PHYS 532 Lecture 11 Page 1

Conservation of Momentum

Consider a situation with free (conduction) currents only, no polarization or magnetization
currents. We start by writing the electromagnetic force exerted on the particles in volume V.

Then using Maxwell’s equations to eliminate p and J in favor of fields:

F:fd3x(pE+JxB):fd3x ao(V~E)E+<mﬂ—ao%>xB (X6.37)
v v o

We try to do to this equation what we did for the energy equation, namely express all the terms

as either a divergence or a time derivative. Switching to index notation, the first term on the right

becomes
_[9E}) ,, _ IEE) OF,
v. g gl 2 YEE) L [IE, OE, OF, (X6.38)
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where g;; is the completely antisymmetric 3rd rank tensor.

Digression on the completely antisymmetric tensor. This tensor is defined as follows:

=11f i{jk =even permutation of 123
e =4 =11if ijk =odd permutation of 123
=0 if any two of the indices ijk are equal (X6.39)

It is useful for representing a cross product or curl:

(AxB) =c,AB, (X6.40)
(VxB) = aljk%—]j (X6.41)
J

The following mathematical identity is very useful:

€t S = 040y — 9,0 4 (X6.42)
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Returning to the problem of “simplifying” (X6.38), we use Faraday's law to write

[(V'E) E], OEE) 1 EE) e £ 9B
axj 2 dx ik =J ot

1

oF, ) G(EiEj— 5 6ijEkEk> oB,

ax, E = ax, —eu B, = 7 (X6.43)

Now let's work on the second term of (X6.37).
0B 0B
[(VxB)xB], = €iik € jim a_xrln B, =¢,¢ jlma_XT B,

Now use the identity (X6.42) to write
0B

[(V x B) x B, = (8 = 01, ) 51 By

_ 9B, . 0B,
=Bigx B

[V xB)x Bl =———Bi 55— 55

However, dB,/dx,=0 because V - B =0, so that we have now

_ 0 1
[(VxB)x B, = o, BB, -EéikBij (X6.44)

Substituting (X6.43) and (X6.44) in (X6.37) gives

EE, 1 B\
F = |[dx ¢,E.E; -5,¢, ky — ¢, E B X6.45
J: { ( 2y, ’ 2%) o )} (o

which can also be written
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_ 3 . _ 3 ﬁeld: 3 mech
F—fdeT fdx o fdx—dl

dpP . ) . .
where —2b = rate at which EM field transfers momentum to particles, per unit volume, and

dt
L i Poynting flux
Pficlg = momentum density in the EM field =¢; Ex B = 2

To see whether it is reasonable that momentum-density/Poynting-flux = ¢, consider a beam of

photons with a number density N of photons, each with energy #w . The energy flux is Niwc .

The momentum density is N7k . The ratio of momentum density to energy flux is k /wc = ¢”.

The “Maxwell stress tensor” is defined by

T,=e,BE -S04 oi_ L5 p 6.120
i~ &Lk i— £+ W~ 2w, i (6.120)
T = - flux of electromagnetic momentum

(Momentum flux is a tensor: 7jj = flux of i-component of momentum transferred in j-direction.)

The momentum-conservation law including the electromagnetic field can be written

jd3x[&”f"h+ ﬁe’d]:jd%VT:deﬁ-T (6.122)
14 S

“ |

Electromagnetic momentum transferred into V through boundary

where
Pﬁeld =¢ ExB
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Physical meaning of %9 W O
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Force and transmission direction are the same

€ 02« . ’ Similar stress tensors are used in theories of
> E° = “electric pressure

continuum mechanics - elastic media and

fluids. The non-diagonal terms are called

2
B = “magnetic pressure”’
2w, - meenetep

“shear stress”

For the eoEiE; term, consider the case where Ellx

< torce -

Ak

A —x force transmitted in the +& direction is a tension acting along the electric field lines. Thus

e, E* = electric tension (force per unit area)
B*/u, = magnetic tension (force per unit area)

The term goE{E; represents a tension €oE” per unit area acting along the direction of E.

Similarly BiBj/u,, represents a tension BY/ U, per unit area acting along B.
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Applications of the Maxwell stress tensor

(A) Force between plates in a parallel-plate capacitor:

_r"'-'_ -"""\-\._
@0 = "+
a E= EQ 5 between plates
- T area A i
= d
2
Electric tension along field lines Ae, ( 0 ) Attractive force
g, A ,
Electric pressure -A 520( QA Repulsive force
€
0
2
Net force Al Attractive
2 g A

The same result can be obtained by integrating pE through a plate, with p = ¢ V-E. This gives
_ - _ 0?
F= Q<E>_ %QEinside - 2¢ A
(8]

(B) Force on a planar current sheet (magnetic pressure):

"What iz the force on the
curent layer?

b () (320 6] (3 ) B0

Bz« By
Answer:
2 2
By _ By

20, 24, to the right.

The same result can be obtained by integrating JxB across the current layer, with J = VxB/u,,.
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(C) Magnetic tension in a planar current sheet:

B

) [ R [£)F) (B ) ) & @ T

Which way is the magnetic force on the current sheet? Answer: to the left.

It’s due to the magnetic tension on the field lines crossing the sheet. Note that a component of B
normal to the current sheet is needed to transmit this force.

The homework (problem 3) asks you to work this out quantitatively for a specific case.

, L e . . . 2 .
It’s OK to visualize magnetic field lines as rubber bands, with a tension B/u,, per unit area. Just
remember to also include the effect of magnetic pressure, if it has a gradient.

A configuration like the above example is appropriate for a magnetospheric tail. There is a

magnetic pressure gradient force [ - V/( BZ/ZMO )] toward the current sheet from both sides (top
& bottom), which is balanced in equilibrium by a maximum of plasma pressure in the sheet.
There is, in addition, a magnetic tension force to the left (toward the planet), which is balanced in
equilibrium by an opposing gradient of magnetic + plasma pressure.

In a vacuum magnetic field configuration (e.g. a dipole field), there are large magnetic tension
and pressure forces, but they cancel one another identically, because their sum is JxB, and J=0
in a vacuum.



