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§6.5 Some General Expressions for the Retarded Fields

Here we use the Green@ fundion for thewave equaion derived last time, to get expressions
for ® and A andE and B interms of thecurrent and chagedendtiesin thesource. These are
equdionstha we will use in Chapter 9 (for antenna problems) and Chapter 14 (for radiation
from accelerating charges).

& and A of atime-dependent source

TheinhonmogeneousMaxwell equaions in Lorenz gauge were written

82
- CL W)(D = _ple, (6.15)
] 9
VZ—FW A=—uyJ (6.16)
The Green@ function, which satisfies
82
Vi % |Gl X = — 450 (e=x)d(1—1") (6.41)
is
oo L2
Gx,t; x' 1) = , (6.44)

Theelectrodatic potential dueto a series of point charges g, tha exist at certain points x,' and
timest, would be

T2 4G, )
Convetingto an integra by letting ann —Id’x' p, we would guesstha
Dx,1) = f &Cx' i p(x' 1) Gx, t; x/, t) (X6.209

Let's check that (X6.20g isrealy asolutlon of (6.15). Subdituting (X6.209 into theleft side of
(6.15) gives

1 (V2 )f &x' dr' p(x'1) GXEXT) = —f &x'dr p t)(V ———)G(’”X )

dne,

= - 1f d3xdt p(x',t) 4xdP(x-x)d(t-t) = - P(XD)
dme €,

S0 (X6.209 isindeed a solutionto (6.15). Similarly,
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A(x,1) :% f dx di' J(x', 1) G(x, t; x/ t)) (X6.20b)

iIsasolutionto (6.16). Subdgituting (6.44) in (6.20) and doing thet’/integration with theddta
fundion gives

D(x,1) = ) (6.489

e

)
Apxn) = o f i e (6.48b)

Equaions(6.48) are remarkably ssmple and intuitive. They are the same as the electrodatic
and magneodatic expressions except tha the source charge and current dengties are evaluaed
at theretarded time, nottheobservationtime. That's aboutas smple aresult as we could have
hope for, unde the circumstances. So let@ plunge rightin and calculate B:

o H, 3 (X$t$ M, 3
B=I" A= 4#fd . fdxtf| $)J(x$t$

Since J isexplicitly afundionof x' andt’, notx, we drop thefirst term. The second can be

rewritten:
L
B= 475f d°x |x |

=K fd%c’v’xJ(x’l,) “Ofd3’ I T)

Ead

xJ(x' 1)

= 0 by integration by partsfor localized source.

Far from the source

3.7

Thefirst term = 0 for alocalized source.
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That is a remarkable conclusion! The magneic field caused by alocalized time-dependent
charge and current distribution has [B| « 1/|x[* at large distances. Since radiation fields must be
propottiond to 1/r, this meansthereis noradiation magndic field. Of course radiationE and B
fieldsgenerate each other. If thereis noradiation magnédic field, there is noradiation electric
field either. So we have shown tha atime-dependent charge and current distribution cannot
genaate electromagndic radiation. Tha meansthat antennas can't radiate and therefore tha
radios cell-phones, etc., can't work.

Before we rush off and publish this exciting result, we should probably go back and check
tha we did the calculation exactly right In thelines after (6.48b), we consdered

fd3'VXJ(X ) fdxv

7 X J(XL)

We threw out the VxJ term because J = J(x',t') and so doesn't depend on x. But a nit-picker
would object tha the gradient represents an x-derivative at condant t, not at condant t'. So
maybethe x-derivatives aren't zero, i.e,,

or’
ox.

1

l I.X

RN I
[ax."j(" ’t)L,,t - (at’
x Bx/
because t/ =t c -
genearated may beflawed.

This is an indication tha, in radiation theory, you have to be VERY careful about taking
patia derivatives. Taking d/ox and d/at of (6.48) isn® going to be easy. So let's not do it tha
way. Indead, let'sfollow Jackson ©6 5, and use thewave equaionsfor E and B, rather than usng
(6.48):.

oB
VxE=D7p (6.60)
oE
V xB=uoJ + et 3t (6.6b)

Take thecurl of (6.6¢) and use (6.6b)

d ( 8E>

VX(VXE) - ot MOJ+Mo£oat
0%E oJ

E)-VZE+ L2 =y &
V(V-E) t Mo o,

But V-E=pl/e, from (6.6@), so we can write
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1PE a1
VEDZ 5t =gt tg VP

