1 Abstract

We study solutions to the Two-Valued Minimal Surface Equation (2MSE)
over the punctured unit disk D in R?, introduced in [SW07] and more fully
developed in [RO7], which cannot be extended continuously across the
origin. By proving comparison results which allow us to conclude that
boundary data on D give discontinuous solutions to the 2MSE based on
how the boundary data compares to data which is known to give a
discontinuous solution to the 2MSE, we use certain “comparison solutions”
found in [RO7] in an approach analogous to [F63]. We are hence able to
show that boundary data, satisfying a certain evenness condition, which is
steep at two points of 9D and relatively flat elsewhere yields solution to the
2MSE which cannot be extended continuously across the origin.

2 Introduction

In [SWO07] a PDE method producing examples of stable branched immersed
minimal surfaces is introduced. In the case more fully developed by the
author in [RO7], this method involves solving a PDE which we call the
Two-Valued Minimal Surface Equation (2MSE) over D \ {0} with

D= {x € R?: |z| < 1}. A main result of [SWO07] states that if uy a solution
to the 2MSE over the punctured unit disc can be extended continuously at
the origin, then {(re?, uo(r'/2¢?/2) : r € (0,1),6 € [0,47)} is a stable
branched immersed minimal surface in D x R?, and is C%* at the origin.
The proof of this involves modifying the methods to show single-valued
solutions to the Minimal Surface Equation (MSE) satisfy C'* estimates to
the present two-valued setting.

The present work complements the work of [SW07], with analogy to the
historical development of the theory of the MSE. Here we focus on solutions
to the 2MSE which cannot be extended continuously across the origin, and
give conditions on the boundary data ¢y € C(9D) so that the solution wug
to the 2MSE in D with boundary data ¢y cannot be extended continuously
across the origin. We do this through the use of comparison surfaces in an
approach similar to the one found in [F63]. There, Finn constructs families
of “comparison” solutions to the MSE on quadrilaterals inscribed in D,
with discontinuous boundary data —M, M for M > 0. Finn then shows that
the gradient of the comparison solution at the origin bounds the gradient of
any solution to the MSE on D with boundary data bounded by M in
absolute value and common value at the origin.



Presently, we use solutions to the 2MSE with boundary data

©0a.0(f) = acos(), which were shown by the author in [R0O7] to have
solutions to the 2MSE which cannot be extended continuously across the
origin. Through the use of Maximum Principle arguments, we essentially
show that the gradient near the origin of solutions to the 2MSE with
boundary data F, satisfying a certain evenness condition and “steeper”
than that of a comparison solution ¢, o must exhibit similar asymptotic
behavior to that of the gradient near the origin of the solution to the 2MSE
with boundary data ¢, .

First, in §3 we discuss the results of [SW07] and [RO7] we shall need. In §4
we state our main results. The most important result, Theorem 5.2, is a
comparison principle which establishes that if ¢g(e??) and Py(e?) are both
boundary data even in 6 such that the solution to the 2MSE u, with
boundary data ¢ cannot be extended continuously across the origin, then
we cannot have that the solution Uy to the 2MSE can be extended
continuously across the origin with Uy(0) € [lim,_,, ug, lim,_o ug]. Theorem

———r—0

5.2 is analogous to Theorem II1.3 of [F63], and we prove Theorem 5.2 in §5.

In §7 we give the proof of Theorem 5.3, which is Conjecture 9.2 or [R07].
Theorem 5.3 states that the set of even boundary data which yield
solutions to the 2MSE which cannot be extended continuously across the
origin can be decomposed into two open path connected subsets of C(0D).
Next, §8 is devoted to showing that even boundary data which is
sufficiently steep indeed have solution to the 2MSE which cannot be
extended continuously across the origin. Finally, in §10 we extend our main
results to the case of the g-valued Minimal Surface Equation, for ¢ > 2.

3 Notation

Before we proceed, we list some notation conventions we shall use:

e We shall denote a point in R? by (z,t) where z = (21, 72) € R? and
t € R. We may also write z # 0 in polar coordinates by taking
x =re" with r = |z], § € R,

e B,(x,t) will be the open ball in R? centered at (z,t) with radius p.

e D will be the open unit disc centered at the origin in R%. Also, D, will
denote the open disc with radius p centered at the origin in R2.



e H" will denote the n-dimensional Hausdorff measure in R?, for
n=12.

e We denote Qy C D to be the region
Qo = {re” :r € (0,1),0 € (0,27)}.

Given a function g : (0,1) x (0,27) — R, we may take u; : Qy — R
by setting u;(x) = uy(r, 8) where z = re for r € (0,1),0 € (0,2m).
e We shall make the abbreviation

{60 =00} = {(re'™,t) .7 >0, t € R}

for the open vertical half-plane with angle 6,.

4 Preliminaries

We say that a function ug € C*(D \ {0}) is a solution to the Two-Valued
Minimal Surface Equation (2MSE) if

2 ijuO
Mo(ug) =D, = 0.

— / [Dug |
Jj=1 1 + Ar2

The significance of the 4r? term is that if g is a solution to the 2MSE, then
the function -

u(r,0) = uo(ﬁewﬂ)
is locally in 7 € (0,1) and 6§ € R a solution to the Minimal Surface

Equation (MSE) with period 47 in 6. Existence of solutions to the 2MSE is
established in [SWO7].

Theorem 4.1 Given py € C(ID), there exists a unique solution
up € C*(D\ {0}) N C(D\ {0}) to the 2MSE with boundary data
wolap = @o. Furthermore, for any 0 < o0 < p < 1 we have

uollex D,y < Clo, p, K, ll@ollcen))

Uniqueness is shown in [R07] by following the argument that
(single-valued) solutions to the MSE are unique (see [F53]). The following
Maximum Principle is established in [RO7]:



Theorem 4.2 Ifuy € C(D\ {0}) is a (non-constant) solution to the 2MSE
and O s an open subset of D, then ug cannot achieve its maximum or
minimum in O. If iy € C(D \ {0}) is also a solution to the 2MSE, then

ug — Ug cannot achieve its mazimum or minimum in O.

Given a solution wug to the 2MSE, we let u(r, ) = uo(r%@i(’/?) and
G = {(re” u(r,0)) : r € (0,1),0 € [0,4n)}.

G is therefore an immersed minimal surface in D x R\ ({0} x R) which we
call the two-valued graph corresponding to ug. The two-valued graph G of
up can be decomposed into the union of two single-valued minimal graphs,
if we allow the introduction of a boundary. To do this, consider

Qo= {re? :r €(0,1),0 € (0,27)} and define

{ uy(r,0) = uo(r'/?,0/2)

uz(r,0) = uo(r'/?,0/2 + )
for r € (0,1) and € € (0,27). Then
GN(Q xR) =G UG,
where
G = {(re” uj(r,0)) : r € (0,1),0 € (0,27)}.

We call uq, us the component functions of wuyg.

Although we are not guaranteed that solutions to the 2MSE can be
extended continuously across the origin, solutions which can be extended
continuously across the origin are of significant importance. The following
is a main result of [SWO07] to this end:

Theorem 4.3 Suppose uyg € C(D \ {0}) is a solution to the 2MSE which
can be extended continuously across the origin. Then G is a C%* stable
branched immersed minimal surface.

First, G is CY® in the sense that u is C%* as a two-valued function. This
means that for every o € (0,1) and 6y € (0,4n), there is an
a = o|leollc@py, o) € (0,1) and a constant C' = C(o, ||¢ol|c(ap)) such that
for the (single-valued) function u(r,#) = uo(r'/?,6/2) for

€ (0,1),0 € (6y, 0y + 27), Du is uniformly Holder continuous in the region

{re? :r € (0,1 —0),0 € (6y+ 0,00+ 21 —0)}
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with Holder exponent o and Holder norm bounded by C.

Second, G is stable in the sense that the stability inequality
[ el are < [ vocp awe
G G

holds for any ¢ € C*((D x R) \ ({0} x R)) vanishing near 9D x R, where
Ag is the second fundamental form of G.

Here we study solutions to the 2MSE which cannot be extended
continuously across the origin. In particular, we study solutions with
continuous boundary data even in 6, that is data such that po(—0) = o(0)
if we write ¢o(0) = po(e?). Uniqueness implies that solutions to the 2MSE
with even boundary data are also even in #. One can check then that the
two-valued graph corresponding to such a solution is symmetric under the
reflection across the x;-axis.

The following is a main result of [RO7]:

Theorem 4.4 Suppose @y € C(OD) is even boundary data and that the
solution ug € C(D \ {0}) to the 2MSE with boundary data p, cannot be
extended continuously across the origin. Then for every

t € (lim, , ug, lim, g ug), there is a p > 0 such that

GNB,((0,t)) = L1 (t) U Ly(t)

where each L;(t) is a smooth embedded minimal surface-with-boundary
{0} x (t — p,t + p), with L;(t) C {(x,t) € R®: z; < 0}. Furthermore, if
Qo = {re? :r €(0,1),0 € (0,27)}, then for the component functions uy, uy
of ug we can write

Li(t) C Gy, La(t) C Gy
where Gj = graphg u; = {(re?, u;(r,0)) : re’ € Q}.

