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4. Families of Distributions and Transformations

1. Common Families of Distributions

In this section, we introduce some commonly used families of distributions. The index

(or indices) used to denote a member of a family is called the parameter.

Uniform distribution, denoted by Uniform [a, b], is given by a family of densities
()=~ Ha<z<b)
pa,baj—b_a a7 X

with respect to the Lebesque measure, where the parameters a and b are the end
points of an interval. The random experiment of selecting a number randomly over
the interval [a,b], and the random variable assigning the selected number induces

such distribution.

Bernoulli distribution, denoted by Bernoulli (#) for 6 € [0, 1], is given by a family
of densities

po(x) =0°(1 — ) "z =0,1}

with respect to the counting measure. The distribution is induced by a random
variable taking values 1 and 0, respectively for the outcomes perceived as ‘success’
and ‘failure’, for a random experiment such as toss of a coin. The parameter 6 can

then be interpreted as the probability of success.

Binomial distribution, Binomial (n,#) for a positive integer n and 6 € [0, 1], is

given by a family of densities

Pno(x) = <Z> 0" (1 —60)" “I{x=0,1,...,n}

The typical random variable inducing such distribution is that assigns the number of
heads in an n consecutive tosses of a coin. In general, we may interpret the parameter
n as the number of trials, and the parameter 6 as the probability of success for each

trial.
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Remark We can represent a binomial random variable X as a sum of independent
and identically distributed (i.i.d) Bernoulli random variables. For X, which assigns

the number of success to each outcome in an n-consecutive trials, we write
X=Y+---4Y,

where Y;, 2 = 1,...,n, is a random variable taking value 1 if the i-th trial is success,
and 0 if it is failure. It is clear that Y;’s are independent, and has the common
distribution Bernoulli (f). Mean, variance and mgf of Binomial (n,#) can thus be

easily obtained from those of Bernoulli (6).

Poisson distribution, Poisson (A) with A > 0, has the density
)\CE
pa(x) = e_)‘—' Hz=0,1,2,...}
x!
The parameter A represents both mean and variance.

Remarks

(a) The typical Poisson random variable arises in the context of observing the
occurrence of certain happenings in time, space, region or length, such as the arrival
of a telephone call, a traffic accident, etc. To show that such a happening can be
appropriately modelled by a Poisson random variable, let X denote the number of
telephone calls in a time interval. Suppose that the expected number of calls in the
interval is \. Now divide the interval into n small sub-intervals, with n large enough
that no two telephone calls arrive in a sub-interval. Then we may regard X as a

binomial random variable with parameters (n, A\/n). The density of X at z is then

<Z> <%>x <1_%)n—x _ (le)\x(l%)x <1_ %>n§

z!

given by

%

as n — oo, and where we used the notation (n), = n!/(n — z)! and the facts

lim (1 - i) =e*, lim (1 - 5) ~1 and  Lim Mr g

n—o00 n n—o00 n n—oco N
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(b) In dealing with Poisson density, the power series expansion

0 n
2 z

e = —'
n—o 1

of the exponential function is used repeatedly.

Normal distribution, N(, 0?), or Gaussian distribution has the density

Puo2 () = ! exp (—M>

oV 21 202

It is the most important distribution in probability and statistics. The parameters u
and 0% > 0 are, respectively, the mean and variance. The normal distribution with
mean 0 and variance 1, N(0,1), is called the standard normal distribution. It was

originally discovered as well fitted for the distribution of observation errors.

Gamma distribution, Gamma (7, \), is represented by a family of densities

pra(z) = %(Ax)r_le_’\x {z > 0}

where r, A\ > 0 are the parameters, and I'(+) is the gamma function defined by
['(z) = /OOO t*le tdt
Lemma 1
I'z+1)=2I'(z) and I'(1)=1
Proof Notice by integration by parts that
I'z+1) = /OOO tre tdt

x
— —tze_t‘oo—i—z/ e ~tdt
0 0
= 2I(2)

Moreover,
r(1) :/ e~tdt = 1
0
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as required. [

Remark Note that I'(n + 1) = n! for a positive integer n. The gamma function

thus generalizes the factorial function.

Remark The family of gamma distributions has two important sub-family, ezpo-
nential distribution, Exponential (A\) = Gamma (1,)\), and chi-square distribution,

x%(k) = Gamma (k/2,1/2).

Beta distribution, Beta(a,b), is given by the density
1
B(a, b)
where B(a,b) denotes the beta function defined by

Pap(x) = M1-2) o<z <1}

1
B(a,b) = / B N Loy
0

Remarks

(a) The beta function is related to the gamma function through the identity

['(a)I'(b)
['(a+0b)
(b) The beta distribution reduces to Uniform[0, 1] when a = b = 1.

B(a,b) =

Cauchy distribution, Cauchy (a,b), has the density given by
1

b (1 + (x - a)2>

where —oo < a < oo and b > 0 are parameters. The shape of Cauchy density is quite

Pa,b (.’17) -

similar to that of normal density. However, it has no finite moments.

