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Abstract. An efficient parallel iterative method for finite element method has been de-
veloped for symmetric multiprocessor (SMP) cluster architectures with vector processors
such as the Earth Simulator. The method is based on a three-level hybrid parallel pro-
gramming model, including message passing for inter-SMP node communication, loop
directives by OpenMP for intraaSMP node parallelization and vectorization for each
processing element (PE). Simple 3D linear elastic problems with more than 2.2x10° DOF
have been solved using 3%3 block ICCG(0) method with additive Schwarz domain de-
composition and PDIDS/CM-RCM reordering on 176 nodes of the Earth Simulator,
achieving performance of 3.80 TFLOPS.

1 Introduction

1.1 SMP Cluster Architectureand Hybrid Parallel Programming M odel

Recent technologica advances have allowed increasing numbers of processors to have access
to a single memory space in a cost-effective manner. As a result, symmetric multiprocessor
(SMP) cluster architectures have become very popular as teraflop-scale parallel computers,
such as the Accelerated Strategic Computing Initiative (ASCI, currently "Advanced Simulation
and Computing (ASC)") [17] machines and the Earth Simulator [18].

In order to achieve minimal paralelization overhead, a multi-level hybrid programming
model [2,3,6,12] is often employed for SMP cluster architectures. The aim of this method is to
combine coarse-grain and fine-grain paralelism. Coarse-grain paralelism is achieved through
domain decomposition by message passing among SMP nodes using a scheme such as Message
Passing Interface (MPI) [20], and fine-grain paralelism is obtained by loop-level parallelism
inside each SMP node by compiler-based thread parall€elization such as OpenMP [21].

Another often used programming modéd is the single-level flat MPI model [2,3,6,12], in
which separate single-threaded MPI processes are executed on each processing element (PE).
The advantage of a hybrid programming model over flat MPI is that there is no message-
passing overhead in each SMP node. This is achieved by allowing each thread to access data
provided by other threads directly by accessing the shared memory instead of using message
passing. However, a hybrid approach usually requires more complex programming.

Although a significant amount of research on this issue has been conducted in recent
years [2,3,6,12], it remains unclear whether the performance gains of this hybrid approach
compensate for the increased programming complexity. Many examples show that flat MPI is
rather better [2,3,6,12], although the efficiency depends on hardware performance (CPU speed,
communication bandwidth, memory bandwidth), features of applications, and problem size
[13].

A. Veidenbaum et al. (Eds.): ISHPC 2003, LNCS 2858, 2003.
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1.2 Overview

In 1997, the Science and Technology Agency of Japan (now, the Ministry of Education, Cul-
ture, Sports, Science and Technology, Japan) began a five-year project to develop a new super-
computer, the Earth Simulator [18]. The goal of the project was to develop both hardware and
software for earth science simulations. The Earth Simulator has SMP cluster architecture and
consists of 640 SMP nodes, where each SMP node consists of 8 vector processors. The peak
performance of each PE is 8 GFLOPS, and the overall performance of the system is 40
TFLOPS. Each SMP node of the Earth Simulator has 16 GB of memory, corresponding to 10
TB for the entire system. The present study was conducted as part of research toward develop-
ing aparald finite-element platform for solid earth simulation, named GeoFEM [19].

In this paper, paralel preconditioned conjugate-gradient (CG) iterative solvers with incom-
plete Cholesky (IC) factorization have been developed for finite-element method using a three-
level hybrid parallel programming model on the Earth Simulator. Individual PE of the Earth
Simulator is avector processor, therefore third-level of parallelism for vector processing should
be considered in addition to the two levels, OpenMP and MPI. Following three levels of paral-
lelism are considered:

. Inter-SMP node MPI for communication
. IntracSMP node OpenMP for parallelization
. Individual PE ~ compiler directives for vectorization

In flat MPI approach, communication among PEs through MPI and vectorization for individual
PE have been considered for the Earth Simulator. In the hybrid parallel programming model,
the entire domain is partitioned into distributed local data sets [7,9,10], and each partition is
assigned to one SMP node. On the contrast, each partition corresponds to each PE in the flat
MPI.

In order to achieve efficient parallel/vector computation for applications with unstructured
grids, the following three issues are critical:

. Local operation and no global dependency
. Continuous memory access
. Sufficiently long innermost loops for vectorization

A specia reordering technique proposed by Washio et. a. [16] has been integrated with paral-
lel iterative solvers with localized preconditioning developed in the GeoFEM project [9,19] in
order to attain loca operation, no globa dependency, continuous memory access and suffi-
ciently innermost long loops.

