=2:

e More complete description of the PDE method.

e Give “even” examples of branched G c R3.



I. PDE Method

Dv|?
Fo(v) = /D 4r2\/1 + |4T2| d

r = (x1,25) = re? and (z,t) € R3

D = {|z| <1}, Dp = {|z] < p}




If

Dggqu

\/1_|_ |Duo| =

Mo (ug) = Z Da:j

1 .
Then u(r,0) = ug(r2e9/2) for r € (0,1),0 € R
e locally solution to the MSE
e period 4x«

Mg = Two-Valued MSE =2MSE.



[SWO07] Thm: For all oo € C(S1), there is a unique

up € C(D\ {0}) NC>*(D\ {0})

Dy .ug
* Mo(uo) = Z§=1 Dz, TDu 2 =0
\/1+4r—%

® uglg1 = o

] SUDDP\DU ‘DUO| < C(Ja P> SUP g1 |900|)



Proof:

r ifr>a

Let =
C {25/2 if r <8

2
Ms(v) = Z Dg;] = 0.

1=1 1 |D’U|2
K\/ + 47“(5)

e Interior and Boundary gradient estimates for Non-Uniformly El-
liptic PDE's by [S76] — Jus|q1 = ¢o.

e Some subsequence
us — uUQ

uniformly on compact subsets of D\ {0}.



e Uniqueness follows as in [F53].
Note that:
e ug € C(D\{0})

e Strong Maximum Principle for differences

sup_|ug — up| < sup|ep — @ol-
D\{0} S1



e We want branched C1: stable surfaces.

o For Mp(ug) = 0, let

G = {(re",u(r,0)) : 7 € (0,1),0 € R}

with u(r,0) = uo(r%ew/Q).
e Minimal in (D x R)\ ({0} x R).

Stability depends on whether ug € C(D).



II. Zor Examples
k

[SWO07] Thm: If ug € C(D), then G is C1@ stable branched.

o For ( = Co(r%ew/Q)

div~C dH?2 = 0
/G elq

e Uniform Mass Bound: (for any G)

H>(G N Bp((x,1))) < cp”
if sz((ac,t)) C D x R.

[SWO7] Thm: If ¢o(0+2F) = ¢o(0) with k > 1 odd, then ug € C(D).



o GN ({0} x R) = {0} x [lim,_quo, lim; .o uo]

uo G

interval of discontinuity = (lim,_,qug, lim,_gug)
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e For 0 € [0,27) then

1
’LL]_(’)", 9) — ’LLO(’)"§,0/2)
1
up(r,0) = up(r2,0/2 4 )
forO<r<1andfy<b<by+ 2m.

e GN((D\ {re}) xR) = G; UGo.



[SW] Thm: If ug € C(D), then at a dense set of “good” heights
to € (lim,_.q ug, lim; 0 ug)

G N Bp((0,t0)) =

L(t.) L (t

increasing/decreasing



If (0 + 25) = wg(0) :

o ug(r,0+ 2%) = ug(r,0), and G is Zax.
k

e But if ug & C(D) :

L(t.) L (t)







III. Even Examples

Thm: Suppose p; g € C(S)

i SOS,O(_Q) — 903,0(9> even
® oo — Ys,0 — —po continuously

then for some s € [0, 1], ug g € C(D).

Thm: If ug ¢ C(D), then every tg is good:

L (t)) L(t O)
\




Proof: g even, let ug ¢ C(D) :
¢ UO(’I“, _9) — UO(’I", 9)

e Cut G along 1 > 0

u1(r,0) = uo(r%, 0/2)

1
us(r,0) = ug(r2,0/2 + m)
forO<r<1and0<6 < 2.

e [ hen (G; = reflection across x1 of G» .

u1(r,2m — 0) = us(r,0).
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e If t is a good height (dense)
L1(t) Cc G1Nn{z1 <0}

Lo(t) C Go N {x1 < 0}.



e Suppose Li(t),Lr(t) C G1 Nn{x1 < 0}

G,

L 4
L 4
-
L 4
-
L d
-
-
-
L d
L d
"
-

L 4

et O

1Ti—=t

e Since 2 C {z1 < 0}, a barrier argument:

lim wi(x) =1t
x—0,xe 1( )

No!



o tg € (lim,_,gug,lim,_oug), choose two good heights t1 < tg < t5.