Note that if ug € C(D \ {0}) is a solution to the 2MSE which cannot be
extended continuously across the origin, then by continuity of ug in D\ {0}

GN ({0} x R) = {0} x [h_muo,@uo].

r—0

We call (lim, , uo, lim,_ ug) the interval of discontinuity of .

o Uo, lim,_gug) and j = 1,2, let H;(t) be the (open)
tangent vertical half-plane of L;(t) at (0,¢). Since each L;(t) is contained in

For each t € (lim

b}



the graph of a function defined over €y as well as, for p > 0 sufficiently
small, is a graph over H;(t), then we have that % = 0 for each

re' € projg, L;(t). We say that L;(t) is increasing if % > 0 for

re € projg, L;(t) and decreasing if % < 0 for re® € projg, L;(t).
Continuity of ug in D\ {0} implies that the surfaces L;(t) cannot be both
increasing or both decreasing, and that the choice as to whether L;(t) is
increasing or decreasing is uniform in ¢ € (lim

r—0

Ug, limr—>0 UO) :

For each tangent vertical half-plane H,(t), we can choose

0;(t) € (7/2,3n/2) such that H;(t) = {6 = 6;(t)}. The angles ;(t) vary
continuously strictly monotonically in ¢. If the surface L;(¢) is increasing,
then the angles 6;(t) are increasing as t € (lim, _, ug, lim, o ug) increases,

—r—0

and if L;(t) is decreasing then the angles 6,(t) are decreasing.

We can define an indexing function
O : {py € C(ID) : ¢y is even} — {0, +1}.

First, if ¢o € C(0D) is even boundary data such that the solution ug to the
2MSE with boundary data ¢, can be extended continuously across the
origin, then we define ®(¢g) = 0. On the other hand, if the solution
cannot be extended continuously across the origin, then we define

O (pg) = —1 if the surfaces L;(t) C G are decreasing. Otherwise, if the
surfaces Ly (t) are increasing, define ®(pq) = 1.

At the endpoints of the interval of discontinuity of ug, [RO7] gives an
asymptotic description of the two-valued graph G corresponding to wuyg.
Write the vertical plane {z1 = 0} = {(0,x2,t) : x2,t € R}, and let

b= mr_)() Uug.

Theorem 4.5 Suppose gy € C(OD) is even boundary data with ®(pq) # 0.
Then for all sufficiently small & > 0, there is a p > 0 and a function

w: {z; =0} N B,((0,0)) — R
such that
aﬁ BP((()?b)) = {(w((ovx%t))vx%t) : (0,5(12,75) < BP((Ovb))} A BP((O’ b))?

where w € C({z1 =0} N B,((0,0))), w((0,t)) =0 fort € (b—p,b], and w is
a smooth solution to the MSE with scaled C' norm less that § :

el + [Dw| <6
p
in ({01 = 0} 0 B,((0,0) \ {(0,0) €R® st € (b— p, ]},

6



Since G N B,((0,b)) is both a graph of a function defined over the vertical
plane {z; = 0} and the horizontal plane R?, then w((0,z3,t)) must be
either strictly increasing or strictly decreasing in ¢ for all

(0,29,t) € B,((0,b)) with x5 > 0. Thus, if ®(¢y) = —1, that is if the
surfaces Ly (t) are decreasing, then w((0, x2,t)) is strictly decreasing in t.

It is likewise true that at a = lim, ;4o we can write G as the graph off the
vertical plane {z; = 0} with scaled C'' norm less than §. We therefore have
that if ®(¢o) = —1, then the angles 6, (t) decrease from 37/2 to 7/2 as t

increases from a to b, while the angles 65(t) increase from 7/2 to 37/2 (see

Theorem 6.3 of [RO7]).

In the language of the Theory of Varifolds (see [A72],[S83]), the above
theorem states that as a two-dimensional varifold G' has unique tangent
cone at (0,b) and (0, a) consisting of the vertical plane {z; = 0} with
multiplicity one.

Of particular interest is boundary data of the form ¢, = a cos(f) with
a > 0. An argument using the Hopf Boundary Point Lemma (see Theorem
10.1 of [RO7]) establishes the following:

Theorem 4.6 Suppose that vy € C(ID) is even, so wo(—0) = o(0), and
o has the odd symmetry ©o(0 + m) = —po(0). If po(0) > 0 for

6 € (—m/2,m/2), then ®(po) = —1. Also, lim__,up = —lim, _,uo where ug
15 the solution to the 2MSE with boundary data @y.

Definition 4.7 We call g € C(0D) cosine-like if pq is even and has the
odd symmetry po(0 + ) = —@o(0) and po(0) > 0 for 0 € (—/2,7/2).

That ®(pg) # 0 for cosine-like boundary data follows from Theorem 10.1 of
[RO7], and we show ®(py) = —1 specifically in Lemma 7.1. The identity
lim . _,ug = —lim,._,uy follows because, by uniqueness of solutions to the

=0 ———r—0

2MSE, we have ug(r, 0 + 7) = —ug(r,0).

5 Main Results

Our main result is a comparison principle. We first state a definition:

Definition 5.1 Suppose g, Py € C(OD) are both even boundary data, then
we say that Py is steeper than g if there exists a ©g € (0,m) such that

Py(0) > o(0) for 0 € [0,00) while Py(0) < ¢o(0) for 8 € (O, 7).



We now state our results.

Theorem 5.2 Suppose g, Py € C(OD) are both even boundary data with
Py steeper than pg. Also suppose that (o) = —1 and that for ug, Uy the
solutions to the 2MSE with boundary data o, Py respectively:

[lim wo, lim ue] N [lim Uy, 1111(1) Us] # 0.

r—0 0 r—0

Then ®(Py) = —1 as well.

This theorem will also be used to prove Conjecture 9.2 of [RO7]:

Theorem 5.3 Suppose g,y € C(ID) are both even boundary data with
O (o) = P(1ho) # 0. Then there is a continuous deformation @so of even
continuous functions with wo9 = po and 19 = Py such that for each

s € [0, 1] we have ®(ps0) = P(po) = (o).

Finally, Theorem 5.2 will be used to show boundary data which is steep on
a portion of 0D and relatively flat elsewhere gives a discontinuous solution
to the 2MSE:

Theorem 5.4 For all ¥y € (0,7) and M > 0, there exists an € > 0 so that
D(pg) = —1 for all even boundary data @y € C(0D) with

lollc@epy < M + €, and po(0) > M for 6 € [0,99 — €] while po(0) < —M
for 0 € [y + €, 7).

6 Proof of Theorem 5.2

Before we prove Theorem 5.2, we prove the following lemma, which does
not appear explicitly in [R0O7]:

Lemma 6.1 Suppose ¢y € C(9D) is even boundary data with ®(pg) = —1
and let ug be the solution to the 2MSE with boundary data wo. Then for
a=lim__ jup and b =lim,_uy, there exists a p > 0 such that

G N B,((0,b)) C {(re®, u(r,0)) : r € (0,p),0 € (—37/4,3r/4)}
and

G N B,((0,a)) C {(re® u(r,0)) : 7 € (0,p),0 € (2m — 37 /4,27 + 37/4)}



Proof: We consider b = lim, o ug. Since ®(p9) = —1, then by Theorem 4.5
we can choose ty € (lim, , uo, lim, ¢ up) close to b so that

61(to) € (m/2,3m/4) and 65(ty) € (5m/4,3m/2) where H;(to) = {0 = 6,(t0)}
for H;(t) the tangent vertical half-plane of the surface L;(ty), choosing py
sufficiently small so that by Theorem 4.4 G N B,,((0,ty)) = L1(to) U La(to).

Hence, for each j = 1,2
G]’ M Bp<<0,t0)) M {(33, to) T E Dp} - graphfijO %

where 7,4, C (o is a continuous curve asymptotic at the origin to the ray
{re?it) : v > 0}. By considering Qo N D, \ V), it follows that

{rei € Qo ND,, : uj(r,0) >t} is a connected open set. Furthermore, since
O (o) = —1 so that (—1)3'_1% < 0 for re® € 4, then

(0{re” € Qo N Dy = u;(r,0) > to}) N Dyy = Yjso U {(21,0) : 21 > 0}

Since v, is asymptotic at the origin to the ray {re® () :r > 0} with
01(to) € (m/2,37/4) and Oy(to) € (57/4,37/2), then uy(r,0) = uo(r/?,0/2)
and uy(r,0) = ug(r/?,0/2 + m) imply

{(re® u(r,0)) : r € (0, po), u(r,0) >t} C

{(re®,u(r,0)) : r € (0,p),0 € (—3n/4,3n/4)}.

This gives the first part of Lemma 6.1, for p € (0, pg) with p < b —ty. A
similar argument holds at the bottom endpoint a. [

We also need the following lemma for the proof of Theorem 5.2, as well as
for theorems presented in §6.

Lemma 6.2 Suppose g, Py € C(ID) are even boundary data with
D(pg) = —1 but ®(PRy) # —1. Then, for ug, Uy the solutions to the 2MSE
with respective boundary data pg, Py, there exists a o > 0 sufficiently small
so that

(0,0) x {0} c {x € D: Up(x) — up(z) < A—b}

and

(—0,0) x {0} C{zx € D: Up(x) —up(xz) > B—a}

where a = lim__,up, b = lim, g up, A = lim__, Uy, and B = lim,_o Up.



Note that necessarily we have

lim(Uy(r,0) — uo(r,0)) = A—10

r—0

and
lim(Uy(r, ) — uo(r, 7)) = B — a.

r—

Proof: We first take the case ®(Fy) = 0. Let
Gu = {(re® u(r,0)) :r € (0,1),0 € [0,47)}

and
Gy ={(re®, U(r,0)) :r € (0,1),0 € [0,4m)}

where u(r, ) = ug(r/2,0/2) and Uy(r,8) = Uy(r1/%,0/2).

