Discontinuous Solutions to the
Two-Valued Minimal Surface Equation

Leo Rosales
Rice University



0. Introduction

M"™ c R"T1 immersed is stable if for X, ¢ with compact support
/MdivMX dH™ = 0 (Minimal)

/M C2|Aps|? dH™ < /M IVM¢|? dH™  (Stability Ineq).

e Area minimizing M, and graphs of solutions to the MSE:
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are stable.

e singM = points near which M is not smooth, embedded.



[Schoen-Simon81]: If M™ ¢ R*"t1 is an embedded, stable, with
H"=2(singM) < oo, then
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[Wickramasekera]: M™ immersed, then near ©,; < 3

singM = branchM«,,_o>UsINgM,,_7.



[SWO07]: PDE method for producing stable immersions G™ C Rnt1

with branch set (n — 2)-dml C1-® submanifold, Zo, symmetric.
k

[Rosales07]: For n =2

e More complete description of the PDE method.

e Give “even” examples of branched G c R3.

Thm: For n = 2, we further investigate the case when the PDE
method does not produce branched immersions.



I. PDE Method

Dv|?
Fo(v) = /D 4r2\/1 + |4T2| d

r = (x1,25) = re? and (z,t) € R3

D = {|z| <1}, Dp = {|z] < p}




If

Dggqu

\/1_|_ |Duo| =

Mo (ug) = Z Da:j

1 .
Then u(r,0) = ug(r2e9/2) for r € (0,1),0 € R
e locally solution to the MSE
e period 4x«

Mg = Two-Valued MSE =2MSE.



[SWO7]: For all g € C(S1), there is a unique ug € C®(D \ {0})

MO(UO) — Z Da?j / > = 0,

® up|g1 = g continuously,
® SUPp \p, |Dug| < C(o,p,supg1 |eol),

e p=1if ¢q is C=.



Proof:

r ifr>9d

Let rg =
"9 {25/2 ifr <&

( )

2
Ms(w) = ) Dqy, = 0.

- \V L '5535'2/

e Interior and boundary gradient estimates for Non-Uniformly El-
liptic PDE's by [S76] implies Jus|q1 = o.

e A subsequence us — ug uniformly on compact subsets of D\ {0}.



Note that:

® uUp € C(D\{O})

e Uniqueness follows as in [Finn53].

e Solutions and differences of solutions to the 2MSE satisfy the
Maximum Principle.



We use Mg to get C1@ branched stable surfaces.

e For Mg(ug) = 0, we define the two-valued graph
G = {(re”, u(r,0)) : 7 € (0,1),0 € [0, 4n)}

with u(r,0) = uo(r%ew/Q).
e G is minimal in (D x R) \ ({0} x R).

Stability depends on whether ug € C(D).



[SWO7]: If ug € C(D), then G is C1@ stable branched.

Proof:

1
o For X = Xq(r2e¥/2)

diveX dH2 =0
J, dive

e Uniform Mass Bound: (for any G)

H2(G N By((2,1))) < ep
if BQP((m,t)) C D x R.

[SWO7]: If ©o(8 4 37) = ¢o() with k > 1 odd, then ug € C(D).



Take ug ¢ C(D), G = graph of u(r,8) = ug(rl/2¢¥/2).

o GN ({0} x R) = {0} x [lim, _quo, lim,_.o uo]

0=0

e interval of discontinuity := (lim,_,qug, lim,_qgwug)



R@ %“’_\
G, G,

e For 0 € [0,27) then

1
’LL1<’7‘, 0) — UO(T§,9/2)
1
un(r,8) = ug(r2,6/2 + )
forO<r<1andfy<b<by+ 2m.

e GN((D\ {re}) xR) = G; UGo.



[SWO7]: If ug ¢ C(D), then at a dense set of *“good” heights
to € (lim,_.q ug, lim; 0 ug)

G N Bp((0,t0)) =

L.(t,)) L. (t))

increasing/decreasing



If (0 + 25) = wg(0) :

o ug(r,0+ 2%) = ug(r,0), and G is Zax.
k

e But if ug & C(D) :

L,(t,) L. (t))




II: A More Complete Description

[RO7]: If ug ¢ C(D), then every tg € (lim,_,oug, lim,_oug) is good:

L.(,) L.(t)

>

S

At the endpoints, G is a graph off a vertical plane:




Proof: Assume ¢ even, let ug ¢ C(D).
¢ UO(’I“, _9) — UO(’I", 9)

e Cut G along 1 > 0

u1(r,0) = uo(r%, 0/2)

1
us(r,0) = ug(r2,0/2 + m)
forO<r<1and0<6 < 2.

e [ hen (G; = reflection across x1 of G» .

u1(r,2m — 0) = us(r,0).



Lemma: If t is a good height (dense)
L1(t) c Gin{x1 <0}
Ly(t) C Gon{z1 < 0}.