In the following part of this paper, we give an overview of paralle iterative solvers in
GeoFEM, specia reordering techniques for paralel and vector computation on SMP nodes,
and present the results for an application to 3D solid mechanics on the Earth Simulator. Devel-
oped hybrid parallel programming model has been compared with the flat MPI programming
model. Finally, recent results of solid earth simulations are shown.

2 Parallel Iterative Solversin GeoFEM

2.1 Distributed Data Structures

A proper definition of the layout of the distributed data structures is an important factor deter-
mining the efficiency of parallel computations with unstructured meshes. The local data struc-
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turesin GeoFEM are node-based with overlapping elements, and as such are appropriate for the
preconditioned iterative solvers used in GeoFEM (Fig.1) [9,19].

2.2 Localized Preconditioning

The incomplete lower-upper (ILU)/Cholesky (IC) factori-
zation method is one of the
most popular preconditioning
techniques for acceleratingthe | 322 28|12 2%
convergence of Krylov itera ..

tive methods. Factorization by~ [1e0— %28 P o2
backward/forward substitution |
is repeated in each iteration. |Y'® %] 15
This factorization requires . "
global data dependency, and is 7 “ﬂ
not suitable for paralld proc-

essing in which the locality is 1 2|3 4 5
of utmost importance. The PE#3 PE#2
localized ILU used in
GeoFEM is a pseudo ILU
preconditioning method that is
suitable for parallel processors. The ILU operation is performed locally for a coefficient matrix
assembled on each processor by zeroing out components located outside the processor domain.
This localized ILU provides data locality on each processor and good parallelization because
no inter-processor communications occur during ILU operation. Thisideais originaly from the
incomplete block Jacobi preconditioning method [1,15]. In order to stabilize localized LU

preconditioning, additive Schwarz domain decomposition (ASDD) for overlapped regions [15]
has been introduced.

PE#1 PE#0

Fig. 1 Node-based partitioning into four PEs[9,19].

3 Reordering Methods for Parallel/Vector Performance on SMP
Nodes

3.1 Cyclic Multicolor — Reverse Cuthil McK ee Reordering

In order to achieve efficient parallel/vector computation for applications with unstructured
grids, the following three issues are critical, (1) Local operations and no global dependency, (2)
Continuous memory access and (3) Sufficiently long innermost loops for vector computation
[10]. For unstructured grids, in which data and memory access patterns are very irregular, the
reordering technique is very effective for achieving highly paralel and vector performance,
especidly for factorization operationsin ILU/IC preconditioning.

The popular reordering methods are Reverse Cuthill-McKee (RCM) and multicoloring
[14]. RCM method is atypical level set reordering method. In Cuthill-McKee reordering, the
elements of alevel set are traversed from the nodes of the lowest degree to those of the highest
degree according to dependency relationships, where the degree refers to the number of nodes
connected to each node. In RCM, permutation arrays obtained in Cuthill-McKee reordering are
reversed. RCM results in much less fill-in for Gaussian elimination and is suitable for iterative
methods with IC or ILU preconditioning. Multicoloring (MC) is much simpler than RCM. MC
is based on an idea where no two adjacent nodes have the same color.

In both methods, elements located on the same color (or level set) are independent. There-
fore, paralel operation is possible for the elements in the same color (or level set) and the
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number of elements in the same color (or level set) should be as large as possible in order to
obtain high granularity for parallel computation or sufficiently large length of innermost loops
for vectorization.

RCM (Fig. 2(a)) reordering provides fast convergence of |C/ILU-preconditioned Krylov it-
erative solvers, yet with irregular numbers of the elementsin each level set. For examplein Fig.
2(a), the 1st level set is of size 1, while the 8th level set is of size 8. Multicoloring provides a
uniform element number in each color (Fig. 2(b)). However, it is widely known that the con-
vergence of |C/ILU-preconditioned Krylov iterative solvers with multicoloring is rather slow
[4]. Convergence can be improved by increasing the number of colors because of fewer incom-
patible local graphs [4] , but this reduces the number of elements in each color. The solution
for this trade-off is cyclic multicoloring (CM) on RCM [16]. In this method, the elements are
renumbered in a cyclic manner. Figure 2(c) shows an example of CM-RCM reordering. In this
case, there are 4 colors ; the 1st, 5th, 9th and 13th colorsin Fig. 2(a) are classified into the 1st
color. There are 16 elements in each color. In CM-RCM, the number of colors should be large
enough to ensure that elementsin the same color are independent.