For § > 0 small to be chosen later, and b = @r—m ug, we can choose by
Theorem 4.5 p > 0 sufficiently small so that G, N B,((0,b)) =

{(wu((O,xQ,t)),:cg,t) : <O7x27t) € BP((Ovb))} N BP(<0>b>)

where w,, has scaled C' norm less than ¢ and w,((0,¢)) = 0 for each
t € (b — p,b]. Using one-dimensional Calculus we therefore have

[ ((0,1))] < / Dw,((0, (¢ — b7 + )| - |t — b dr < 6(t — D)

for all ¢t > b.
For t € (b,b+ p/2)

and so (w,((0,t)),0,t) € G\, N B,((0,b)) for each t € (b,b+ p/2) (assuming

§ < 1). Since b = lim, g ug, then we must have either w,((0,t)) > 0 for all

t € (b,b+ p/2) or w,((0,t)) <0 for all t € (b,b+ p/2). However, by Lemma
6.1 we can suppose that p has been chosen sufficiently small so that

G, N B,((0,0)) C {(re? u(r,0)) : r € (0,p),0 € (—=37/4,37/4)}.

This implies that we must have w,((0,t)) > 0 for all t € (b,0+ p/2). In
terms of the single-valued function ug, then for ¢ € (b,b+ p/2)

uo(w,((0,))'2,0) = u(wu((0,1)),0) = t
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where w,((0,t)) € (0,6(t — b)).

Consider then Upy(w,((0,t))*/2,0) for each t € (b, b+ p/2). Since Uy can be
extended continuously across the origin, then by Theorem 4.3 the
component functions Uy (r, 0) = Up(r'/?,6/2) and

Us(r,0) = Uy(r/?,0/2 + ) are uniformly Hélder continuous with Hélder
exponent o = a(1/2, || Po||c(op)) and Hélder constant

C =C(1/2,||P|lc@py) in the region

{re? :r € (0,1/2),0 € (x +1/2,37 +1/2)}.
This implies, using one-dimensional Calculus,

Un(wa((0,1))"2,0) = Up(wu((0,1))"/2,27) = Uz(w.((0,1)), 27)

< Uy(0) +/O | DUs (5w, ((0,t)),2m)| - w,((0,t)) ds

1

< Up(0) +/0 <|DU2(3wu((0»t))727T) — DU,(0)| + |DU2(O)|> ~wy((0,1)) ds

< U(0) + O (w,((0.6)) " + DU w, ((0.1))
since 0 < w,((0,t)) < d(t —b) < 1/2, choosing p < 1.

We thus have, for £ € (b.b-+ p/2), Uo(w,((0.£)/2.0) — uo(w,((0.1))2,0)

< U(0) ~ t+C - (wa((0.6)) "+ [DU0)] - w(0.1)

= 00) = b+ € (1(0.00) 7+ 1DUO)] - (0,0 - (¢ -1
< Up(0) — b+ [C(8(t — b))+ + |DU5(0)| - 6(t — b) — (t — b)] .
Choosing § > 0 initially small so that
Co% + | DU, (0| - 6 < 1,

then
C(o(t — b))HO‘ + | DU (0)|-6(t —b) — (t—b) <0

so that
Uy (wa((0,))12,0) — ug(w,((0,1))Y2,0) < Up(0) — b.
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Finally, since w,((0,t)) — 0 continuously as t — b, then we can set

o = (w,((0,b+ p/2)))? to get Uy(r,0) — ug(r,0) < Up(0) — b for all

r € (0,0). Using Lemma 6.1 with @ = lim__ ,uo we can similarly show that,
taking ¢ > 0 smaller if necessary, Uy(r, m) — ug(r, 7) > Uy(0) — a for all

r € (0,0).

Consider now the case ®(F,) = 1. For é = lim,_ , Uy we can also suppose
that p > 0 is sufficiently small so that Gy N B,((0, A)) =

{(wu((0,22,1)), 22,1) (0,22, 1) € B,((0, 4))} N B,((0, 4))

where wy; has scaled C'' norm less than § and wg((0,¢)) = 0 for each
t € [A, A+ p). In this case we have |wy((0,t))] < (A —t) for all t < A.

Since § < 1, we again have wy((0,t)) € Gy N B,((0, A)) for each
t € (A—p/2,A). Recalling that ®(F) = 1, we can argue as in Lemma 6.1
to show that

Gy N B,((0,A)) C {(r®, U(r,0)) : 7 € (0,p),0 € (—37/4,37/4)},
which implies wy ((0,¢)) > 0 for all t € (A — p/2, A).

If we consider now the single-valued functions uy and Uy, then we have for
all t € (0,p/2)

o (wy (0,0 +1)Y2,0) = u(w, ((0,b+1)),0) =b+1t>b
and
Us(wy((0, A —1))2,0) = U(wy ((0,A—1)),0) = A —t < A.

Since both w, ((0,b+ 1)), wy((0, A —t)) — 0 continuously as ¢t — 0, then
there is a ¢ > 0 such that for r € (0,0) Uy(r,0) — uo(r,0) < A —b. We can
similarly show that for o > 0 sufficiently small Uy(r, 7) — ug(r,7) > B —a. O

Proof of Theorem 5.2: Suppose that g, Py € C(9D) are both even
boundary data such that Py is steeper than g, that is there is a ©¢ € (0, 7)
such that Py(0) > g for 0 € [0,0y), while Py(0) < ¢o(0) for 0 € (O, 7].
Suppose (D((p()) = —1, [li_mrﬁo Uo,mr_)() Uo] N [li_mTHO U(),hmr_,o Uo] 7& @ for
ug, Uy the solutions to the 2MSE with boundary data ¢y, Py respectively,
and for contradiction suppose ®(F) # —1.
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Now, [lim, IU/O;mrHO up] M [lim, 4 U(];mrﬂo Uo] # 0 implies

A:mUOSb:mu(]

r—0 r—0
and o o
B = liIréUO >a= lin(l)uo.
Since ®(pg) = —1 and ®(Fy) # —1, then let O~ be the connected
component of {x € D : Uy(x) — up(z) < 0} containing (0,0) x {0}, and
likewise let O be the open component of {x € D : Uy(x) — up(z) > 0}
containing (—o,0) x {0} C OT, where o > 0 is as in Lemma 6.2. We claim

that '
00~ N {e . Py(0) — () <0} #0
and A
20T N {e” : Py() — po(0) > 0} # 0.
To show this, suppose 00~ N {e : Py(0) — po(f) < 0} = 0 for
contradiction, so that

(00)\ {0} c {z € D : Up(x) — up(x) = 0}.

The Maximum Principle of Theorem 4.2 hence implies Uy — ug achieves its
minimum on O~ at the origin. However,

A-b< lim Uy— lim w < lim (Uy— up)
z—0,2€0~ r—0,2€0~ z—0,0€0~

while on the other hand, by Lemma 6.2
Uo(r,0) — up(r,0) < A—b

for r € (0,0) where (0,0) x {0} C O~. This is a contradiction, and so
00~ N {ew : P0(9) — QOO(Q) < O} # 0.

Take thus a point € € 0~ N {e” : Py(0) — ¢o() < 0}, where

6~ € (O, 2m — Bp). Since O~ is connected, then we can find a continuous
curve v~ with v7((0,1)) C O~, v~ (1) = €, and v~ (s) = (s,0) for

s € [0,0). Also, since ug, Uy are both even in 6, then we can take

6~ € (Op, 7] and v~ C {z € D: xy > 0}.

We can similarly find a point € € 90+ N {e? : Py(0) — ¢o(#) > 0} with
0, € (—6g,0y), and a continuous curve v+ C {x € D : x5 > 0} with
YH((0,1)) € OF, vH(1) = €7, and v (s) = (—s,0) for s € [0, ). This now
implies that v~ and " must intersect, which is impossible. Hence,
Theorem 5.2 must hold. [J
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7 Comparison Lemmas

Here we prove three lemmas we shall need to prove Theorems 5.3, 5.4.
Lemma 7.1 If py € C(0D) is cosine-like, then ®(pg) = —1.

Proof: Suppose for contradiction that ¢ is cosine-like but that ®(¢g) = 1.
Now, since @o(8 + 7) = —po(f), then by uniqueness ug(r, 8 + 7) = —ug(r, )
where ug is the solution to the 2MSE with boundary data ¢q. Since uyg is
also even in 6, then

uo(r, —m/2) = —ug(r,7/2) = —ug(r, —m/2)
so that ug(r, —7/2) = ug(r,7/2) = 0 for r € (0,1).

Consider O = {re? : r € (0,1),0 € (—n/2,7/2)}, since o(f) > 0 for

0 € (—m/2,7/2) then ug(r,0) > 0 on (00) \ {0}. On the other hand, since
®(pg) = 1, then by (an analogous version of the proof of) Lemma 6.2 there
is a 0 > 0 so that ug(r,0) < a =lim, ,u for all r € (0,0), where a < 0 by
the last part of Theorem 4.6. However, this contradicts the fact that, by
the Maximum Principle of Theorem 4.2, uy must achieve its minimum on O

at 00. O

Lemma 7.2 Suppose ¢y € C(9D) is even boundary data with ®(pg) = —1.
Let ug be the solutio_n to the 2MSE with boundary data @y and let
a=lim,__ ,up,b=1lm, gug. if Py € C(ID) is even boundary data with

llpo — Poll < (b—a)/2, then ®(Fy) = —1 as well.

