Math 101 Spring 2008 Review for the final-solutions

1) Find the limit if it exists.

z24z—6
r2—4

a) limg,_,o

Wl

b) lim,_q S252
This is lim,_o 25252 — 5,

: 1—cos3z
C) hmw_,o oz

This has indeterminate form 0/0. You can use L’Hopital’s rule or multiply by

the conjugate of the top. I used L’Hopital’s rule and got lim,_.q 1_5;)23”” =
limx_)o 35211;3:1: — hmx—>0 9(:0: 3z _ %

d) lim,_o- 52
-5

e) lim, o 23 cos i
—1<cosi <1,s0 -2 <adcosl < a3 Since limy_o—2® = 0 = lim, g 27,
by the squeeze law of limits, lim,_o 23 cos% =0.
3 2 o (sina
f) limg o sin (5 (222))

Let g(z) = % - 22 and f(u) = sinu. lim,_og(z) = %, and lim, .z f(u) = 1.

So lim, ¢ f(g(x)) = lim,_,¢ sin (g(%)} =1

sin x
: —1
g) hmIHO -z

sin x

3 “.cosx __

This has the indeterminate form 0/0. By L’Hopital’s rule, this is lim,_.q i
1
h) lim,— oo (In 22 — In(z + 1))
Using laws of logarithms, In2z — In(x + 1) = In 2Z. Let g(z) = 2. Then

x+1° x+1
limg 00 g(x) = 2. So lim,_,o0 In (f—_ﬁl) = limg(z)—2 In(g(z)) = In 2.
i) limg 00 g/ nw
Let
L = lim gt/
L = Inz'/n®
1
InL = — -Inx
Inz
InL = 1
L = et=e

2) Use the epsilon-delta definition of the limit to prove that lim,_7 2z —3 = 11.
Given any ¢ > 0, we want to find a 6 > 0 such that if |[x — 7] < §, then
[(2z — 3) — 11] < e. (In simpler terms, that means that if = is within § of 7,
2x — 3 is within € of 11.) Working backwards a bit, here’s a little manipulation



we can do:

(22 —3) — 11| <e¢

22 — 14| < €
2z T <e
€

— 7 < =

=7 < 5

Wow, |z — 7| appeared earlier! Now I have found my §. My manipulations tell
me that if |z — 7| < §, then [(20 —3) — 11| < e. So § = §. Now to actually
prove it:

Let € > 0. Let § = 5. Then if

|z —7) < §

o =7 < 3
o £
2
2z — T <e
|22 — 14| < €

(22 —3) — 11| < ¢

This means that if you give me any positive number, I can figure out how close
x must be to 7 in order to get 2x — 7 within that amount of 11. For example,
if you had given me the positive number %, I would know that if 6% <z< 7%,
then 10% <2x—-T7< 11%. I could have figured that out using other methods,
but since I found a formula for § in terms of €, I can automatically spit out that
bound given any positive number at all.

3) Find and describe any discontinuities of the function.

a) f(x) = 221
lim,_.o f(z) does not exist (the right-hand limit is 5 and the left-hand limit
is —5), so the function is discontinuous at x = 0. The discontinuity is not
removable. It is a finite jump discontinuity.

b)f(z) = Ly — 30
The function is discontinuous at x = 2. The discontinuity is not removable. It
is an infinite discontinuity, also known as a vertical asymptote.

0)f(z) = Ztizt0
The function is discontinuous at z = 2. It is a removable discontinuity because

4) Use the intermediate value theorem to show that there exists a number that
is exactly one less than its cube.

Let a be that number if it exists. We want to show that it has to exist. If it does,
it satisfies the equation a® —a = 1, or a® —a —1 = 0. Figuring out whether such
a number exists is the same as asking whether the function f(z) = 2® —x—1 has
a real root (or whether f(z) =0 for any z). f(1) = -1 <0, and f(2) =5 > 0.
By the intermediate value theorem, since f is continuous, f(a) = 0 for some a
between 1 and 2. This is the desired number.