819 ]10[{11[12[13|14|15 314(3[4]|3]|4]|3]4 411(12]|3|4]1[2](3
7.]8]9/[10{11[{12]|13|14 1[{2]1]2]1]2|1|2 314|1[2[3[4]1]|2
6]7]8|9[10{11|12|13 314(3[4]|3]|4]|3]4 21314[1[2[3]4]1
5]6]7/|8]9/[10]11]|12 1[{2]1]2]1]2|1|2 1[2(3]14]1]|2]|3]4
4]15(6]7[8)9]10]11 314(3[4]|3|4|3]4 411(12]|3|4]|1[2](3
3/4]5|/6[/7[8]9]|10 1({2]1]2]1]2|1|2 314|1[2[3[4]1]|2
2(3]|4[5]6]7]|8[9 3[4]|3[4|3[4[3]|4 2(314[1])2|3]4(1
1{2[(3|4|5]|6]7]8 1[{2]1]2]1]2|1|2 1(2[(3]14]1|2]|3]4

(a RCM (b) MC: 4 colors (c) CM-RCM: 4 colors

Fig. 2 Example of hyperplane/RCM, multicoloring and CM-RCM reordering for 2D geometry [10]

3.2 DJDSReordering

The compressed row storage (CRS) [1] matrix storage format is highly memory-efficient, how-
ever the innermost loop is relatively short, order of number of off-diagonal components, for
matrix-vector operations as shown bel ow:

doi=1, N
do j=1, NUi)
k1= indexI D(i,j); k2= item D(kl)
F(i)= F(i) + A(kl)*X(k2)
enddo
enddo

The following loop exchange is then effective for obtaining a sufficiently long innermost loop
for vector operations[5]:

doi=1, N
k1= indexI D(i,j); k2= item D(kl)
F(i)= F(i) + A(kl)*X(k2)
enddo
enddo

Descending-order jagged diagonal storage (DJDS) [16] is suitable for this type of operation and
involves permuting rows into an order of decreasing number of non-zeros, as in Fig. 3(a). As
elements on the same color are independent, performing this permutation inside each color
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does not affect results. Thus, a 1D array of matrix coefficients with continuous memory access
and sufficiently long innermost loops can be obtained, as shown in Fig. 3(b).

| olo[o]o]

1 ] 1 ]
R ol [ [T I T[T ol T T o]

x

| — \

() Permutation of rows into order of
decreasing number of non-zeros

(b) 1D array of matrix coefficient

Fig. 3 DJIDS reordering for efficient vector/parallel processing

3.3 Distribution over SMP Nodes: Parallel DIDS Reordering

The 1D array of matrix coefficients with continuous memory access and sufficiently long in-
nermost loops is suitable for both parallel and vector computing. The loops for this type of
array are easily distributed to each PE in an SMP node via loop directives. In order to balance
the computational load across PEs in the SMP node, the DJDS array should be reordered again
in acyclic manner. The procedure for this reordering is called parallel DIDS (PDJDS) [10].

3.4 Summary of Reordering M ethods

The reordering procedures for increasing parallel/vector performance of the SMP cluster archi-
tecture described in this section are summarized as follows:

(1) RCM reordering on the origina local matrix for independent sets and CM reorder-
ing to obtain innermost loops whose length is sufficiently long and uniform.

(2) DJDS reordering for efficient vector processing, producing 1D arrays of coefficients
with continuous memory access and sufficient length of innermost loops.

(3) Cyclicreordering for load-balancing among PEs on an SMP node.

The typical loop structure of the matrix-vector operations for PDJDS /CM-RCM or PDIDS/MC
reordered matrices based on the vector and OpenMP directives of the Earth Simulator is de-
scribed as follows. In  this
study, IC/ILU factorization and

do iv= 1, NCOLORS
!'$onp parallel do private (iv0,j,iS/iEi,k,kk etc.)

@ do ip= 1, PEsnpTOT

matrix-vector product proc-
esses are executed in a same
manner using same ordering
methods and indexes. In the flat
MPI  programming  model,
PEsnpTOT is set to 1 without
any option of OpenMP for
compiler while PEsnpTOT is
set to 8 in the hybrid program-
ming model for the Earth Simu-
lator (Fig.4).