Proof: Suppose for contradiction ®(Fy) # —1, and let Uy be the solution
to the 2MSE with boundary data Fy. By Lemma 6.2

lim, o(Up(r,0) — up(r,0)) = A — b where A = lim,_,Uy. On the other
hand, the Maximum Principle of Theorem 4.2 implies

b_
_Ta < lim (Up(r, 0) = uo(r, 0)) = A =

so that A > ”T“ We similarly have

b—a

B—a= lir%(Uo(r, ) —up(r,m)) < 5

so that B < Z’JFT“ for B = lim,_.o Uy, which contradicts A < B. O

The following corollary of Theorem 5.2 improves on Lemma 7.2, when F is
assumed to be steeper than (.
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Corollary 7.3 Suppose g, Py € C(9D) are both even boundary data such
that Py is steeper than pg. Also suppose ®(pg) = —1, and

leo — Pollcop) < b—a

for a = lim,_gug and b = lim,_,o uy, where ugy is the solution to the 2MSE
with boundary data py. Then ®(Py) = —1 as well.

Proof: Suppose for contradiction ®(Fy) # —1, and let Uy be the solution
to the 2MSE with boundary data Fy. Then the Maximum Principle of
Theorem 4.2 and Lemma 6.2 imply

—(b—a)< lir%(UO(r, 0) —ug(r,0)) =A—10
for A =lim__ ,U,. We therefore have a < A, and we can similarly show
B < b. On the other hand, this implies

[lim, 4 uo, lim,_g up) N [lim,._, Up, lim,._o Up] # @), which contradicts
Theorem 5.2 since ®(Fy) # —1 and P, is steeper than ¢q. [J

The following lemma will be used in the proof of Theorem 5.3:

Lemma 7.4 Suppose o, Py € C(OD) are both even boundary data such
that Py is steeper than g, and that Py(0) — ¢o(0) is nonincreasing for

6 € [0, 7] (and hence nondecreasing for 6 € [m,2n]). If ®(po) = —1, then
O(Py) = —1 as well.

Proof: Suppose for contradiction that ®(F) # —1, then by Theorem 5.2
we must have [lim,  ug, lim, o uo] N [lim, _, Uy, lim,_,o Up] = @ where ug, Uy

22222r—0

are the solutions to the 2MSE with boundary data (g, Py respectively.
Suppose without loss of generality that

b=limuy < A = lim Uj,.

r—0 r—0

The Maximum Principle of Theorem 4.2 implies

A-b= lifé(Uo(ﬂ 0) — uo(r,0)) < Fo(0) — 0o(0).

Consider the boundary data Py(0) = Py(#) — (A — b), then we have

F5(0) = Fo(0) — (A= b) > 0(0),
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P, —  is nonincreasing on (0, 7), and
Py(m) = Po(m) = (A = b) < go(m)

as well since A — b > (. This implies that the boundary data Py is steeper
than the boundary data ¢y. On the other hand, the solution to the 2MSE
with boundary data Py is Uy(r,0) = Up(r,0) — (A —b), so that ®(Py) # —1.
However,

im0y =be [lim u, lim ),

r—0 r—0 r—0

contradicting Theorem 5.2. [

8 Proof of Theorem 5.3

We begin by making two simplifications. First, it is sufficient to show that
given even boundary data ¢y € C(9D) with ®(pg) = —1, then there is a
continuous deformation of even continuous functions ¢, ¢ with ®(pso) = —1
for each s € [0, 1], @00 = @0, and such that ¢; ¢ is a cosine-like function as
in Definition 4.7. This because given any two cosine-like functions

©1,0, V10 € C(OD), then Psg = @10 + s(¢1,0 — ¢10) for each s € [0, 1] is also
cosine-like, so that ®(Ps) = —1 for each s € [0,1] by Theorem 4.6.

Second, we can assume that ¢ is piecewise linear continuous (in ) with
vertices over the points {ei%}i]lo. This because we can take a continuous
linear approximation ¢y, o of g over the points {e’%}iﬁ o With N
sufficiently large so that

b—a
2

o — 801in,0||0(ap) <

where @ = lim,_ jup and b = lim, o ug for ug the solution to the 2MSE with
boundary data ¢g. Letting @50 = @0 + (im0 — ¢0), then

b—a
H%,o - <Plin,oHC(aD) < s 5 ,
so that ®(¢s0) = —1 for each s € [0, 1] by Lemma 7.2.

Suppose @y is piecewise linear with vertices over the points {eZWWk}%]:V 0, let
Ty = wo(mk/N), and for k =0,...,2N — 1 let m;, be the slope

_ Typr — Ty

M /N
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Write m = max |my|, so m # 0 necessarily. We now describe how to vary g
continuously to cosine-like boundary data.

First, choose T so that
T
T/N

so T% > Ty necessarily. Let P{, € C(9D) be the even piecewise linear

_m’

function with vertices over the points {e% }2Y, and values
P)y(mk/N) =Ty
fork=1,...,2N — 1 while
PJo(0) = Ty + s(T° — Tp) = Pgy(2n).
Let TYy := PJy(mk/N) for k=0,...,2N.

Since T9 > Ty, then PJ is steeper than g for each s € [0, 1] with © =
and P(6) — ¢o(6) is nonincreasing for 6 € [0, 7]. Lemma 7.4 implies
®(PY,) = —1 for each s € [0,1].

s
N

We then proceed iteratively to “raise” the boundary data ¢, at the vertices
. .T(N—-2 . . . . .
enN, ... e 7 until the slope of each linear piece is —m. Precisely,

suppose for some K € {0,... N — 3} we have shown there is an even
piecewise linear function P& € C(9D) with vertices over the points
{ei%k}zﬁo, and that for the slopes

F /N

for k=0,...,2N — 1 where
TE = P (nk/N)

for k =0,...,2N, we have [m| < m for all k and m{’ = ... =mk = —m,
Suppose also there is a continuous deformation P, € C(9D) of even
functions Pfy with Pfy = @0, Py = Py* and ®(PL)) = —1 for each

s € [0,1] (we have shown the case K = 0 above).

Then for s € [0,1], define Pj"' € C(0D) to be the even piecewise linear

function with vertices at the points {ei%}z]lo and values

PIH (wk/N) = Py (nk/N)
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for k = K 4+ 2,...,N. Choose on the other hand T5+! so that

Pyt (n(K +2)/N) — T PE(m(K +2)/N) - TK+!
T/N B /N

= —m,

necessarily T+ > PX(r(K +1)/N). For k=0,..., K + 1 define

PEH 7k /N) = Py (wk/N) + s(T**" — P (x(K +1)/N)).

Since Tk41 > P (m(K + 1)/N), then each P/ is steeper that P with

0, = # (note that ©y € (0, 7) since K € {0,..., N — 3}), and

PL(6) — Py (6) is nonincreasing for 6 € (0, 7). Lemma 7.4 hence implies
(P = —1 for each s € [0,1].

We can thus conclude there is an even piecewise linear function

PN~% € C(0D) with vertices at 0, ”(A][V_l) , T ﬂ(Q%_l) such that

Py (N —1)/N) — By ~*(0)
(N —-1)/N

=—-m

and
Py *(m) — Py *(m(N — 1)N)
/N
Furthermore, there is a continuous deformation of even functions
PN7? € C(0D) with Pyy % = o, Py, = P72, and ®(P.?) = —1 for
each s € [0, 1].

<m.

To define PY~1, choose in this case T so that

TN — P *(n(N —1)/N) _
/N -

hence TV < P¥~!(r) necessarily. For s € [0,1], we now define
Pﬁfl € C'(0D) to be the even piecewise linear function with vertices at

0, W(A][V_l) , T, ”(2]]\\7,_1) so that Pﬁfl(O) = PN %(0),

Py {(m(N —1)/N) = Fy"*(n(N —1)/N), and

Py N (m) = By ~(m) = s(By () = T%).

It follows that each Pﬁ)_l is steeper than P72 with Qg = ”(ij_l)
Pﬁfl — P,Y7? is nonincreasing for 6 € (0, 7). Lemma 7.4 implies

®(P)Y)) = —1 for each s € [0, 1].

, and
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Setting Py = P\ ', then Py € C(9D) is an even function which on (0, ) is
just a line with slope —m. To conclude the proof of Theorem 5.3, we
consider the deformation P, o(0) = Py(0) — sPy(m/2), then ®(F;o) = —1 for
each s € [0,1] and P is cosine-like. [J

9 Proof of Theorem 5.4

Suppose for contradiction there exists ¥y € (0,7) and M > 0 with a
sequence of €, — 0 and even boundary data ¢ € C(9D) such that
H(Pk,OHC’(aD) < M+ €k, g0k70(9) > M for 0 € [0,190 — Ek], gpho(e) < —M for

6 € [V + €, ], and the solution wuy o to the 2MSE with boundary data ¢y
can be extended continuously across the origin. By Theorem 4.3 we have

|ukollcrp,y < Clo, M + €)

for each o < 1. Hence by compactness, we can assume that the functions
uy,o converge uniformly on compact subsets of D to Uy € C*°(D) an even
solution to the 2MSE in D\ {0}.

