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6.6  Derivation of the Equations of Macroscopic Electromagnetism 

 
 

 
Parameter 

 

 
Microscopic 

 
Macroscopic 

Electric Field e E = <e> 

   Magnetic Field b B = <b> 

  Charge Density η ρ = <η> 

  Current Density j J = <j>. 

  
⇑ 

very strong but with  
spatial scale ~<  1 Å 

 
⇑ 

spatial average 

 

 
 

 
F(x,t)   =  d3x! f(x!) F(x - x!, t) (6.65) 

R = scale length of f(r). 
 
 Assume atomic scale < < R < < size of macroscopic problem 
 
For example, f(x) =   1

!3/2R
3

e–r
2
/R

2   (6.66b) 

Assume Maxwell’s equations work on a microscopic scale: 
 
  ∇ · b = 0    ! " e +

#b

#t
= 0  
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  ∇ · e = η/ε0    ! " b –
1
c
#e
#t

= µ
0

j (6.64) 
 
Multiply by f(x′) and integrate over d3x′. The f(x′) and  commute with ∇ and ∂/∂t.  

Therefore we can write 
 
  ∇ · B = 0 (6.6b) ∇ × E +    !B

!t
= 0  (6.6d) 

 
  ∇ · E = ρtot/εo (X6.22) ∇ × Β –    1

c2

!E
!t

= µ
o
J

tot
 (X6.23) 

 
Divide the charge density and current density into the parts carried by free charge and 
polarization charge: 
 
  ρtot  =  ρ – ∇ · P (4.33) 
 
 free charge density     polarization charge density 
 
 Jtot  =  J +  + ∇ × Μ (X6.24) 
 
 conduction polarization magnetization 
 current current current 
 
 

 ∇ · E = ρ/εo –

! 

" #P

$
o

  →  ∇ · D = ρ where D = εoE + P (6.62a) 

 

 ∇ × B –     1

c2

!E
!t

= µ
o

J +
!P
!t

+ " # M  

 
 ∇ ×    B

µ o
– M – !

!t
("

o
E + P) = J  

 
Using (5.81) and (4.34),                      ∇ × H –     !D

!t
 = J (6.62d) 

 

Let’s derive a conservation of energy equation for a medium, including the rate at which the 

electric field feeds energy into particles 

 

 R   =   d3x j
tot
!e   =   d3x j

tot
!e   !    d3x j

tot
! e  (X6.25) 
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can’t be expressed in terms of macroscopic J and E.  So you can’t derive a 

macroscopic energy theorem based on  

 

 But there is a way to get an energy theorem, by considering just the rate at which the electric 

field feeds energy into free charges—charges that travel distances >> atomic scale.  The energy 

fed into free charges between times t1 and t2 in volume V is 

 
  ΔE  =   

 
             current carried 
             by free charges 
 

The sum is over all the free charges, and    

This is assumed to be a macroscopic distance. 
 

 ΔE  =  
   
q i!

"
vi(t)

t 1

t2

# e(xi(t)) dt = qi!
"

vi(t)
t 1

t2

# E(xi(t)) dt  

 

 = 
   

dt
t1

t2

dx

3
J(x,t) ! E(x,t)  

 
Rate at which electric field feeds energy into free charges per unit volume  =  J·E. (X6.26) 
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Using (6.62d), we can write the rate at which the electromagnetic field feeds energy into 

particles in a volume V: 
  (X6.27) 

Note that 

 ∇ ·  (E × H) = ∇ × E· H – ∇ × H · E (X6.29) 
so that 

 
 

(X6.30)  

Use of Faraday’s law leads to 
 
   (6.105)  

Use of the divergence theorem on the second term gives 

 

    

 
Rate at which electric 
field feeds energy into 

free charges 

Rate at which 
electromagnetic free 

energy flows out 
through surface S, 
which bounds V 

Rate at which 
magnetic free energy 

increases (5.147) 

Rate at which 
electrostatic free 
energy increases 

(4.87) 

Interpret  

 S = E × H = “Poynting Flux”  (6.109)  (6.109) 

as the flux of electromagnetic energy. In a linear medium with B = µH, we have 

 S = 

! 