SMP i vO= STACKnmt(PESnpTOT* (i v-1)+i p- 1)

parallel ~ do i=1, NLhyp(iv) o
i S= I NL(npLX1* (i v- 1) +PESmpTOT* (j - 1) +i p- 1)
i E= I NL(npLX1* (i v-1) +PESnpTOT*(j-1)+ip )
! CDI R NODEP
@ do i= iv0+l, iVO+ E-iS
k= i+ S - iv0
Vectorized  kk= 1 AL(k)

(I nmportant Conputations)
b @ cnddo

enddo

e @ enddo

enddo

Fig. 4 Forward/backward substitution procedure for
ILU/IC process by PDIDS/CM-RCM reordering.
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4. Effect of Reordering e et roree
The proposed methods were applied to 3D N Frecion @ =zn
solid mechanics example cases, as described ! "/

in Fig. 5, which represent linear elastic U=0 @ X=X

problems with homogeneous material prop-
erties and boundary conditions. Figure 6  (N.-2) elements

shows the results demonstrating the per- N, nodes R I
formance on asingle SMP node of the Earth y
Simulator by hybrid parallel programming Um0 @ 22, /:N 1) clements
model. In this case, the following three ’ " "N, nodes

X
cases were compared (Fig.6): Fig. 5 Problem definition and boundary condi-

tions for 3D solid mechanics example cases.
. PDJIDS/CM-RCM reordering
. Parallel descending-order compressed row storage (PDCRS)/CM-RCM reordering
. CRS without reordering

PDCRS/CM-RCM reordering is identical to PDIDS/CM-RCM except that the matrices are
stored in a CRS manner [1] after permutation of rows into the order of decreasing number of
non-zeros. The length of the innermost loop is shorter than that for PDJDS. The elapsed execu-
tion time was measured for various problem sizes from 3x16° (12,288) DOF to 3x128°
(6,291,456) DOF on a single SMP node of the Earth Simulator (8 PEs, 64 GFLOPS peak per-
formance, 16 GB memory). The difference between PDCRS and PDJDS for smaller problems
is not significant, but PDJDS outperforms PDCRS for larger problems due to larger length of
inner-most loops. On the Earth Simulator, the PDCRS performs at a steady 1.5 GLOPS (2.3%
of peak performance), while the performance of PDJDS increases from 3.81 GFLOPS to 22.7
GFLOPS with problem size. The loop length provided by PDCRS is order of number of off-
diagonal components for each node, which is less than 30 in this case. On the contrast, average
loop length provided by PDJDS is more than 2,500 for the case with 3x128° (6,291,456) DOF.

The cases without reordering exhibit very poor performance of only 0.30 GFLOPS (0.47%
of peak performance). Without reordering, either of parallel and vector computations on a SMP
node are impossible for the 1C(0) factorization process even in the simple geometry examined
in this study. This factorization process represents about 50% of the total computation time in
CG solvers with 1C(0) preconditioning, as was mentioned before. If this processis not parallel-
ized, the performance decreases significantly.

1E+02 g

\ [ °
e o 0600
=] 1E40l | ®
o E
o ®
[ ©) O OO0 000 0
| O 1Ew00 2
L E
o A A A A A A A
. 14
I ‘ 1E-01 E
L o L E
VY] E= =] i
PDJDS/CM-RCM PDCRS/CM-RCM CRS no re-ordering 1.E-02 TSI ETIT] TR
shorter innermost loops :
1.E+04 1.E+05 1.E+06 1.E+07

DOF
Fig. 6 Effect of coefficient matrix storage method and reordering for the 3D linear elastic problem in
Fig.5 with various problem sizes on the Earth Simulator with a single SMP node. (BLACK Circles:
PDJDS/CM-RCM, WHITE Circles: PDCRS/CM-RCM, BLACK Triangles: CRS no reordering).



7 Kengo Nakgjima

5. Performance Evaluation for L arge-Scale Problems

Figures 7-10 show the results for large-scale problems having simple geometries and boundary
conditions as in Fig. 5 implemented up to 176 SMP nodes of the Earth Simulator (1,408 PEs,
11.26 TFLOPS peak performance, 2.8 TB memory). Performance of the hybrid and flat MPI
models were evaluated. The problem size for one SMP node was fixed and the number of
nodes was varied between 1 and 176. The largest problem size was 176x3x128x128x256
(2,214,592,512) DOF, for which the performance was about 3.80 TFLOPS, corresponding to
33.7 % of the tota peak performance of the 176 SMP nodes. The parallel work ratio among
SMP nodes for MPI is more than 90% if the problem is sufficiently large.

