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3. Asymptotics for Maximum Likelihood Estimation

In this section, we show consistency and asymptotic normality of maximum likelihood
estimator (MLE). The tests based on MLE, such as likelihood ratio (LR), Wald (W)
and Lagrange multiplier (LM) tests, are also introduced. Throughout the section, we
let Xi,...,X, be ii.d. random variables with the common underlying distribution,
which is given by a parametric family of densities P = {p(-,0)|0 € ©} with respect
to some base measure y. The true value of 6 is denoted by 6y, which yields the true
density p(-,60y). Let Py be the true underlying distribution with density p(-,6p), and
let expectation Eq be an integral operator on R with respect to Py. Denote by 0, the

MLE for 6,.

Denote by p(x;,0), ((x;,0), s(x;,0), h(x;,0) (h(0)) and ¢(f), density, loglikelihood,

score, Hessian (expected Hessian), and (Fisher) information of X;, 7 = 1,...,n. More-
over, define
1Z& 1 " 1Z&
:_szzv ’ - Sl‘la _thzv
n =1 n =1 n =1
with z = (z1,...,2,)".

1. Consistency of MLE

First we consider

Eol(, /me (2, B) du(x)

as a function of . The following lemma shows that it is maximized at 6.

Lemma 1 We have
Eol(-,60) > Eol(-,0)

for all 6 € ©.

Proof It follows from the Jensen’s inequality that

p(~,9)
p('veﬂ)

E0€(~,0)—E0£(~,90) = EolOg
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p(+,0)

< T Eor )
<>

log/p

which completes the the proof. |

p(x, 00)dp(z) =0

Theorem 2 Under suitable reqularity conditions, we have

~

a.s.0r
6, “Z5P g,

Proof Since X;’s are i.i.d., so are £(X;,0)’s for any § € ©. We may thus invoke a
LLN for i.i.d. random variables to deduce that

n

LS (. 0) 2% Bl(-,0)

n;3

for all # € ©. Under certain regularity conditions, the convergence is uniform on O,

i.e., uniform law of large numbers (ULLN) holds. Therefore, we get
1 " a.s.or
argmax, — >_ ((X;,0) “=5° argmax, Eol(-, 0)
n .-

The stated result can now be easily deduced. |

2. Asymptotic Normality of MLE

Theorem 3 Under suitable reqularity conditions, we have
Vi, —0y) —4 N(0,4(60)7")

Proof Under certain regularity conditions, we may expect to have

) \/Lﬁ > (X0 00) = N(O.1(60)

() T3 h(Xe00) =y Eoh(-00) = h(d) = —i(6)

=1
(c) 5(z,0) is differentiable at 6, for all z,
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N 1
It follows from

5(x,0) = 5(x,00) + h(z,00)(0 — 0o) + o (|0 — 6o]))

that
. > s(X,,0,) = - S s(X,.00) + (% S h(X. 90)) (6 — 00) + 0, (%)
Therefore,
% iS(X“é") - Ln is%ﬁo) + (1 Zh(xi,e())) V(6 — 60) + 0,(1)

from which we have

Vb, —6) = - (% i h(Xi, 90)>_ \/L,,—l il 5(Xi, o) + 0p(1)

by CMT. |

Remark The MLE achieves the Cramer-Rao lower bound asymptotically, and is
therefore often said to be efficient. The bound, however, is a finite sample result,
and not necessarily hold in asymptotics. We can indeed construct an estimator which
has asymptotic variance smaller than the bound. Such an estimator is called hyper-

efficient.

3. Asymptotic Tests based on MLE

We now introduce the likelihood ratio (LR), Lagrange multiplier (LM), and Wald (W)
tests, which are based on MLE. It will be shown that their limiting distributions are
all chi-squre, and that they are asymptotically equivalent. For simplicity, we consider

the hypothesis
HO : 0= 6(]
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which is to be tested against 6 # 6,. Assume 6 is m-dimensional.
Define

Definition 1
LR = 2<Z£:1:,, Zéxz,00>
i=1
(6 — 00)'1(6,)v/n(6,, — 5)
n ! 1 n
stueO) < ZS$2700>
z:l

i=1

=
R

LM =

-

3

Remarks
(a) For the LR statistic, notice that the likelihood ratio is given by
max p(z1,..., Ty, 0)

ANy, ..o, xp) = b
(1 n) p(xla"'ax'IZan)

and, therefore, we may write LR = 2log A(z1,...,z,).

(b) The LR, W and LM statistics are based, respectively, on the ratio of restricted
and unrestricted maximum likelihoods, the difference between the estimated and hy-
pothesized values of the parameter, and the first derivative of the likelihood function
at the hypothesized value of the parameter. If the hypothesized value is equal to the

true value, all three must be small.

We have

Theorem 4 Under suitable reqularity conditions,
LR, W, LM —, an
Proof Assume the conditions introduced in Theorem 3 hold. Since

Ue,0) = Uz, 0)+ 5(x,00) (0 — o) + %(9 — 00 B, 00)(6 — 60) + o(1|6 — 66]2)
5(x,00) = 3(x,0) — h(z,00)(0 — 65) + o(]|0 — 6])
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we have
Uz,0) = 0(x,00) + 5(x,0)" (0 — 0y) — %(0 —00)'h(x,00)(0 — 6p) + o||0 — 00||2)

It follows that

n n

ST UXG,0,) — (X, 0)

_ __\/—(9 — 6,)’ ( Zh XZ,00)> V(0 — 6) + 0,(1)

- %\/ﬁ(én - 90)’L(90)\/ﬁ(én - 90) + 010(1)

which yields the result for the LR statistic.
To get the result for the Wald statistic, assume that «(6) is continuous at 6y so

that ¢(6,) = (6y) + 0,(1), and notice that

V(B —00) —a N(0,0(60)7Y)

For the LM test (or score test), we consider the limiting distribution of the score, i.e.,

\/_Z Xl,e()) —d N(O,L(eo))

from which the stated result follows directly. [ |

Remark Different versions of W are possible with the replacement of L(én) by any

one of the following:
1 ~
(a) TLZ (XZ,H ) (Xlaen)
=1

(b) —h(by,)
) —% > h(X, 0,)

We have

Corollary 5 The tests based on the statistics LR, W and LM are asymptotically

equivalent.



109

Proof Observe that

2 (i 0(X;,0,) — ié(xi, 90)>

_ Vn(b, — 90)';(931)\/5(9} — 0o) + 0,(1)
1 n

_ (%ﬁgs(xi,eo))'bwoyl (S 3508 00) 0,00

i=1

from which the stated result is immediate. [ |