Furthermore, each two-valued function uy(r, 0) = uy,o(r'/2,0/2) is locally in
r,0 a solution to the MSE, with continuous boundary data

M < @k,0(9/2) < M + ¢ for 0 € [—2190 + 2¢;, 209 — QEk]
—M — €L S QDI%()(@/Q) < —M for 0 € [2190 + 26k,471' - 2190 — QEk]

Standard local barriers for solutions to the MSE then give us uniform
continuity estimates for the functions uy(r, §) near each point e with
0 € (—200,20) U (209, 4 — 21y). Hence, letting Py be the step function

P0(9> =M for 0 € (—190,190)
Po(@) =—M for 0 € (’190,271' — ’190),

then Up|gp feivo 00y = Fo continuously.

The Maximum Principle of Theorem 4.2 implies ||ugp||cp)y < M + € for
each k, and so ||Upl|cpy < M. Since Uy cannot attain its maximum or
minimum in D, then —M < Uy(0) < M.

Consider now the two-valued graph G corresponding to Uy

G ={(re®,U(r,0)) :r € (0,1),0 € [0,47)}
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where U(r,0) = Uy(r'/?,6/2). Consider Qo = {re?? : r € (0,1),0 € (0,27)},
and consider the component functions U (r, 0) = Up(r'/2,6/2) and

Us(r,0) = Uy(r/2,0/2 + ) over Q. Observe that U,(1,6) = M for

0 € (0,21) and U(1,0) = —M for 0 € (29, 27) continuously, while
Uy(1,0) = —M for 6 € (0,27 — 20y) and Us(1,0) = M for

0 € (2m — 299, 27) continuously.

Consider the graph of the first component function GGy = graphg, Us.
Continuity of Uy in D, along with Up|gp, (eivo o—ivoy = Fo continuously,
implies that 0G \ {(21,0,%) : x; € [0,1],¢ € R} is the union of the arcs

{(e", M) :60 € (0,200)}, {(e", —M) : 0 € (20, 27 — 2090)}
and the vertical line segment {e?%} x [—M, M].

We claim that since G contains the vertical line segment

{e??%0} x [~M, M] we can apply the arguments proving Theorem 3 of
[SWO07] and Theorem 4.2 of [R07] to show that for each ¢ € (—M, M) there
is a p > 0 sufficiently small so that

G1N By((e™™,1)) = La(t)

where £4(t) is a smooth embedded minimal surface-with-boundary

{ei%0} x (t — p,t + p). We highlight the important steps of the argument,
noting that they rely heavily on the Theory of Varifolds and the Theory of
Embedded Stable Minimal Surfaces (we refer the reader to [S83] and
[SS81]).

First, let Ry, be the reflection across the axis {27} x R given by
Rog, (z,t) = (2% — x,t). The Reflection Principle of Allard [A75] implies
the two-dimensional varifold

G1 U Rgﬁoy#Gl

is stationary in B,((e?%,t)) for each t € (—M, M) and

p < min{M —t, M + t}. This means that the Monotonicity Formula (see
[A72]) holds for G} U Ryy, 4G and hence Gy at each point (e% ) with
t € (=M, M). So the density of GGy exists with

@Gl((eiz%vt)) > 1/2

for each t € (=M, M).
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From this we can consider points of almost local minimum density as in the
proof of Theorem 3 in [SWO07]. For any subinterval [a,b] C (=M, M), we let

k= inf Og,((e%,1)).

te[a,b]

Using the varifold compactness argument of Lemma A, [SW07], we can
show that for any § > 0, there is a o € [a,b] and a py > 0 so that for any
t € (ty—p,to+ p) and p € (0, py), there are half-planes

Hi(t,p), s Hpwp (t, p) with OH;(¢, p) = {e*°} x R such that

p(t.p)
Hausdorff distance(G, N B,((e™", 1)), U H;) < dp

j=1
where p(t, p) € {1,...,po} for some py € N depending on O, ((??,y)).

Using the regularity theory of stable embedded minimal surfaces from
[SS81], and arguing as in the proof of Theorem 3 of [SW07], we can choose
d > 0 sufficiently small, and then ¢y € [a,b] and py > 0 corresponding so
that

‘ qo(to)
G1 N By (€27, 0)) = | £;(to)
j=1
where each £;(tp) is a smooth embedded minimal surface-with-boundary
{e™%} x (ty — po, to + po), and

do(to) = 204, (™™, 19)).

Second, we use Lemma B of [SW07] to conclude go(to) = 1. For this, note
Li(ty) C {(z,t) €D xR : (z — ). 2% < (}.

Hence, if qo(tg) > 1, then we could find an open region
QC{xreD:|r—e?%| < py}, contained in the open half-space
{x: (x — %) . 2% < 0}, with " € 99,

Uiloo\(eizo0} = to

continuously, and so that U; is a solution to the MSE in {2 which cannot be
extended continuously at e??’0. This directly contradicts Lemma B of
[SWO07], which uses a barrier argument to show that for an open region
contained in an open half-space with 0€) intersecting the half-space at a
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single point g, then any solution to the MSE in the region €2 which attains
continuous boundary values on Q \ {xy} can also be extended continuously
at xg, if the boundary data can be extended continuously at xz.

We have thus shown that there is a dense set of heights t € (—M, M), which
we call “good heights,” so that G1 N B,((e?%,t)) = £1(t) where £;(t) is a
smooth embedded minimal surface-with-boundary {e?%} x (t — p,t + p).
We now sketch how we can use the arguments of the proof of Theorem 4.2
of [RO7] to show that every height ¢t € (—M, M) is a good height.

First, choose any ty € (—M, M) and pick any good heights
t1,ta € (=M, M) with t; <ty < to. Choose p > 0 sufficiently small so that

G N B, ((€™® 1)) = L1 (ty)

for each k = 1,2 where each £;(t) is a minimal surface-with-boundary

(tx — p,tx + p). Since U; has boundary values Uy (1,6) = M for 6 € (0, 29,)
and Uy(1,0) = —M for 6 € (20, 27) continuously, then we can show that

each surface £;(;) is decreasing, meaning that % < 0 for each

re € projg, L£1(tx). We can then argue as in the proof of Lemma 6.1 (see
more analogously the proof of Lemma 5.1 of [R07]) to show that

GiN({x €D : |z —e?| < p} x (t1,t2)) = graphg, U,

where Q; C Qp, and e’ € 9. Furthermore, € is contained in the
wedge-shaped region Wy, ;, of the half-space

{(z,t) € R3: (z — %) . ¢?%0 < 0} bounded by the tangent vertical
half-planes H;(t1), Hi(ta) of L1(t1), Li(t2) at (270, 11), (€70, t,)
respectively (observe that by uniqueness of the Cauchy Problem, the
half-planes H;(t1), H1(t2) must meet with angle less than 7 in the
half-space {(z,t) € R3: (z — %) . 1200 < 0}).

Second, let G, 1 = graphg, Ui, then as in Lemma 5.2 of [R07] we have for
every o > 0 with o < min{ty —t; — p,ty — p — to} that the only boundary of
G1 N B, ((€2% t0)) = Ga,1 N By (€27, t0)) in By((e2%, 1)) is

{e%0} x (ty — 0,ty + o). If we consider any tangent cone C of G at

(e2% t4), then the theory of stable embedded minimal surfaces from [SS81]
and the structure of one-dimensional stationary varifolds of S? from [AA76]
imply that C must be either a nonvertical plane or a union of vertical
half-planes with boundary {e??”°} x R. Since C must be supported in the

wedge Wy, +,, then
q0
k=1
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where each Hy C W, 4, is a vertical half-plane with boundary {e®?"} x R.

Third, for § > 0 sufficiently small as in [SS81], we can take o > 0
sufficiently small so that

q0
(1) Gin({z:do <o —e®| <o} x (tg—0,tg+0)) =L
k=1

where each L, is a graph over H, with scaled C*' norm less than §. Each
surface Ly can also be characterized as being increasing or decreasing as we
move counterclockwise in #. This together with the fact that U; achieves
continuously the boundary values U;(1,0) = M for 6 € (0,2¢,) and

Ui(1,0) = —M for 6 € (29, 27), implies that go must be odd.

Fourth, suppose ¢y > 1 for contradiction, and without loss of generality
since the set of good heights is an open set, that each t € (tg — 0,1¢) is a
good height. By considering the cross sections Gy N {(x,t) : © € D} at
heights ¢ € (ty — o,tp), and observing that the half-planes Hy C W, ;, must
meet with angle less than 7 in {(z,t) € R? : (z — €/?%) . ¢?%0 < 0}, then we
can show (as in the proof of Lemma 5.3 of [R07]) that there is a simply
connected region

Go,1 CGoaN{zeD: |z~ 0| < g} x (tg —T0/8,ty — 0 /8))

such that

c(C)o S/ |Ag,| dH2
G?zl,10({$ED:‘x—6i2ﬂO|<U}X(to—5a/8,t0—3a/8))

where ¢(C) > 0 depends only on the tangent cone C (and not o) and Ag, is
the second fundamental form of G; (we may need to initially assume that
(1) holds with § replaced by a fixed factor depending on ¢q times 0, in order
to apply the iterative procedure of the proof of Lemma 5.5 in [R07]).