e 0G1 N Bs((0,t9)) = {0} x (to —0,t0 +0)

e G1 N Bs((0,tg)) = graphg uj



e Reflection Principle of [A75]

G1+ RxG1
is stationary in Bs((0,tp)).

e Monotonicity Formula holds for Gq at (0, tg)

2
H2(G1 N BJQ((O,to))) \. ©¢, ((0, t0)).

o
e (G1 stable, 0G1 = {0} x (tg — o,tg + o) in B5((0,tp))
a0
C= ) |Hgl
k=1

by [SS81], with
H; C {1 < 0}



e For o small

90
disty(G1 N Bs((0,t0)), |J Hi) < do,
k=1

and [SS81] says a stable surface close to a plane is a graph over
that plane

G1 N Bo((0,t0)) \ (Dse x R) = UfL; L},
with
L. = graph over H,.
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e By Allard’s BR [A75], suppose gg = 3.




Peo
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e t € (tg — o,tg) are good heights.




Applying Sard’s Thm for tg — o <t < tg

G1N (Do x {t}) =

O




ele)

jc

o(m — 9) < g, (7(1)) — v, (v(0))] < L Ag, | dH’



We get G* S
g 1CD50X[tO—§J>tO—3§U]




[SS83] Thm: M C B1(0) simply connected, minimal, O € M and
BQP(O) C B1(0) :

5 H2(M N By,(0))
/MS [Ap|* < 13 ( (Qp)Qp + 1)

My = component of M N B,(0) with 0 € M.

.p:1—6

@

~—— —<]



e [SS83] gives

c(m —19) < 15 (HQ(Gl N Bo,(z*,tg — 0/2))

5 (2)2 —+ 1) < Uniform Mass Bound
P

e C = one vertical half-plane, so

G1 N Byp((0,t9)) = L1(to).



Thm: If ug ¢ C(D), because the set of good heights are dense from
[SWOT7],

G N Bp((0,t)) = L1(¢) U La(t)
every t € (lim,_,qug,lim,_gug). O

Thm: oo — ps0 — —¢o even, then some u; o € C(D), and so Gs is
c'l.a stable branched.

Proof:

® SUPD\ 01 [us,0 — uz,0l < SUPg1 95,0 — ¥3.0l

e Jp >0

(—=p,p) C (lim Us.0; @ us,O)

r—0 r—0

if ug o & C(D).



e Cut each Gs = G451 UG along z1 > 0.

e By Allard’s BR [A75], and

sup |Dug 1| < C(0,p,suUp |psol)
$,Dp\Des s,S1

Gs,l M B/O(O) —

® U] — Usg,1 — —Uj.



u, u,
%o o%




IV: Miscellany

Proof: There is a dense set of good heights.

o k = INficpyy] ©c((0,t)) then for all €, 3 tg,pg, SO that for all
t € (to — po,to+ po)sp < po

2
o< TPENBOD)
uye

e [SS81] — G N By, ((0,t0)) = ujozle(to) with gg = even.

e Barrier argument — qg = 2.



Instead of deforming g — —q

Thm: oo — ¢s0 — $o even, such that cutting along {z; > 0}

u1 ’{il

then some uz g € C(D).



Conj: If g and ¢g are even

Y

2
(-

then we can find a deformation with u, o € C(D).



Thm: The data g = cos(0) gives ug € C(D).

and it looks like:




Thm: If ug ¢ C(D) then we have unique tangent cones at the
endpoints, each of which is a vertical plane.

(O.b)

G

=
N
—

(0.a)

o Uy j=10H;j(t) #R3

e Endpoints = Branch points for G U RxG.



Proof:

e C = vertical half-planes, and is stationary.

e Barrier argument — < 3.

e [SS81], Sard's — C = vertical plane.



e [SS81] - GN Bs((0,b)) \ C = graph over C.

e [SS83] — Gyye U R#Gblue = graph over C.



e ¢-Valued MSE

2 D4 .v
Mo(v) = }_ Da ﬁmz
=t \I T G2

e ug & C (D), then for all but finitely many ¢t € (lim,_,qug, lim,_gug)

q0
GNB((0,0) = |J Lj(®)
j=1

2 < qo < 2q—2 even.

e For ¢ = 3, cos(20) gives ug ¢ C(D).






