ELEC 501 Serkan Gugercin
Approximation Theory September 11, 2002

Homework 1
Due Date: September 27, 2002

Problem [1]. Find the singular value decompositions and compute the rank one approximations, which
are optimal in the 2-norm, of the matrices listed below. Use paper and pencil.
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Problem [2]. (a) Let A € R"*" and det A # 0. What is the relationship between the singular values
of Aand A~1?

(b) Let A € R be an eigenvalue of A. Show that 0,(4) < |A| < 01(4).

(c) Find the singular values of A = ( I(; _pq ) . Explain your answer geometrically. Find u € R?,
||ull2 = 1, such that ||Au||o = o1. Explain.

Problem [3]. (a) Show by direct computation that the Least Squares solution of Az = b is given
by
TLs = (ATA)_IATb, Ae Rnxm, n>m, rankA = m

(b) Using the SVD of A show that
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What is the geometrical interpretation of this problem? Do Azrs and b — Azpg lie in the
Im(A), Ker(A) or in a space perpendicular to Im(A)? Justify your results.

Problem [4]. (a) Prove that if A € R™*", then there exists a unit 2-norm vector z € R" such that
AT Az = 022 where a1 = || A2

(b) Using the above result show that if A € R™*", then ||All2 < /|| All1]|4]|co-
(c) Letu € R™ and v € R”. Show that that if E = uv? and v'u = 1, then || E||r =|| E||2 =]|ul2||v||2-

Problem [5]. (a) For any arbitrary matrix A, let E be a matrix such that ||E||2 < omin(A)). Then
prove that rank(A + E) > rank(A).

(b) Let || - || be a vector norm on R™ and assume A € R™*". Show that if rank(A)=n, then
|z||a=||Az]|| is a vector norm on R".



Problem [6]. (a) Show that the Frobenius norm, i.e. the Schatten 2-norm,
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is unitary invariant, that is | A||r = |[UAV ||z where U € R™*" and V € R™*™ with UUT = I,
and VVT = I,,,. Also, prove that

|A||% = trace (ATA) = ZZ|A@ 3) |2
i=1 j=1

(b) Show that the Shatten 1-norm, also known as the trace norm,

n

WAl = || A]|trace == Zai(A), whereA € R™*™, n<m

=1
satisfies the triangle inequality.
Hint: Use the following Lemma:
Lemma: Let A € R"™" have singular values o;(1), ¢ = 1,...,n in decreasing order and
C € R™ "™ be a rank k partial isometry. Then for each k = 1,...,n, we have
k
ZUi(A) = max{| trace(AC) |}
i=1

Problem [7]. Approximation of the clown.mat image using Matlab: after starting Matlab, type

load clown;

Z = ind2gray (X, map);

[mz,nz] = size(Z);
imshow(Z,64) ;

mag =

truesize(l, [mz*mag, nz*mag]);

Compute the SVD of Z, using svd: [U,S,V] = svd(Z);

1. Plot the singular values of Z on a logarithmic scale.

2. Compute approximant having error less than 10%, 5%, 3%, 2% of the largest singular value of
Z. What is the rank of the corresponding approximants? What is the norm of corresponding
errors? Also for each case compute the compression ratio (compression ratio is defined as
the number of bytes required to store the approximant divided by the original image size in
bytes.)

3. Attach with your homework the original image, the approximant and the error image, where
the error is less than 2%.

4. Partition Z into four blocks. Then approximate each block such that error is less than 5% for

each of them. Form Z,,, by putting approxmiated blocks together. Compute the norm of the
error. Attach the approximant image. Compare the 5% approximants in Part-2 and Part-4.



Problem [8]. Denoising and sorting of images using the SVD:
Given are the images of of the three numbers 1, 7 and 0 represented in Figure-1 (12-pixel images):
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Figure 1: Numbers ‘1’, ‘7’ and ‘0’

1. Convert the three images in Figure-1 to three 4 x 3 matrices by replacing black pixels by 1
and white pixels by 0. Let the matrices be called P1, P7 and PO0.

2. Obtaining the noisy data: Construct 500 noisy versions of each image as follows:
P1+0.05*rand(4,3); P7+0.05*rand(4,3); P0+0.05*rand(4,3);
This yields 1500 noisy data matrices N; € R**3 i =1,...,1500.

3. Vectorize each image N; as follows:
zi = [ Ni(;,1); Ni(52); Ni(;,3) ] e R™>XY,i=1,---,1500.

Then, form the following matrix: A =[z; zo x3 --- Z1500] € R12X1300,

4. Take the SVD of A and examine the singular values. How many significant singular values
do you see? Find the best rank 3 approximation of A in the 2-norm. Let A3 be the optimal
approximant with SVD Az = U323V3T where Uz € R12%3 35 € R3*3 and V3 € R1990%3_ Each
column of V3T corresponds to a point in 3-dimensional space. Plot all 1500 points each of
which corresponds to a column of VkT. You should obtain 3 clusters of points. Find the center
of gravity of these 3 clusters. Now, using the coordinates of these points form the 3 x 3 matrix
Wi And finally compute the matrix A= UsSsWi € r12x3,

5. Reverse the procedure in Step-2 and obtain the matrices P1, P7, and P0 € R**3. Compare
these matrices with the original noise-free data matrices P1, P7 and PO0. Comment on your
results.
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