Fifth, using the Cauchy-Schwartz Inequality and the Monotonicity Formula
for G at points (e2%t) with t € (ty — 0,t0), we can show as in the proof of
Lemma 5.3 in [R07] that
C,t

C( ) 0) < / |AG1|2 dH2
0 Gs*llﬂ({:L‘ED:|xfe"wO|<a}><(t0750'/8,t0730'/8))
As opposed to the proof of Lemma 5.3 in [R07], here the constant ¢(C, t)
depends on ty. This because we do not have a uniform mass bound as in
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(3.6) of [RO7] for balls centered at points (¢27,t). Nonetheless, using the
Reflection Principle of [AAT76], the Monotonicity Formula (see [A72] and
[S83]) for G at points on the vertical axis {e?%0} x (=M, M) implies

H>({z €D : |z — | < g} x (tg — 50/8,ty — 30/8))) < c(ty)o
which we use to show the above inequality.

Sixth, since G 1 is simply connected we can apply inequality (3.11) of
[SS83] as in the proof of Lemma 5.3 in [R07] to conclude

o(Cto) _ Jeune, (@0-2)) ane

S a3 e +1
) (6_)2
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where c3 is as in [SS83], z € D is some point with |z — ¢2%| < §o, and

(z,to —0/2) € Gy N({z €D |z — ™| <o} x (tg — 50/8,ty — 30/8)).

Seventh, since '
Bes ((x,tg — 0/2)) C B, ((e™", t0))

for 6 < 1/8, then the Monotonicity Formula on G at (e®%t,) implies

C((:,to)
)

for some constant ¢(ty) depending only on t,. By choosing § > 0 small
initially depending on ty and o > 0 sufficiently small corresponding, we thus
have a contradiction. We have shown that every t € (—M, M) is a good
height.

< c13¢(to)

Proceeding with the proof of Theorem 5.4, recall that by the Maximum
Principle of Theorem 4.2, —M < Uy(0) < M. Choose then € > 0 so that
—M + € < Uy(0) < M — ¢, and take p > 0 sufficiently small so that

Gﬂﬁ({r@ie re(1—p,1),0 € (200 —p,200+p)} X (=M +¢, M — e))
is a smooth embedded minimal surface-with-boundary L; with boundary

{e?%0} x (=M + ¢, M — ¢). Since Uy|gp = Py, then L; is decreasing,

meaning that % < 0 for all re € projg, Li. This implies, for p sufficiently
small, that for r € (1 — p, 1) there are angles 6", 6,7 € (0, 7) with
Yo — p/2 <0 <9y <O <9y+p/2
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such that
Ui(r,0) > M — e for 0 € (209 — p,20,),
oy 1
— < —=f 20,20
50 < 2or9€(9r,(9r),

and
Ui(r,0) < —M + € for 6 € (20,29 + p).

On the other hand, Uy attains its boundary values continuously uniformly
on D away from the set

{'rew:re(l—p,l],é’e (ﬂo—g,fﬁoJrg)U(27r—190—g,27r—z90+g> }

We can therefore choose o € (y/1 — p, 1) with o sufficiently close to 1 so
that

Uo(0,0) > M — e for 6 € 0,0 ,),
%Ug(a, 0) < —1for 0 e (0,,05),
Up(0,0) < =M + € for 6 € (6F,,2m — 67,),
%UQ(O’, ) > 1 for 6 € (2 — 05,21 — 0,),
and

Uo(r,0) > M + ¢ for § € (2m — 0, 2m),

since U, (r,0) = Uy(r'/?,0/2) and Uy is even in 6.

Define the even boundary data P,o € C(9D) by P,o(0) = 1Uy(0,6). Then

the solution to the 2MSE with boundary data P, is %U()(O'ZL‘). Since U, can
be extended continuously across the origin, then ®(P, ) = 0. On the other

hand, we can choose o > 0 sufficiently small so that for

©a0(0) = acos(8) + %UO(O)

there is a Oy € (0,,07%,) C (0,7) such that P, o(0) > pa0(0) for 6 € [0,0y),
and P, o(0) < pao(8) for 6 € (O, 7], meaning that P, is steeper than ¢, .
We now have a contradiction, because ®(¢,0) = —1 by Theorem 4.6, and

for uq the solution to the 2MSE with boundary data ¢q o

Up(0) € (lim uyp, @)U@,o),

r—0

while ®(P, ) = 0. O
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10 Subset Comparison

First, we show by example that there are even boundary data
vo, Py € C(0D) with Py steeper than ¢y, but so that
[im, 4 ug, lim,_q ue] N [lim, Uy, lim, o Up] # () with

r—0 r—0

[lim wy, hH(l) up] Z [lim Uy, hm Uo|
r—0 r—0

for ug, Uy the solutions to the 2MSE with boundary data g, Py

respectively. For this, consider Py(f) = cos 6 and

20(0) = cos(6) + lim Uy
r—0

with a > 0. By Theorem 4.6 (and Lemma 7.1), ®(Fy) = ®(p9) = —1. Let

up, Uy be the solutions to the 2MSE with boundary data g, Py respectively.

On the other hand, the Maximum Principle of Theorem 4.2 implies
lim, Uy € (—1,1). Hence, we can choose o > 0 sufficiently small so that
Py is steeper ¢g. On the other hand, by the last part of Theorem 4.6,
lim, Uy is the midpoint of [limrﬁo g, lim,_o 1g). We thus have

[lim, , uo, lim, g ug] N [lim, _, Up, lim, o Up] # 0 and

Him ., ug, lim, g ug| € [lim, ., Uy, lim,_o Up| as claimed.

r—0

r—0 r—0

Second, we show that there are even boundary data ¢y, Py € C(0D) with
P, steeper than ¢y but so that

[lim w, hII(l) uo] N [lim Uy, hm Ul =10

r—0 r—0
for ug, Uy the solutions to the 2MSE with boundary data ¢q, Fp
respectively. This is done by taking Py(0) = cos @ and
©wo(0) = accos(f) +t

for t € (—1,liminf, ., Up) and a > 0 with @ < min{lim,_,Uy —¢,t + 1}.

r—0

The above two examples notwithstanding, we do have the following:

Theorem 10.1 Suppose that po, By € C(0D) are (distinct) even boundary
data such that Py is steeper than ¢o, and ®(pg) = ®(Py) = —1. Then

[lim Uy, hm Up| € [lim uy, hr% U]

r—0 r—0

where ug, Uy are the solutions to the 2MSE with boundary data ¢q, Py
respectively.

26



r—0 Uos mrﬂo Up] C [lim, 4 uo, mrﬂo ug) for
contradiction. We proceed by showing a version of Lemma 6.2 in the case

Proof: Suppose [lim

a = lim ug, b = limug, and A = lim Uy, B = lim U,
r—0 r—0 r—0 r—0

so that a < A < B <b.
Consider lim,_,(Uy — up), then Lemma 6.1 implies

lim(Up — up) < lirr(l](Uo(r, 0) —up(r,0)) =B —-b<0

r—0

since ®(pg) = ®(Fy) = —1. Noting that a < A, then we can choose

ty € (h_m,,‘_”:) UO,mTHO Uo] and ty € [h_l’Il Uo,mrﬂg Ug] with ty < t, so
that

r—0
ty — t, = lim(Uy — uo).
r—0

To proceed without having to consider separate cases (such as
t, € (im,_ uo, lim, g ug) or t, = b), we note that Theorems 4.4,4.5
together imply the following lemma:

Lemma 10.2 Suppose ¢y € C(0D) is even boundary data with ®(pg) # 0,
and let uy be the solution to the 2MSFE with boundary data pg. For any
to € [im, g, lim,_o ug] there is a vertical (open) half-plane
H,1(to) C {(x,t) € R®: 21 <0} such that for any 6 > 0, there is a p > 0
and a function

Wy,1 - Hu,l(tO) N Bp((o,to)) — R

a solution to the MSE over H,1(to) N B,((0,%0)) such that
Gu1 N B,y((0,t0)) = Lua(to)

where
Lua(to) = (gl"athu,l(to)mB,,((o,tO)) wu,l) N B,((0,t0))

’(U’Lth grathw(to)mBP((o’to)) wu71

={ (& 4+ war (@ )i 1) ¢ (@) € Hua(to) N B((0,40)) }

for vy, ) the unit normal of H,(ty) oriented counterclockwise,
Gu,1 = graphg uy for the component function u,(r,0) = uo(r'/2,60/2), and
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Qo = {re? :r €(0,1),0 € (0,27)}. Furthermore, w,; has small scaled C*
norm

Wy 1((x, T
Rl DL (0] < 0
fOT’ (l‘, t) S le(to) N Bp((O, to))
We claim that in applying Lemma 10.2 to ug, Uy at t,,ty respectively, we

must have H,1(t,) = Hy1(ty). To show this, suppose for contradiction
H,:(t,) # Hya(ty), and write

Hya(tu) = {0 = w1 (tu)}, Hoa(tu) = {0 = v (to)}

where 0,,1(t,), 01 (tv) € [7/2,37/2] are not equal. We take without loss of
generality the case 0y 1(ty) < u1(ty).

Since ®(¢g) = —1, then 6,,,(b) = /2 by Theorem 4.5, implying t,, # b.
Moreover, the angles 6,,1(t) decrease as t € [lim,  ug, lim, o ug| increases,
so we can take ty € (t,,b) such that

QU,l(tU) < 9u71(t0) < 9u71(tu).

Taking, for 0 > 0 small to be chosen later, p > 0 sufficiently small so that
GUJ ﬂ Bp((o,to)) - L%l(to)
as in Lemma 10.2, then

Gu,l N BP((()? tﬂ)) N {(Z’,to) SRS DP} = graph'yuyto &

where 7,4, C 0 is a smooth curve asymptotic to the ray {rei?=1(to) : r > 0}
at the origin. As a consequence

(Q NDy) \ Yue = 07 UOS,
where
07" = {re’ € QND, : uy(r,0) > to}, 0= = {re” € QND, : uy(r,0) < to}
are each connected open sets.