5) a) Use the limit definition of the derivative to find the derivative of the
function g(z) = 4 — 22,

gz +h) —g(x)

/ _ .
g(z) = lim
_ 2 4.2
_ lim4 (x +h)*— (4 —2%)
h—0 h
. 4— (22 4+ 2zh + h?) — 4+ 22
= lim
h—0 h
. —2zh+ h?
= lim ——
h—0 h
_ lim h(—2x + h)
h—0 h
= lim 2z+h=-2z
h—0

b) Find the equation of the tangent line to the curve when x = 2.
When x = 2, ¢'(z) = =22 = —4. ¢(2) = 4 — 4 = 0, so the tangent line has
slope m = —4 and passes through the point (2,0). The line has the equation
y=mx+b,s00=—4(2) + b, so b=28. The tangent line is y = —4x + 8.

6) Find the derivative of the function with respect to x.
7 7 sin
a) F(z) = / tdt F(z) = / tdt = 7/ tdt. Let u = sinz. 9% =
sin x sin x 7
cosz. Let y(u) = F(u(x)). So y(u) = —/ tdt. By the fundamental theorem

7
of calculus, g—z = —u. By the chain rule, g—g = g—g . ‘;—Z = —sinx cos x.

b) y=+/z(z+1)

y = (z(z+ 1))1/2 = (22 +1)12. So g—g = (2% + )7V (20 +1) = 722%&1
1:573z3+77x77

c) g(z) = =—="=5
Massive fun with the quotient rule! I’'m not going all the way through it. The
final answer is:

(x —2)(5a* — 92?2 +7) — (2° — 32 + 7w — 7)  4a® — 10z — 623 + 182% + 7 — 27

(x—2)? (z—2)?

You could, of course, leave it in the form on the left.
d) y = (sinx)c=*
I used logarithmic differentiation.

Iny = coszlnsinx
1dy cos T . .
-—— = - -cosx —sinzInsinx
ydx sinx
dy cos?x . .
— = y|— —sinzlnsinz
dx sinx
2
. cos” x . .
= (sinx)°®” [7 — sinz In sin x}
sinz



As an aside, Note that since there is a natural log of sine in there, the derivative
is only defined when sinz > 0. That is OK, though, because the original
function only makes sense when sinz > 0. There are many intervals on which
this function could be defined. One is 0 < = < 7.

e) flz) = e sinz
f(x) = e cosx + 2ze” sinx

7) Below is the graph of the curve y = \/cosz on one interval where it is defined.
a) Determine the interval shown.
The interval is —5 < z < 7. You can tell because it has to be an interval where
cos z is positive, and it includes both positive and negative x values.
b) Find the volume obtained by revolving this segment of the curve about
the x-axis.
Since it is a function of y in terms of z, and we are revolving it around the
x-axis, we should use the cross section method.

w/2

vV = / 7(v/cos )2 dx

—m/2

/2
= / m(cosz)dx

—m/2

i

= 7m(1-(-1))
2w

= 7[sinz

8) Below is the graph of the curve y = sinzx from = 0 to = 7. Set up, but
do not solve, the following integrals.
a) The volume obtained by revolving the region bounded by that curve and
the x-axis about the x-axis.
V= n(sinz)? do = 7sin? z dx
0 0
b) The volume obtained by revolving the region bounded by that curve and

the x-axis about the y-axis.

s

V= 27y sin xdx

0
¢) The length of the curve.

dy _
qy = COSZT

s [ Vit

d) 0The surface area obtained by revolving the curve about the x-axis.
A= /” 27rsinz\/mdx

e) OThe surface area obtained by revolving the curve about the y-axis.

