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§6.5  Some General Expressions for the Retarded Fields 
 
 Here we use the GreenÕs function for the wave equation derived last time, to get expressions 
for Φ and A and E and B in terms of the current and charge densities in the source.  These are 
equations that we will use in Chapter 9 (for antenna problems) and Chapter 14 (for radiation 
from accelerating charges). 
 
 Φ and A of a time-dependent source 
 
 The inhomogeneous Maxwell equations, in Lorenz gauge, were written 
 

   (6.15) 

 

   (6.16) 

 
The GreenÕs function, which satisfies 
 

   (6.41) 

is 
 

   (6.44) 

 
The electrostatic potential due to a series of point charges qn that exist at certain points xn' and 
times tn' would be 

   
Converting to an integral by letting Σnqn →!d3x' ρ, we would guess that 

   G(x, t; x!, t!) (X6.20a) 

Let's check that (X6.20a) is really a solution of (6.15). Substituting (X6.20a) into the left side of 
(6.15) gives 

 
 
 

So (X6.20a) is indeed a solution to (6.15). Similarly,  

=  - 1
4!"

o

 d3x#dt# $(x#,t#) 4!%(3)(x-x#)%(t-t#)  =  - 
$(x,t)
"

o
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   G(x, t; x!, t!) (X6.20b) 

 
is a solution to (6.16). Substituting (6.44) in (6.20) and doing the t! integration with the delta 
function gives 

   (6.48a) 

 

   (6.48b) 

 
 Equations (6.48) are remarkably simple and intuitive.  They are the same as the electrostatic 
and magnetostatic expressions, except that the source charge and current densities are evaluated 
at the retarded time, not the observation time. That's about as simple a result as we could have 
hoped for, under the circumstances. So letÕs plunge right in and calculate B: 
 

  
 
Since J is explicitly a function of x' and t′, not x, we drop the first term. The second can be 
rewritten: 
 

   =    –
µ0

4!   +  

 
  = 0 by integration by parts for localized source. 
 
Far from the source 
 

B =    µ 0

4! |x|
  

 
The first term = 0 for a localized source.  
 

B = -  
µ

o

4!
d3x" #" 1

x-x"
$J(x",t")

 

  B = !" A = 
µo

4#
d3x$

!" J(x$,t$)
x-x$

 + 
µo

4#
d3x$! 1

x-x$
" J(x$,t$)
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That is a remarkable conclusion!  The magnetic field caused by a localized time-dependent 
charge and current distribution has |B| ∝ 1/|x|2 at large distances. Since radiation fields must be 
proportional to 1/r, this means there is no radiation magnetic field.  Of course radiation E and B 
fields generate each other. If there is no radiation magnetic field, there is no radiation electric 
field either. So we have shown that a time-dependent charge and current distribution cannot 
generate electromagnetic radiation.  That means that antennas can't radiate and therefore that 
radios, cell-phones, etc., can't work. 
 
 Before we rush off and publish this exciting result, we should probably go back and check 
that we did the calculation exactly right. In the lines after (6.48b), we considered 
   

   
           
We threw out the ∇×J term because J = J(x',t') and so doesn't depend on x. But a nit-picker 
would object that the gradient represents an x-derivative at constant t, not at constant t'. So 
maybe the x-derivatives aren't zero, i.e.,   

 

because t! = t Ð 
|x Ð x!|

c  . So our argument that led to the conclusion that radiation can't be 

generated may be flawed. 
 This is an indication that, in radiation theory, you have to be VERY careful about taking 
partial derivatives.  Taking ∂/∂x and ∂/∂t of (6.48) isnÕt going to be easy. So let's not do it that 
way. Instead, let's follow Jackson ¤6.5, and use the wave equations for E and B, rather than using 
(6.48): 
 

  ∇ × E = Ð 
∂B
∂t   (6.6c) 

 

  ∇ × B = µoJ + µoεo 
∂E
∂t   (6.6b) 

 
Take the curl of (6.6c) and use (6.6b) 
 

  ∇ × (∇ × E) = − 
∂
∂t  





µoJ + µoεo 
∂E
∂t   

 

But ∇⋅E=ρ/εo from (6.6a), so we can write 

!

!x
i

 J
j
(x!,t!)

x !,t
  =  

!J
j

!t!
x !

 
!t!

!x
i t,x !

  ! !"E  - !2E + 1

c2
 
!2E

!t2
  =  - µ

o
 
!J

!t
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  ∇2E Ð 
1
c2  

∂2E
∂t   = µo 

∂J
∂t   + 

1
εo

  ∇ρ (6.49) 

 
To get B take curl of (6.6b) and use (6.6c) 
 

  ∇ (∇á B) Ð ∇2B = µo ∇ × J Ð  
1
c2  

∂2B
∂t2   

Using (6.6d) and rearranging gives 

  
! 2B - 1

c2
 
!2B

!t2
  =  - µ

o
! " J(x,t)

 (6.50) 
 
 We can write down formal solutions to (6.49) and (6.50) immediately using the GreenÕs 
function (6.44).  However, we have to be very careful about the derivatives.  For (6.49) multiply 

(6.41) by 
   

Ð
µo

4!
"J(x#, t#)

" t#
Ð 1

4! $o

" %(x#, t#)
" x#

 

and integrate 
 
 

  
! d3x" ! dt" - 

µ
o

4#
 
!J(x",t")
!t"

 + 1
4#$

o

 
!%(x",t")
!x"

 &2 - 1

c2
 
!2

!t2
 G(x,t; x",t")

 
 

  
   

= + 4! d3x! dt!
µ o

4!
" J (x!,t!)

