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Chapter 6. Maxwell’s Equations, Macroscopic Electromagnetism,
Conservation Laws

6.1 Maxwell Displacement Current and Maxwell Equations

Differentia equaionsfor calculating fieldsfrom currents and charges Bwha we have so far

Vacuum Medium
Inhomogeneous V aE =ple, I &b =" (6.13
" B=pJ VxH=J (6.1b)
Homogeneous
oB
VxE+ —ar = (61C)
I -B=0 (6.1d)

These were derived from el ectrodatics and magneogatics, plusthe oB/or term tha was added
to incorporate Faraday® experiments.

James Clerk Maxwell was thefirst to actudly write (6.1), | think. He asked himself whether
anything else needed to befixed to make the equaionscongstent as a complete theory of time-
dependent electromagneism.

Oneclear thing to check isto take the divergence of acurl. Apply to (6.1¢)

L a( " E)+%@=O

(6.1d) isalmog notan indgpendent equaion. Equaion (6.1¢) impliesthat

" -B
1)

so (6.1d) jud states that thecondant valueof ! aB is zero.

Taking thedivergence of (6.1b) gives
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Consrvation of charge, however, implies
I n
v # aJ=0 (6.3)

s0 (6.1b) isincongstent with conservation of charge.

Can we add a correctionterm to (6.1b)?

"B = pJ+f or I"H = J+g
! !
O=p,! &J+! &f 0=V-J+V-g
usng (6.3) '
! !
0=—u, R +v 1 0=D% +vag

[
Wha has adivergence equd to "T ? From (6.19)

M"E_1"9% oD _ op

| = oY _ TP

AT T T VeSar T
0=Bbu, !, " é%w af 0=-! .l',,]t_)+! ‘g

Letétry f: Moao % g :%

Then therevised versionsof the Ampee@-law Maxwell equaion become

Vx B+ e, & (X6.1)
I " H=J+ % (6.6b)
Arethese consstent? Recal tha D="E +l|> (4.34)
eIéctric polarization, dipole moment/volume

Equaion (6.6b) becomes
! "H:J+#0%+% (X6.2)

Is there a physcal interpretation of the! P/! t term? Consde a simple picture of the medium,
with each dipole in the polarizable medium pictured as chages g separated by a vector d,
which changesin time.
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Number of charges/area
crossing plane

P = Ngd = Ng 99 gt = P gt
a at at

So !P/!t is a current dendty assodated with time changing polarization. [t caled the
polarization current

't (X6.3)
Note that Jp satisfies

. a#p
! JP+W :0

where $p = -| B isthepolarization charge dendty defined earlier. Theextra &P/& term (X6.2)
therefore isn@mysteriousN it's physcally unavoidable.

We haveidentified 3 kindsof currents.

¥ Condudion-J

¥ Magndization- V x M

¥ Polarization - &P/&t

Sowha is", ! E/' t physcaly? Maxwell et al. called this the Gracuum polarization
current.O He visudized the vacuumas a pondeable medium tha polarized in respon® to a
changing E.

How big an effective current dengty? Assume E ~100V/m, t ~ 1s

| "E_gg5 1012 10 _gg5 101030
|, w==885" 100" ~T- =885' 1007

Tha® why Faraday and his friendsdidn®discover the vacuum-displacement-current term
experimentally. In experiments with wires and batteries and magnéts, this vacuumdisplacement
currentisrealy, really small. Faraday wouldn®have detected it.
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Maxwell@ Equaions(Now in al their glory)

Free Space Medium
| - E=g VaD =p
IE I'D
| "B = = I "H = el
P"B=puyd + “o#o!t I"H=J+ T
dB _
VXE+W—
V-B=0
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(6.69)

(6.6

(6.60)

(6.6d)

Once Maxwell had his equaions he decided to take them outfor a spin. Do they have any

interesting solutionsin apure vacuum($=J =M =P =0)?
V-E=0

VxB=pg, &

° ot

0B _
VXE+W_

Take curl of (X6.4b) and use (X6.60):

2
Vx(VxB)=Dposoaat—]23

2
V(V-B)-VB=-uz, %[123

2]
VB- e, I8=0
uoso atz

Thisisthewave equaion. Try awave solution
B =Bo cos(k ax D( t)

Bk?Bg + (2 Ho" o Bo=0

(X6.4)

(X6.5)
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Thiswave solution implies thedispersion relation

%2 = Mls = (wave velodity )2 (X6.6)
m
1 1 =2999' 185 =¢ (X6.7)

Jud., V4 #10° #8.85# 1072

Maxwell didn®use the same units.  In his units these were measurement-based condants
representing the strength of theelectric and magndic forces. However, the Maxwell's result was
basically the same.

So, combining the equaionsof eectrodatics, plusFaraday@law + adding the vacuum
polarization term for consstency with conervation of charge, Maxwell founda set of partial
differentia equaionsthat, when applied to a vacuum, reduced to thewave equéion. Thewave
velodty, dependent onthe strength condants for electrogatics and magneodatics, turnsoutto
be3' 108 m/s, which was (and is) the measured speed of light

Theclear implication was that thistheory of electromagnéism also describeslight When
Maxwell realized this, it mug have been oneof the great moments of theoretical physcs.

USE OF VECTOR AND SCALAR POTENTIALS
IN MAXWELLG EQUATIONS

Thereason for usng vector and scalar potentiadsisthat thar use guaantees tha the
homogeneousMEs

| " E=-1P (6.60)
I B=0 (6.6d)

are satisfied. Theassumption tha
B=V xA (6.7)

introducd for magneogatics, guarantees satisfaction of (6.6d). Theassumption
E=DV®D
from electrogatics needs modification for electrodynamics, because it implies! ' E=0. Try

E=DV® +f
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in (6.60
vxE=DE =1 ' ¢
SinceB=! " A,itmakessenseeto set f = D!-!%
E=-1" 18 (6.9)

Tha leaves ussolving for 4 fundions() , Ay, Ay, A;) ingead of 6 (Ey, Ey, E;, By, By, B;).

Wha do theinhomogeneousMaxwell equaionsimply for * andA?~
These potentials are useful primarily for the free-space form of Maxwell(@ equaions
Subdituting (6.7) and (6.9) in thefree-space versionsof (6.68) and (6.6b) gives

0A
ot

V-E=V- (-V(I) - ) =ple,

o ) g, (6.10)

L '+):poj+uo"o[_m_az_f}]:! (I &4A)P! A

124 2 Y a2 6.11
P ©41

wherel used (X6.7).

Thisis4 ecluationsto be solved for 4~unknov\ns But (6.10)and (6.11) are UGLY. They®e
linear, butthey®@e coupled, and they aren@ pretty. This can befixed with the Lorentz gauge
condition (next time).