A= / 2nx/1 + cos? x dx
0

9) Consider the region in the first quadrant of the plane bounded by the curves



z =y and z = 1>

a) Find the area of the region.
The curves intersect in the first quadrant when y = 33, which happens when
y =0,1. Between 0 and 1, y > 42, so the area is given by the integral

1 2 1 1
3 Y 4

— =L 4 ==

/O(y y”)dy {2 y }O 1

b) Find the volume of the solid obtained by revolving this region about the
x-axis. | . ) . PR L ir
V—/O 2my(y —y )dy—/0 2r(y” —y )dy—2ﬁ[3 5]0—%(3 =18

¢) Find the volume of the solid obtained by revolving this region about the
y-axis.

3oyt 1 1, 4«

1 1
_ 32 2 _ 6y Y Yt Iy _ T
V—/Oﬂ(y y°) dy /Oﬂ(y y°)dy ﬂ{3 7}0 7T(3 7) 51

10) Here is some information about a function f(z).

x | i(x) | I'(x) | £7(x)
-1 15 -4 36

0] 10 0 0
1 7 -8 -24
2 6 -16 0
3| -17 0 36

Assuming f(z) and its first two derivatives are continuous and there are no
other zeroes in the first two derivatives, sketch a graph of f(x). Label any local
extrema and inflection points.

The graph has a horizontal tangent at z = 0,3. At z = 0, it is not a local
extreme value. At x = 3, there is a local minimum. There are inflection points
at © = 0,2. The graph is concave up and decreasing when =z < 0. It is concave
down and decreasing when 0 < x < 2. It is concave up and decreasing when
2 < x < 3. It is concave up and increasing when x > 3.

11) Sketch a graph of the function y = “”2;1
There is a vertical asymptote at = 0, and the line y = z is a slant asymptote.
There are no critical points or points of inflection. The function is increasing

and concave up when z < 0 and decreasing and concave down when z > 0.

12) A hot air balloon rising straight up from a level field is tracked by a range
finder 500 ft from the lift-off point. At the moment the range finder’s elevation
angle is m/4, the angle is increasing at the rate of 0.14 rad/min. How fast is the
balloon rising at that moment?

As usual with this type of problem, a picture is very helpful. Mine is a right
triangle. The bottom edge is 500 (the distance between the lift-off point and
the range finder), and I called the other leg (not the hypotenuse) y. I named
the angle opposite to y as 6.

We know from this picture that 500tanf = y. By implicitly differentiating

both sides with respect to time ¢, 500 sec? 9‘;—2 = f%. At the pertinent time,



0 = /4, so sec? = 2. We are also told in the problem that d‘g = 0.14. So
4y = 500-2-0.14 = 140 ft/min.

13) Find two positive numbers whose sum is 20 and whose product is as large
as possible.
Let x and y be the numbers. We know = + y = 20 and both are positive, so
the minimum value of z = 0 and the maximum value of z = 20. We want to
maximize p(z) = zy = x(20 — ). p'(z) = 20— 2z = 2(10 — z). The only critical
point is x = 10. We need to check the endpoints and the point x = 10 to see
which is the maximum. p(0) = 0, p(10) = 100, p(20) = 0, so the numbers are
x =y = 10, and their product is 100.

14) A police officer saw my car going 57 mph in Italy, TX at 4 pm. Two hours
later, another officer saw my car going 45 mph in Paris, TX, 150 miles away.
The speed limit on the highway was 60 mph. What theorem from calculus did
the second officer use to give me a ticket?