" t!)
+ 1

4! "o

"#(x!t!)
" x!

$(3)(x-x!) $(t–t !)  

 

  Ð  =  

 

µ
o
 
!J(x,t)

!t
 + 1

!
o
 " #(x,t)

 
 
 
Comparing this with (6.49) indicates 
 

   

 
Substituting (6.44) for G 
 



PHYS 532  Lecture 9 Page 5 

   

 

  = Ð  

   

d3x!

µ0

4"
#J

#t! x!

+ 1
4"$0

%!&(x!, t!)
t!

|x – x!|
t!= t – |x – x!|

c

 (X6.21) 

 
As so often happens in this course, we need to perform an integration by parts on the ρ term.  But 
there is a subtle point 
 

   

 
 

   

 
 

  t! = t Ð     |x – x!|
c           

 

  
!t!
!x!i x,t

  =  - 1c 
!x-x!
!x!i x

  =  1c 
x-x!
x-x!

  =  R
cR

 

where R=x-x′. 

  

! 
! 

" # $( " x , " t )( ) " t 
 =  " # $( " x ,t %

R

c
)

& 

' 
( 

) 

* 
+ 

x,t

 %  
R
cR

,$

, " t 

& 

' 
( 

) 

* 
+ 

" x 

- 

. 
/ 

0 

1 
2 
" t = t%R / c

 (6.53) 

There is no similar problem with the    !J
!t "

 term.  Substituting (6.53) in (X6.21) gives 

 

  E(x,t)  =  - d3x! 1
R

 
µo
4"

 
! J
! t! x!

 + 1
4"#o

 $!%(x!,t - Rc)  -  R
4"#ocR

 
! %
! t! x!  ret

 

It is useful to rewrite the second term 

   

 
so that 
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! 

E(x,t)  =  
1

4"#
o

d3 $ x %  

& $ x ,t '
x ' $ x 

c

( 

) 
* 

+ 

, 
- 
) 
R 

R2
+

) 
R 
cR

.&( $ x , $ t )
. $ t 

( 

) 
* 

+ 

, 
- 

$ x 

/ 

0 
1 

2 

3 
4 
$ t = t'R / c

 '  
1

c2R
.J( $ x , $ t )
. $ t 

( 

) 
* 

+ 

, 
- 

$ x 

/ 

0 
1 

2 

3 
4 
$ t = t'R / c

5 

6 
7 
7 

8 
7 
7 

9 

: 
7 
7 

; 
7 
7 

   (6.55) 
 
Now using the GreenÕs function to solve (6.50) 
 

   

 
Going through a procedure similar to that used for E 
 

  
   ! J j(x",t – R/c)

! xi
"

x,t

=
! J j(x", t")

! xi
"

t"

+
! J j

! t"
x"

! t"
! xi

"
x, t

 

 

  
   

! " # J(x",t")
x, t

= ! " # J(x",t")
t"

+ ! "t" # $J

$t"
 

 

  = 
   
!" # J(x",t")

t"
+ R

c #
$J

$t "
x"

 

 

  

   

B(x,t) = µ 0 d3x!

(" ! # J(x!,t!) (x,t) – R
c # $J

$t! x!

|x – x!|
 

 

  
   
d3x!"!x

J(x!,t!)
|x Ðx!|

= d3x!
"! # J(x!,t!)

|x Ðx!|
+ d3x!"! 1

|x Ðx!|
# J(x!,t!)  

 
 
The left side = 0. 
 

     
!" 1

|x Ðx"|
= + R

R2  

 

  
  

!  

B(x,t)  =  "
µ

o

4#
d3 $ x %

) 
R 
R2

&J( $ x , $ t ) +

) 
R 
cR

&
' J

' $ t 

( 

) 
* 

+ 

,  
- 

$ x 

.  

/  
0 

1 

2 
3 

$ t = t" R / c

  (6.56) 

 
Equations (6.55) and (6.56) are called the Jefimenko generalizations of the Coulomb and Biot-
Savart integrals.  We are going to use these to calculate radiation fields of an accelerating point 
charge. 
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Comments 
 
1. First term in (6.55) is the Coulomb term.  ItÕs just calculated using the retarded charge 
density.  ItÕs ∝ 1/R2 and doesnÕt contribute to the radiation field. 
2. The third term gives the radiation E field. 
3. The first term in (6.56) is the Biot-Savart integralÑ current evaluated at retarded time.  But 
it doesnÕt give 1/R radiation field.  The " J/" t! term gives a radiation field. 
 
Thus the radiation field comes from a time-dependent current.  WeÕll use these formulas to 
calculate the fields of an accelerating charge. 
 