E "B

µ
 (X6.31) 

or, in free space, 

 S = 

! 

E "B

µ
o

 (X6.32) 

Note:  The charge and current densities ρ and J include currents carried by conduction currents 

in a conductor or semiconductor.  They include all currents in a gaseous plasma, because + ions 
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and – electrons travel distances >> interparticle spacing.  Currents due to polarization of atoms 

are usually negligible. 

 Applying (6.105) to a small volume leads to the differential equation 

 J · E + ∇ · S + 
∂u
∂t   = 0      (6.108) 

which is called "Poynting's theorem." The rate of change of free energy density in the 

electromagnetic field is given by 

  

The first term agrees with the form that came from the expression for magnetic energy, which 

came from Faraday's law. (See (5.147).) The second term agrees with the electrostatic expression 

(4.86). 

 If the medium is linear 

 

 U  =  
H !B +D !E

2
=
B
2

2µ
+
"E
2

2
 =  free energy density in EM field (X6.34a) 

The last form assumes that the medium is isotropic, so that B and H are in the same direction, as 

are E and D. The vacuum form is 

 u =
B
2

2µo
+
!
o
E
2

2
 (X6.34b) 

 Note:  In considering energy conservation, it is useful to attribute an energy flux and energy 

density to the EM field. That interpretation followed naturally when we tried to find an energy-

conservation theorem based on Maxwell's equations. However, this has non-trivial philosophical 

meaning. We could have framed the theories of electrostatics and magnetostatics entirely in 

terms of action at a distance and forces between pieces of material, without mentioning fields. In 

electrostatics and magnetostatics, the fields could be regarded as purely a mathematical 

convenience. However, when we try to write an energy conservation theorem consistent with 

Maxwell's equations in a time-dependent situation, we were pretty much forced to attribute 

physical reality to the fields. When radiation is emitted from a certain region, it loses energy. If 
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and when the radiation is later absorbed by other matter someplace, the energy returns to the 

matter. Between the radiation and the absorption events, we have to say that the energy is in the 

electromagnetic field. That means that you have to regard the fields as being physically real, not 

just mathematical constructs. 

 

Example 1. Electromagnetic plane wave in a vacuum 

   

Faraday's law implies that 

   

so that 

  B  =  E
o
y k! cos(kz - !t)  =  

E
o

c
 y cos(kz - !t) 

The Poynting flux is given by 

  
S  =  

E!B

µ
o

  =  c 
B

2

µ
o

 z  =  c "
o
E

2 z
 

It is in the direction of wave propagation, which is intuitively reasonable. 

 

Example 2. Energy flow in a simple circuit  

 

 
S = 

! 

E "B

µo

.   In the Poynting flux picture, energy flows into the resistor from all sides at the rate  
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 Presistor = 
EB
µo   2πal = V

l

1

µo

µ
o
I

2!a
· 2πal = IV. 

So Poynting’s theorem works okay, but it’s kind of non-intuitive.  Physically, it would seem that 

the energy flows along the wire, but the Poynting flux flows in through the sides of the resistor. 

It should be pointed out that Poynting’s interpretation of E × H as the energy flux was not 

unique.  The energy flux only enters the energy theorem through its divergence.  We could 

interpret 

Energy flux = S′ = E × H + ∇ × G 

 

where G is any vector. It is interesting to consider the following alternative definition of the 

electromagnetic energy flux: 

 

  S′  =  E × H + ∇ × (ΦH)  =  E × H + ∇Φ × H + Φ ∇ × H (X6.35) 

 

where Φ is the electrostatic potential.  For the dc circuit shown above, E = –∇Φ, ∇ × H = J, and 

this modified Poynting flux is given by 

  S′  =  ΦJ (X6.36) 

Now the electromagnetic energy travels along the wire.  It is sometimes convenient to use 

(X6.36) as the electromagnetic energy flux in circuit problems, although it does have the 

disadvantage of not being a measurable quantity.  (∇Φ is measureable but Φ isn’t.) 

 That's all for now about the density and flux of electromagnetic energy. 
  