The performance of the hybrid model is competitive with that of the flat MPI model, and
both provide robust convergence and good parallel performance for a wide range of problem
sizes and SMP node numbers. Iterations for convergence in the hybrid and flat MPI are amost
equal, although the hybrid converges dightly faster as shown in Fig. 10(a). In general, flat MPI
performs better the hybrid model for smaller numbers of SMP nodes as shown in Fig. 7, while
the hybrid outperforms flat MPI when a large number of SMP nodes are involved (Fig.8-10),
especialy if the problem size per node is small as shown in Fig.8 and Fig.10. This is mainly
because of the latency overhead for MPI communication. According to the performance estima-
tion for finite-volume application code for CFD with local refinement in [8], a greater percent-
age of time is required by the latency component on larger processor counts, simply due to the
available bandwidth being much larger (Fig. 11). Flat MPI requires eight times as many MPI
processes as hybrid model. If the node number is large and problem size is small, this effect is
significant.

250.0 250.0
200.0 2000 F
: : /(
150.0 150.0
100.0 1000 F /O/
/5/ ;
50.0 O/d 50.0 [
00 T oo L

0 123 456 7 8 9101112 0 1 2 3 4 5 6 7 8 9 10 11 12
NODE# NODE#

GFLOPS
@)
GFLOPS

(@) Problem size/SMP = 786,432 DOF (3x64%). (b) Problem size/SMP node = 12,582,912 DOF

Largest case is 7,864,320 DOF on 10 SMP (3x256%x128x128). Largest case is 125,829,120

nodes (80 PEs). Maximum performance is 192 DOF on 10 SMP nodes (80 PEs). Maximum

(Flat MPI) and 165 (Hybrid) GFLOPS. performance is 233 (Flat MPI) and 224 (Hy-
brid) GFLOPS

Fig. 7 Problem size and parallel performance on the Earth Simulator for the 3D linear elastic problem in
Fig.5 using between 1 and 10 SMP nodes. (BLACK Circles: Flat MPI, WHITE Circles: Hybrid).
PDJIDS/CM-RCM reordering.
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Fig. 8 Problem size and parallel performance on the Earth Simulator for the 3D linear elastic problem in
Fig.5 using between 8 and 160 SMP nodes. (8) GFLOPS rate and (b)Parallel work ratio. Problem size/PE is
fixed as 786,432 DOF (3x64°%). Largest case is 125,829,120 DOF on 160 SMP nodes (1280 PEs). Maxi-
mum performance is 1.55 (Flat MPI) and 2.23 (Hybrid) TFLOPS (Peak performance= 10.24 TFLOPS).
(BLACK Circles: Flat MPI, WHITE Circles: Hybrid). PDIDS/CM-RCM reordering.

4000 100
R —— T
S 9
3000 B
T 80
g / ['4
x
9 2000 g 70
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O] —
2 60
1000 [
[
QD/K o 50
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NODE# NODE#
(a) GFLOPS Rate (b) Parallel Work Ratio

Fig. 9 Problem size and parallel performance on the Earth Simulator for the 3D linear elastic problem in
Fig.5 using between 8 and 176 SMP nodes. (8)GFLOPS rate and (b)Parallel work ratio. Problem size/SMP
node is fixed as 12,582,912 DOF (3x256x128x128). Largest case is 2,214,592,512 DOF on 176 SMP
nodes (1408 PEs). Maximum performance is 3.78 (Flat MPI) and 3.80 (Hybrid) TFLOPS (Peak perform-
ance= 11.26 TFLOPS). (BLACK Circles: Flat MPl, WHITE Circles: Hybrid). PDIDS/ICM-RCM reorder-
ing.



9 Kengo Nakajima

(a) Iterations for Convergence

(b) Peak Performance Ratio

Iterations

Peak Performance Ratio: %

2500
2000 | //
1500 |
1000 | Z
500 A
O i 1 11111111 1 11111111 1 i1 111111 1 i1 11111
1.E+06 1.E+07 1.E+08 1.E+09 1.E+10
DOF#
40 T
[ 3x256x128x12
35 [ 8 SMP -
[ nodes \\
. B N 3x128"3
X80"3 N
SN . 3x100"3
25 | e LR S
oA 176 SMP
Prob Size/SMP node ' nodes
20 =3%64"3 \ v
15 L 1 1111111 1 i1 11111 1 11 111111 1 1111111
1.E+06 1.E+07 1.E+08 1.E+09 1.E+10

DOF#
Fig. 10 Problem size and parallel performance on the Earth Simulator for the 3D linear elastic problemin
Fig.5 using between 8 and 176 SMP nodes. (a) Iterations for convergence and (b) Ratio to the peak
performance. Problem size/lSMP node is fixed (THICK lines: Flat MPI, DASHED lines: Hybrid).