Since Oy 1 (ty) < yu1(to), then ®(py) = —1 implies that for § > 0 sufficiently
small (depending on 6, ;(t) — 0y (tv)

’)/U,tU C O>t0
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where 774, is the smooth curve asymptotic to the ray {re?v1tv) .y >0} at
the origin so that

Gu1 N B,((0,ty)) N{(x,ty) : = € D,} = graph U,.

YUty
On the other hand, this now implies that for re € vy, N Qo,

Ui(r,0) —u(r,0) <ty —ty <ty —t, = lim(Uy — uo),

r—0

which gives a contradiction.

We hence have as claimed H,;(t,) = Hy(ty) whenever
ty —t, =lim,_(Up — up). We also claim we can assume
lim, ,(Uy — up) < 0 without loss of generality. For this, observe that

==22r—0

lim, ,(Up — up) = lim,_o(Up — up) = 0 implies H,,(t) = Hy,(t) for each

——r—0

t € (lim, ,up,lim,_qug) = (lim, ,, Uy, lim, o Uy). Uniqueness of the

—=—=r—0 —=—r—0

Cauchy problem, applied to w1, wy; at some ¢t € (Hm,_ ug, lim, ¢ uo),

=—r—0

would then give ug = Uy. This is a contradiction, since ¢y # Py, and so
either lim__ ,(Uy — ug) # 0 or lim,_o(Uy — ug) # 0.

=220

Assuming that lim, ,(Uy — up) < 0, then take ¢, € (lim, , uo, lim, _q ]
and ty € (lim, , Uy, lim, o Up] (necessarily t; # A) with
ty —t, =lim,_(Up — up), and write H = H,1(t,) = Hy1(ty). Choose

to € (ty,ty) N (Hm, 4 ug, lim, o ug), and choose py small so that
Gwl 8 BPO((O7t0)) = Lu,l(t())

as in Lemma 10.2. Considering again
Gu,l N BPO((O,to)) N {(Q?,to) T E DPO}7 then

O~ = {re” € Qo ND,, : ui(r,0) > to}
is a connected open set with
(60>t0) N Dpo = {(1‘1, 0) RIS [OapO)} U Yu,to

where 7, +, 1s the continuous curve asymptotic at the origin to the ray
{re® :r > 0} so that

Gu1 N B, ((0,%0)) N {(x,t9) : € D,,} = graph

Yurtg Uq.

On the other hand, ®(pg) = —1 and ¢y < t, imply
O (tu) = Oui(tu) < Oui(to).

29



We can thus choose 0 > 0 sufficiently small, depending on 8,1 (to) — 0.1 (tu),
and p > 0 corresponding so that

Gua N B,((0,ty)) = Ly (ty) € O~
by Lemma 10.2. We therefore have for re € projo, Ly, (tv)
Uy(r,0) —uy(r,0) <ty +p—ty <0,

if we suppose p < tg — ty as well. We have therefore shown that
projo, Lua(ty) C {re® € Qq : Ui(r,0) — wi(r,0) < 0}.

We claim that there are points re € projq, Ly,1(ty) so that
Up(r,0) — uq(r,0) < ty — t,.
To show this, first consider the function @y : H N B,((0,t,)) — R given by
wya((x, 1) = wyi((z, t +tu — tu)).

Then H = H,1(t,) = Hy1(ty) and the Hopf Boundary Point Lemma,
applied to w, 1, Wy, at the point (0,%,), imply that we cannot have
U)u71 S 'J)U,l n H N Bp/4((0,tu))

Take thus a point (,¢) € H N B,;4((0,t,)) such that

wya (Z,1 +ty —tu) = Wua((2,1) < w1 ((7,1)).

Then by definition of w, 1, wy

U (g; + wu,l((;z,f))uH) —i

and
Ur (& + woa (20 + ty = t)vi ) =T+ ty — ta,

where vy is the unit normal of H = H,1(t,) = Hy(ty) oriented
counterclockwise (observe that since 0,,1(t,) = 0y (ty) € (7/2,37/2] and
Wy, 1, wy, both have scaled C! norm less than §, then 7 + w, 1 ((Z,t)vy and
T+ wy1((Z,t+ty — t,))vg are both in Q).

Now, ®(¢g) = ®(Fy) = —1 implies Duy(r,0) - vy < 0 for each

re € projg, Ly, (ty) and DUy (r,0) - vy < 0 for each re € projo, Ly (tv).
Since wy 1 (7,1 + ty — tu)) < wu1((7,1)) and

s (x + wu,l<<;z,£))yH) — 7
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and
U, (:c twpa (7,0 + ty — tu))yH) I
then we can find a w € (wU,l((i, t+ty —tu)), w((7, f))} so that

u (T 4+ wvg) >t

while
Ur(Z +wvy) € (t+ty —tu — p/4,t + 1ty — tu)

(note that & + wvy € Qq for each w € (wy 1 ((Z,1 + ty — tu)), wu1((Z,1))]).
Observe that
Ul([i' + wl/H) — Ul(i' + wl/H) <ty —t,.

Furthermore,
‘(x +wvy, Uy (3 +wa)> - (O,tU)’ <& + Jw| + [F = tu| + p/4,

which since (7,1) € B,/4((0,t,)) and w, 1, wy have scaled C' norm less
than 0 implies

’ (f + wvy, Uy (T + U)VH)> — (0, tU)‘ <pld+dp+p/i+p/d<p
for 6 < 1/4. We therefore have
(T 4+ wry, Uy (& +wrg)) € Gua N B,((0,ty)),
so that 7 4+ wvy € projg, Ly, (tv)-

We have hence shown projg, Ly, (t) € {re® € Qo : Ui (r,0) — ui(r,0) < 0}
and that there are points re” € projg, Ly, (ty) so that

Up(r,0) —uy(r,0) < ty —t, = im(Uy — uyp).

r—0

Consider the set

\/pronO Ly (ty) = {re® e D:0 € (0,7),r*¢™® € projo, Lu(tv)}.

Since Uy(r,8) = Uy ((r?)/2,(20)/2) for 6 € (0,7), then

\/pronO Lyi(ty) C{x € D: Up(zr) — up(x) < 0}

and there are points & € /projq, Ly, (ty) such that
Uo(Z) — up(Z) < ty — ty,. Furthermore, (for p > 0 sufficiently small)
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\/Projo, Ly (ty) is connected, and so we let O~ be the connected
component of {z € D : Uy(x) — up(x) < 0} containing +/projo, Ly (tv).

Observe that since ty —t, = lim,_(Uy — up), then Uy — up cannot achieve
its minimum in O~ at the origin, and so we must also have

00~ N {ew : P()(Q) — @0(9) < O} 7A 0.

Let
V9Vt = {Tew eD:0e (0, W),rzem € Yoty }

where 74, C ) is the continuous curve so that

Gu1 N B,((0,ty)) N{(z,ty) : = € D,} = graph Uy.

YUty
Observe that /vy, is also a continuous curve, which is asymptotic at the

origin to the ray {re’®v1(tw)/2 ¢y > 0} where 61 (ty)/2 € (7/4, %)

Since O~ is connected, we can then find a continuous curve v~ C O~ with
7=(0) =0, v~ (1) € {? : Py(0) — po(#) < 0}, and so that v~ (s) = /Ao, (5)
for all s > 0 sufficiently small. Given that ug, Uy are both even in 6, we can
also choose the curve v~ so that v7((0,1)) C {z € D : x5 > 0}.

Letting R(x) = (z1, —x2) be the reflection across the z;-axis, we have

D\ (v (0.1)URG (0.1)))) =W~ uw*

where W~ W are connected open sets containing the negative and
positive zi-axis respectively. Since Py is steeper than ¢y, let Oy € (0,7) be
given so that Py(0) — ¢o(0) > 0 for 6 € (=g, Og) while Fy(0) — ¢o(0) <0
for 6 € (0, 2m — ). Recalling that v~ (1) € {e? : Py(0) — po(6) < 0}, then

OW~NOD C {?: 0 € [0, 21 — O},
and hence (OW )\ {0} C {z € D : Uy() — up(z) < 0}.
Recalling our assumption [lim, ., Uy, lim, .o Up] C [lim, _,, uo, lim,_q ug),
then A —a >0 for A =1lim_ Uy, a =lim _ ,ug. Since

D(pg) = ®(Fy) = —1, then by Lemma 6.1

Hm(Up(r,7) — ug(r,m)) = A —a,

r—0
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SO that mwo,xew_(% —up) > 0. We can then choose

€ [lim, ,ug,t,),tY € [lim, Uy, ty) so that
tU —t' = m (UO - UO>,
z—0,0eW—

where again we must have H, ;(t*) = Hy(tV) where H,(t*), Hy1(tY) are
the half-planes in the statement of Lemma 10.2 applied to uq, U; at the
heights *,tV respectively.

Since tY < ty, t* < t, implies 0,1 (t*) = Oy (tY) > 0,1(t,) = Op1(ty), we
can use the Hopf Boundary Point Lemma to show there are points £ € W~
such that

Uo(F) — up(z) >tV — 1" > 0.