The mean value theorem! If we let f(¢) be my distance in miles from Italy
at the time ¢ hours, my velocity is f/(t). It is pretty safe to assume that my
distance from Italy was a continuous function. f(0) = 0 and f(2) = 150. The
mean value theorem states that since f(t) is continuous, there exists some time
¢ between 0 and 2 such that

f(2) - f(0) _ 150

=—=75

f'Q="5=% 2

Since f’(t) can be interpreted as my velocity, at some point between 4 pm and
6 pm I had to be going exactly 75 mph, which was well above the speed limit.
15) Find the indefinite integral.

a) /23(1 + 21)3dz

(1+z4)4
/7 + fdx
2:23/2 +6\/7+C

— 3_
C) /$263x 91_6395 Qxdx

The integral equals /(:E2 - 1)(e3w3*9$)dx, so we use the substitution u =

63I379z; du = (91.2 _ 9)63w379a:
1 1

1 5 ¢
/(xz - 1)(639637%)61&3 =9 /du = gu +C= §e3"’”3*9$ +C

16) The velocity of a particle is given by the equation v(t) = t* — 5t + 6. It
travels from time ¢t = 0 to time ¢ = 4.
a) Find its net displacement.
3 5t? 64

42 d 4 1
2 _ 5t 6t:[——— 64 =2 16=5=
/0 + 5 2 YT 3



b) Find its total displacement.
Total displacement is [ |v(t)|dt, so we need to figure out when the velocity is
positive and when it is negative. t?> — 5t + 6 = (t — 2)(t — 3), so it is positive
when 0 < ¢ < 2, negative when 2 < t < 3, and positive when 3 < ¢t < 4. So the
total displacement is

2 3 4
/t2—5t+6dt+/ —(t2—5t+6)dt+/ t? — 5t + 6dt
0 2 3

3 52 2 3 5 33 52 4
- ———f&}—k——f&} P——f&}
[3 2 0 3 2 * 2+ 3 2 + 3
2 -1 5 2
= 4> — — 4+ - =5=

17) Find the definite integral.

4
1—
a) / \/Edas
o VT
The integral can be rewritten as
4 4
/ V2 1dr = [2x1/27x} =4-4-(6-9) =
9
’ w/3
b) 4secytany dy

07r/3
{4secy}o —4(2)—4=14

/2 t ) ¢
c) (2—|—tan 5) sec §dt

—m/2
Let u =2+ tan &;du = 1 sec? Ldt;u(—n/2) = 1,u(n/2) = 3.

7r/2 t t 3 3
/ (2 + tan 7) sec? —dt = / 2udu = [uﬂ =8
7\'/2 2 2 1 1

1 3
x
d / —dz
: o vVt +9 ,
Let u = x* + 9; du = 42*dz; u(0) = 9,u(1) = 10.

/1 Ldm = /10 }u71/2du = FUUQ} 1 _vio 3

0o V .%'4 + 9 9 4 2 9 2 2

18) zy = sinx + cosy. Find the derivative of y with respect to x, assuming y is
defined implicitly as a function of x.

Differentiating both sides with respect to x, we get

+ dy . dy
r== = cosx —siny——
4 dx ydm
. dy

T +siny)—— = cosz —
(& +siny) -~ y

dy  cosz—y

de ~  x+siny

19) If % = 12¢(3t*> — 1) and y(1) = 3, find y as a function of ¢.



This is an initial value problem. Since ‘;—Zt’ = 12t(3t? — 1)3, we know that y(¢)
is an antiderivative of 12¢(3t> — 1)3, so we will integrate that function. Using

u=3z? — 1, we get
! 3t — 1)

y(t) = /12t(3t2 —1)3dt = /2u3du: %+c: %

to find C. Sincey(l):3,3:%+czg+a 0 C — _5.

+ C. Now we need

3
20) Use the Riemann sum definition of the integral to compute 4x — 2dx.

1
For any regular partition of the interval (1,3) into n subintervals, we will have
Ax = %, =1+ % Substituting into our Riemann sum definition of the
integral, we get

/3 dr —2dx = lim X7, f(z;)Az
1 n—oo
—  lim ¥, (4(1 42 2) 2
n—oo n ’I'L.
= s i s
2
= lim 4+ lim ggllw

= 4+8=12

I have not included any questions on 6.7-6.9, which will be bonus on the test.
If you want to practice those sections, do the 6.7-6.9 optional assignment.