To get B take curl of (6.6b) and use (6.6¢)
1 o°B
V (V&B) BVB=u,VxJID 2 57
Using (6.6d) and rearranging gives

I 2B_L627B

c2 ot2 = -u,! "I
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(6.49)

(6.50)

We can write down formal solutionsto (6.49) and (6.50) immediately usng the Green®
fundion (6.44). However, we have to be very careful aboutthe derivatives. For (6.49) multiply

Mo "JOXH W 1 "UXHH
©ALby Pz — g Parg, —@

and mtegrate

N aJ(X",t") L1 o%X"t")
4#  or" 4H#$ ox"

Y [ &’ [ dt (5_ "J..(?)” 4!180 i (X”) 5I(X-X') (tt')

e

(&2 19 )G(xt X" t")
c2 92

2 1 d 3. U, aJ 1 ap(xlt,) ol N\ —
( _Za_Nd fdt (475 oty T ame, x| O EXDF
) WD | 1w ey py
at "0

Comparing thiswith (6.49) indicates

_ 3.7 ! &a-](xlal,) 1 I (A S Y
E(x,l)——jdx jdl (4;; o7 +4MOVp(x,l))G(x,l,x,l)

Subdituting (6.44) for G
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,_lx—x'
E(x,Z)z—fd fdz' L;;(f'ﬂ(x l)>’+41 (Ve 1), o(1 — 1 — X=Xl

e, e — x|

=D fd3 | 4n (3;') 4;180 (Vipx, 1)

Ix — x|

(X6.21)

_ e Ix=x'I
t=t-=7=—

As so often hagppensin this course, we need to paform an integration by parts onthep term. But
thereisasubte point

ox

I3

, lx — x'l
(ap(x’,z’)> B} ap(x,z——c )
ll : Ix—x'l

x,t

_ | 9px’, 1) +(8p) ot
ax; |, lx —x'l al dx x, 1

ox, '
- Ix — x'I
t/=tb XX
ot p(axxy) _ g xxt R
XL |, Claoxt |, Cixx| cR
where R=x-x'.
Vo), = (Voua=2) - Bl(%) (653)
! ¢ ) RN\ | p.
Thereisnosimilar problem with the g—j[], term. Subdituting (6.53)in (X6.21) gives

- _ 3/ !""0 ‘] 1 ' ' _B _ R Ip
E(D f dx R{4 ('t’) ame, ¥ P C) 4neocR(!t’

(0}
It isuseful to rewrite the secondterm
ff (V—) ff ’V’ % fd%c’pv /R = fd3x’ PR

0 tha
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, |x—x’)ge
-
fd3xl p(x c +£|:(0')p(x/’t,)) ] _ 1

aJ(x,t'
BeD = e R Rl ar ﬁ( J(é't’ )) ]
o X' Jt'=t-R/c
(6.55)
Now using the Green@ fundion to solve (6.50)
_ ﬁ 3 7 V, XJ(xlal,)z’
B(x,7)= 4n j dx be—x'l |, r
Going througha procedure similar to that used for E
(! ng",t—R/c)) (! Jj(X",t")) (! JJ) |
0 = 0 + | — _—
Ix; Ix; ), \!t X--(!Xi)
Xt t X,t
(r "#J(x",t'))m: (1 #I) + 1 #(g)
= (V/ X J(Xf,tf)){ + %X (g—'t],) ’
[(" 1 (xL D, — R (%) ]
B = “°[d3X! X— X1 '
3 J(X t) 3 ,V'XJ(X,,t,) 3y /7! 1 Y
Idex( |) fd W+[dxleax,lxj(x,t)
Theleft sde=0.
1 _, R
v Xbx|~ "R
B(x,t) =" “0 %3x%—&J(x$t$+—&§ tJ 5 3 (6.56)
X¥1$-t"R/c

Equdions(6.55) and (6.56) are called the Jefimenko geneaizations of the Coulomb and Biot-
Savart integrals. We are going to use these to calculate radiation fields of an accelerating point
chage
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Comments

1. First term in (6.55) is the Coulomb term. 1t@3 jug calculated usng the retarded charge
dendty. It& « 1/R? and doesn® contribute to the radiation field.

2. Thethird term givestheradiationE field.

3. Thefirst termin (6.56) is the Biot-Savart integralN current evaluaed at retarded time. But
it doesn®give IR radiationfield. The" J/"t/term gives aradiationfield.

Thus the radiation field comes from a time-dependent current. Wed use these formulas to
calculate thefields of an accelerating charge.