0=0 0=0




Proof: Suppose Li(t),Lo(t) C G1N{x1 < 0}

S,

L 4
L 4
-
L 4
-
L d
-
-
-
L d
L d
"
-

ulzt Q
wu—t
Since Q2 C {x1 < 0}, a barrier argument gives contradiction:

Hm wuq(x) = t.
x—0,xe 1( )



Proof: All heights are good.

Let tg € (lim,_,gug, lim,_gug), choose good heights t; < tg < to.




We now apply the Theory of Varifolds:

e 9G1 N Bs((0,t9)) ={0} x (tg —o,tg+0) :

G1+ RxGq
is stationary in B5((0,tp)), by the Reflection Principle of [A75].

e G1NBs((0,ty)) = graphg uy implies the tangent cones of G at
(0,tg) are sums of vertical half-planes:

q0
C= ) |Hgl, with Hy C {z1 < 0}.
k=1

By a compactness result of [SS81] for stable surfaces.



o If C =32, |Hy|, then for o small

q0
disty(G1 N Bs((0,tg)), U H) < do.
k=1

e [SS81] states “a stable surface close to a plane is a graph over
that plane,” and so:

a0
G1 N Bs((0,%0)) \ (D5 xR) = | ) Lk
k=1

with
L. = graph over H,.



e By Allard’s Boundary Regularity Thm [A75], suppose gg = 3.



s $t2

>
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e Suppose t € (tg — o,tg) are good heights.



The problem we want to rule out:




e Applying Sard’'s Thm for tg — o <t < tg, then

G100 (Do x {t}) =




e Consider the cross-sections:

lele)

e(m —9) < |vg, (v(1)) — v, (1(0))] < [y Ag, | dH!



e We get G’{ C Ds, X [to—%",to—%‘j]

tO—G/S

t0—36/8
tO—G/Z

t0—56/8

t0—70/8

c(r—9)a < | |Ag,| dH?
G1



[SS83]: M C B1(0) simply connected, minimal, with 0 € M and
BQP(O) C B1(0) :

5 H2(M N By,(0))
/MS [Ap|* < 13 ( (Qp)Qp + 1)

My = component of M N B,(0) with 0 € M.



e However,

H2(G1 N Byy(x*, tg — 0/2))
3 ( (2p)2 T

1) < Uniform Mass Bound.

e Using Cauchy-Schwartz:

1/2 1/2
c(r—o < [ |Ag,| dH? < (/ Ag,|? dH2> : (/ dH2>
G G1 1

1

e SO by [SS83]:

1/2 1/2
(m—1%)o <c- < - dH2> <c <(5 >2> = cdo

o

since G? C Dss X [to — %T,to — %7]



Thus, we cannot have:

Thm: If ug € C(D), because the set of good heights is dense,

G N By((0,t)) = L1(t) U La(t)

for every t € (lim,_,qgug, lim,_qgug).



e A similar analysis shows G is a graph off a vertical plane near
the endpoints. For ¢g even, the vertical plane is {1 = 0}.

e [SWO7]: There is a dense set of good heights.

Proof: Consider points of almost local minimum density.

Let £ = infyc[q ) ©:((0,t)), then for all ¢, 3 tg, pg, SO that for all
t € (to — po,to+ po),p < po

2
o< PGB0
uye




III: Discontinuous Solutions

[RO7]: For a # 0, the data ¢g(0) = acos(), gives ug ¢ C(D).

0=0




Thm: For all M > 0O there exists € so that if ¢g € C(Sl) IS even with
M < g for e (0,7/2—¢)
o< —M for 0 e (w/24+¢€m)

and |l¢ollg1 < M + ¢, then ug & C(D).




[F63]: Gradient estimates for solutions to the MSE, through the
construction of comparison surfaces.

vl




Proof: Let ¢} — MXg /) — MX (/o ) With u}y € C(D).
e Interior gradient estimates gives u*é — ug € C(D).

e Maximum Principle: —M < ug(0) < M.

\ > /

Q ~



e Choose p — 1 so that ug(p,-) is two steep lines at height ug(0) :

—

0=0

o Consider u, g With ¢, 0(0) = acos(f) + ug(0) on Dp.



o Consider {x € Dy : ug — uq,0 > 0} :

then 092 € {ug — uq 0 = 0}, by the Maximum Principle.

e Considering {ug —uq,0 < 0}, we get a contradiction.



We can also consider ¢g-Valued MSE

2 D4 .v
Mo(v) = ) Da \JDv’Q
=t \I T ey

e ug & C (D), then for all but finitely many ¢t € (lim,_,qug, lim,_gug)

q0
GNB((0,0) = |J Lj(®)
j=1

2 < qo < 2q—2 even.

e For g = 3, cos(20) gives ug ¢ C(D).