Let O" be a connected component of {z € D : Uy(z) — up(x) > 0}
containing such an z. Since (OW ™=\ {0}) C{z € D : Up(z) — up(z) < 0},
then Ot € W~ and (007 \ {0}) C {x € D : Up(z) — up(x) = 0}. This
means that Uy — ug must achieve its maximum in O" at the origin, which
contradicts £ € O~ and tV — t* = mxﬂo,xew-(% —up). O

11 g-Valued Minimal Surface Equation

The results of the previous sections can be extended to functions of more
than two values. For ¢ > 2, in [SWO07] it is noted that given ¢, € C'(S;) we

can solve the equation
= \ Vi @ o ap

in D with boundary data (. This gives us a unique solution wug so that the
g-valued graph

G = {(re”, uo(r'/1,0/q)) : 7 € (0,1),0 € [0,2¢m)}

is an immersed minimal surface with prescribed boundary data ¢q(0/q). It
thus makes sense to call M,y the g-valued Minimal Surface Equation, or
qMSE. As before, we write u(r, 0) = uo(r'/?,0/q).

In this case, the analogue of Theorem 4.4 we shall need is the following;:

Theorem 11. 1 Suppose that g is even in 6, so that @o(—0) = @o(0).
Suppose also =2 < k < g with (k,q) =1, and ¢y is ” rotationally
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symmetric, so that ¢o(0 + 2) = o(0). If the solution ug to the ¢gMSE with
boundary data ¢o cannot be extended continuously across the origin, then
for every t € (lim,._,ug, lim,_gug) there is a p > 0 such that

r—0

2k

GNB,((0,1) = L)

J=1

where each L;(t) is an embedded minimal surface-with-boundary
{0} x (t = p,t + p). We can further label the surfaces so that

L(t) C {(rew,U(T, 0)):1€(0,p),0 € <m * g’ J!% a g)}

for j=1,...,2k. Furthermore, G has unique tangent cones at
(0,lim, ,up), (0,lim, .o up), each consisting of k vertical planes (counted
with multiplicity).

Proof: Theorem 12.1 of [RO7] gives a general description of the g-valued
graph G near {0} x [lim, ,ug, lim, o) of a solution ug to the ¢gMSE
which cannot be extended continuously across the origin (Wlth no symmetry
assumptions on the boundary data). That G N B,((0,t)) = U L;(t) for

each t € (lim, , uo, lim, o 1g) when the boundary data is even and 2,:
rotationally symmetric as above, is shown in the proof of the second part of
Theorem 12.2 of [R07]. Theorem 12.1 of [R07] also gives a general
description of the tangent cones of G at (0,lim, ,up), (0,lim,_o ), stating
that they respectively consist of at most ¢ — 1 vertical planes.

As we will need a more specific description of the tangent cones of G at
(0,lim, ,up), (0,lim, g up), let ¢ € (lim, _,uo, lim, g up) and consider the
surface L;(t) as above. Then we can continuously choose

0,(t) € (% bz g) such that H,(t) = {6 = 6,(1)}, where H,(t) is
the tangent vertical half-plane of L;(t) at (0,¢). We then define ®(pg) = —1
if 6,(t) is decreasing as t € (lim, , ug, lim, g up) increases, and ®(py) =1 if
instead 6 (t) is increasing (we also define ®(py) = 0 in case ug can be

extended continuously across the origin).

Suppose that ®(¢g) = —1, and let 6,(b) € [% +I,Ur %] be the
limit of the angles 6;(t) as t increases to b = lim, o ug. The proof of
Theorem 12.1 of [RO7] shows that the unique tangent cone C of G at (0, b)

can be written as C = Zz o C¢ where
Co = [{0 = Ooi(b) }| + {0 = O2i(b) + 7} + ...
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o4 {0 = 0a(b) + o = 61(b) + 2q7},
and for 1 </ <k—-1

Co= {0 = 020(D)}]| + |{0 = O20(b) + 7} + . ..

oo {0 = 02(b) + g = 204 (D) }

where each ny, € N is odd, and [{f = 6y}| is the multiplicity one
two-dimensional varifold associated to the half-plane {6 = 6,}.
Furthermore, for each 0 < ¢ < k — 1, C, is the unique tangent cone of

{(mw’u(r, 0)):7€(0,1),0 € (@ g @ - g)}

at (0,b).

This shows C consists of at least £ many vertical planes. On the other
hand, u(r,0 + 2) = u(r, §), which implies that for each 1 < ¢ <k —1

Ty = Stz (Co)
k
where Saus is the rotation Saws ((rei®,t)) = (rel®+*#) ). Hence, if Cy does
k k
not consist of a single vertical plane, then C must consist of at least 2k

many vertical planes. This is a contradiction, since q;21 < k and C cannot
consist of more than ¢ — 1 many vertical planes.

Hence C = Efil {6 = 0;(b)}|, and similarly, G has unique tangent cone
Z?L {6 = 6;(a)}| at (0,a) for a = lim, _, ug. We can now state the

2222, —0

g-valued versions of our main results Theorems 5.2, 5.3, 5.4. First, we make
an appropriate definition:

Definition 11.2 Suppose g, Py € C(9D) are both even boundary data

which are 2% rotationally symmetric for k € N, then we say that Py is

k-steeper than @y if there exists a ©g € (0, 7) such that

Po(0) = po(0) for 6 € [0,00)
Po(6) < @o(6) for 6 € (5, 7].

The following extensions then hold:
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Theorem 11.3 Suppose S+ < k < q,(q,k) = 1 and @y, Py € C(OD) are
both even 2]: rotationally symmetmc boundary data with Py k-steeper than
wo. Also suppose (o) = —1 and that, for uy, Uy the solutions to the 2MSE

with boundary data ¢g, Py respectively,

[hn(l) U, hn% ug] N [lnr(l] Uy, hm U] # 0.

Then ®(Py) = —1 as well.

As in the two-valued case, this is used to prove the following converse to
the second part of Theorem 12.2 of [RO7]:

Theorem 11.4 Suppose 45= L <k <q,(q.k) =1 and @o, 10 € C(OD) are
both even ,: rotationally symmetmc boundary data with ®(pg) = (1)) # 0.
Then there is a continuous deformation o of even ]: rotationally

symmetric continuous functions with poo = @o and p1,9 = Yo such that for

each s € [0, 1] we have ®(ps0) = P(po) = P(y).
We also have a version of Theorem 5.4:

Theorem 11.5 Suppose Q;zl <k <gq,(qk)=1, then for all ¥y € (0, T)
and M > 0, there exists an ¢ > 0 so that ®(pg) = —1 for all even 2
rotationally symmetric boundary data @y € C(OD) with ||@ollcop) < M + ¢,

wo(0) > M for 6 € [0, — €], and ¢o(0) < =M for 6 € [y + €, 7).

Proofs: Theorem 11.5 follows from Theorem 11.3 as in the two-valued
case, using the comparison boundary data ¢, o = acos(kf) for a > 0 which
yield discontinuous solutions to the ¢gMSE by Theorem 13.1 of [R07] (the
proof that ®(¢,0) = —1 follows similarly as the proof that

®(acos(f)) = —1 in the two-valued case). Theorem 11.4 also follows from
Theorem 11.3 through a modification of the proof of Theorem 5.3.

To more clearly see how to modify the arguments of Theorems 5.3,5.4 to
the present g-valued case, we describe the proof of Theorem 11.3. Assuming

[lim 1y, hm up] N [lim Uy, hm Up| # 0,

r—0 —0 r—0

we can show as in the two-valued case that there is a o > 0 sufficiently
small so that
Up(r,0) — up(r,0) < lim Uy — hrr(l)uo <0

r—0
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using the fact that 6,,1(b) = 2 where b = lim, o uo. If we consider O~ to
be the connected component of {z € D : Uy(x) — up(x) < 0} containing
(0,0) x {0}, then the Maximum Principle implies that

D0~ N {6 : Py(0) — po(0) < 0} 2 0.

Since uq is even and 2% rotationally symmetric in 6, then ug is symmetric
about 0 = %ﬁ for each £ =0,...,2k — 1. We can thus find an

= €{0,.... 52|} and a 0~ € (69 + =, T + 22L) (note 6~ € (0,7))
along with a continuous curve v~ C {z € D : Up(z) — uo(z) < 0} with
77((0,1)) C {x € D : 29 > 0} such that 7~ (s) = (s,0) for s € [0,0), and

v (1) = €.

We can similarly find an ¢+ € {0,...,[%51]} and a 0+ € (25,9, + £
along with a continuous curve y© C {x € D : Uy(z) — up(z) > 0} with
vH((0,1)) C {x € D : x5 > 0} such that 4" (s) = (—s,0) for s € [0,0), and
yHI) = e

If ¢+ < {~, then the curves v~ and 7" must intersect, giving a
contradiction. Assuming ¢+ > ¢~ then consider

‘ i<97 2ﬂ<z+—e*)>
Rot(re) = re § :

However ug, Uy are 2?” rotationally symmetric, which implies that

Rot(y") C {zx € D : Up(x) — up(x) > 0} as well as

om(tt — ) 2m(lt — 4)] } |

Rot(y") C {T@w :re(0,1),0 € [— ?

On the other hand, Rot(y*)(1) € {€” : € (22,0, + 224}, and

i(ﬂ_ o (et 4‘))
Rot(y")(s) = se *

for s € (0,0) where
2 (0t — 0~
0<a- =0 o
k
Since v~ (s) = (s,0) for s € [0,0) and v~ (1) = ¢~ with
0~ € (0 + =, T + 220 then Rot(y") and y— must intersect, which is a
contradiction. U
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