PDJIDS/CM-RCM reordering.

100

Time (%)

O ©®eeeeeccecccsccssococoe

1

# Processors
Fig. 11 Performance estimation of afinite-volume application code for CFD with local refinement on the
Earth Smulator. Based on the results described in [8]. A greater percentage of time is taken by the latency
component on larger processor counts, simply due to its much larger available bandwidth.
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[ ] comm. bandwidth
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6 Solid Earth Simulationsfor Complicated Geometries and
Boundary Conditions

Figures 12 and 13 show the most recent resultsin solid earth simulations (ground motion simu-
lation with contact) on the Earth Simulator using parallel iterative methods and parallel pro-
gramming models developed in this study [11]. Figure 12 describes the model of the Southwest
Japan, consisting of 7,767,002 nodes (23,301,006 DOF) and 7,684,072 tri-linear (1st order)
hexahedra elements. Special preconditioning method, called selective blocking, has been
developed based on the block IC/ILU method in this study for non-linear problems due to fault-
zone contact with penalty constraint conditions [11]. Figure 13 provides preliminary results of
the simulation on the Earth Simulator. Effects of color numbers for multicolor reordering [11]
in flat MPI and three-level hybrid are shown. Both programming models attained about 30% of
the peak performance (640 GFLOPS) even in this complicated geometry with contact boundary
conditions, while flat MPI shows better performance.

Fig. 12 Description of the Southwest Japan model. This model consists of crust (dark gray) and subduc-
tion plate (light gray). 7,767,002 nodes (23,301,006 DOF) and 7,684,072 tri-linear (1st order) hexahedral
elements areincluded [11].

200 250
90 ® 000q 06 I o
175 | oo ® r O
[ 0O [
¥ 150 F o i 20 ©
g Y00 5 o)
= [ @) 9 3 (0@
& 125 F © ? e ©o ®
b o 150 —=0 o o
100 [ @ [ 00 @ ® 000 o0
7t SE—— — 100
10 100 1000 10 100 1000
Colors Colors
(a) GFLOPS Rate (b) Elapsed Time for Computation

Fig. 13 Performance on 10 SMP nodes of the Earth Simulator (peak performance = 640 GFLOPS) using
CG iterative method with selective blocking preconditioning [11] for the 3D elastic contact problem with
MPC (linear multiple point constraint) condition (A=10°%) in Fig.12 (Southwest Japan model, 23,301,006
DOF). Effect of color numbers for multicolor reordering. (a) GFLOPS rate, (b) Elapsed Time for Computa-
tion. (BLACK Circles: Flat MPI, WHITE Circles: Hybrid). PDIDS/multicolor (MC) reordering [11].
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7 Conclusonsand Remarks

This paper described an efficient parallel iterative method for unstructured grids developed for
SMP cluster architectures with vector processors, such as the Earth Simulator. The method
employs three-level hybrid parallel programming model consisting of the following hierarchy,
(1) Inter-SMP node: MPI, (2) Intra-SMP node: OpenMP for parallelization and (3) Individual
PE: Compiler directives for vectorization. Multiple reordering methods have been applied in
order to attain concurrent local operations, no globa dependency, continuous memory access,
and sufficiently long innermost loops. PDJDS (paralel descending-order jagged diagonal
storage) provides long innermost loops. CM-RCM (cyclic-multicoloring/reverse Cuthill-
McKee) provideslocal and parallel operations.

Simple 3D linear eastic problems with more than 2.2x10° DOF were solved by 3x3 block
ICCG(0) with additive Schwarz domain decomposition and PDJDS/CM-RCM reordering on
176 SMP nodes of the Earth Simulator, achieving performance of 3.80 TFLOPS (33.7 % of
peak performance). PDJDS/CM-RCM reordering provides excellent vector and parallel per-
formance on SMP nodes. Without reordering, parallel processing of forward/backward substi-
tution in IC/ILU factorization was impossible due to globa data dependencies even in the
simple examples in this study. While the three-level hybrid and flat MPI parallel programming
models offer similar performance, the hybrid programming model outperforms flat MPI in the
problems with large numbers of SMP nodes. In the next stage, developed solvers will be ap-
plied to redlistic applications with complicated geometries and boundary conditions in science
and engineering field, as shown in the previous section.
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