Multinomial distribution Let X = (Xy,...,X,,)". Then multinomial distribu-
tion is defined by
n!

m
p(l‘lv"wl‘m;pla"'apm) = ﬁp:lvl pfnm:[{zxk =N, Tk Z 0}
Ty Tmy- k=1
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The typical setting of multinomial distribution is n consecutive rolls of a die. In
this case m = 6 and X;(j = 1,...,6) denotes the number of times j spots up in n
consecutive rolls of a die. Note that we can represent the multinomial distribution by
binomial distribution. We will illustrate this using the example of n consecutive rolls
of a die. Let X = }1", Y; where Y; is 6-dimensional random vector. If, for example,

3 spots were up in the i-th roll, then Y;(w) takes the form

0
0
1
)/z(w) - 0
0
0
Notice that, for each k = 1,...,6, {Y},;},_, are i.i.d. Bernoulli random variable with

parameter pg, which implies Xy = > | Y}, is Binomial(n, py) for k =1,...,6.
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Mean, Variance and Moment Generating Function

distribution mean variance mgf
) a+ b (b _ a)2 ebt _ 6at
Uniform |[a, b] 5 T o)
Bernoulli (6) 0 6(1—0) (1—-0)+0¢
Poisson () A A exp ()\(et — 1))
ot?
Normal (u, 0?) L o? exp (/u + T)
r r A\
Gamma (’l", )\) X ﬁ (m)
a ab
Bet b
eta (a,5) a+b (a+bd)*(a+b+1)
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2. Distributions of Functions of Random Variables

Let the distribution of a random variable or a random vector X be known. We show
in this section how to obtain the distribution of a random variable Y defined by
Y = f(X) for a measurable f. There are three commonly used methods — distribu-
tion function technique, moment generating function technique, and transformation

technique.

Distribution Function Technique It is sometimes possible to compute the dis-

tribution function G of Y directly from

Gy) = P{Y <y} = P{f(X) <y}
as we see in the following examples.

Examples:

(a) Let X ~ UJ[0,1] and Y = —log X. Then the distribution function G of YV is

Gly) = P{-logX <y}
= P{X >eY}
= 1—e"?
when y > 0, and 0 otherwise. Note that the distribution function F' of X is given by
F(z) = z and 1, respectively for 0 < x <1 and z > 1.

(b) Let X; be independent random variables with distribution functions Fj, i =
1,...,n. Define Y = max{Xy,...,X,}. Then the distribution function G of Y is
given by

aly) = P(ﬁ{xig})
= [IPixi <)

= ﬁFz(y)
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If X;,i=1,...,n, are i.i.d. with the common distribution function F', then G(y) =
F(y)".

(¢) Let X = (X, X5) be a random vector with distribution P and density p. Then
the distribution function G' of Y = X 4+ X, is given by

Gly) = P{X;+X,<y}
= P{(x1, )| 71 + 22 <y}

%) Yy—12
= /_ /_ (1, x2) dxidzy

which can easily be obtained if p is specified.

Moment Generating Function Technique The distribution of sums of inde-
pendent random variables can readily be obtained via moment generating functions,
as they uniquely define distributions. If we let Xi,...,X,, be independent random
variables with moment generating functions m;, 2 =1,...,n,and Y = X;+---4+ X,

then the moment generating function m of Y is given by

n

m(t) = B0y = T my (t)

=1

Examples:

(a) Let X; ~ Poisson()\;), i =1,...,n, be independent. Then the moment generating
function of Y = X; +---+ X, is

Hexp( e —1)):exp<e -1> A )
=1
from which we may deduce that Y has Poisson distribution with parameter Y \;.
(b) Let X; ~ N(u;,0?) be independent. The moment generating function of ¥ =
a1 X1+ -4 ¢, X, is given by

n 22t
m(t) = J]exp <cz,ult+ 5 )

=1

n t2 n
= exp (t Z Cilb; + B Z cfaf)
=1 =1
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which implies that

n n
N (Z CiJbis Z cfaf)
i=1 i=1

Transformation Technique If the function f is one-to-one, we may find the
density of Y = f(X) from that of X by the transformation technique. To introduce
the method, we first let f be a measurable, one-to-one transformation in R". Write
f=f, - fa) and x = (21,...,z,)". Also, denote by Px and Py the distributions
of X and Y, respectively, having densities px and py with respect to the counting or
the Lebesque measure 4 on R".

We now let B € B(R") be chosen arbitrarily. Then define A = f~!(B). Note that
A € B(R") since f is assumed to be measurable, and that {X € A} ={Y € B}. We

therefore have
Pe(B) = Px(4) = [ px(a) dp(a)

When g is the counting measure, we immediately have

/px du ZPX pr(f1

€A yEB

If 4 is the Lebesque measure and f is differentiable, we have from the change of

variables formula for the transformation y = f(x) that

/px ) du(x /px dfr—/px () |det (£ ()| dy

where f is the Jacobian matrix of f, i.c., the matrix (9f;/ 0z;) of the first derivatives

of f. We may now easily deduce that the density py of Y is given by
_ ~1
py(¥) = px(f7' () or px(f () |det f(/ 7' ()|
depending upon whether X and Y have densities with respect to the counting or
Lebesque measure.
Obtaining py from pyx is thus extremely simple when they are densities with

respect to the counting measure. We just replace = by f~!(y) in the argument of py.
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If, however, they are the densities with respect to the Lebesque measure, we need to
make an additional adjustment for the change in the volume element from dx to dy.

This can easily be done using the total differentiation formula

dy = ‘detf(:r) ‘dx = ‘detf(f_l(y)) ‘dx

The adjustment factor
-1

| det f(f7'(v)) |

for the change in the volume elements is often called the Jacobian of transformation.

Example The joint desity of X; and X5 is given by

p(r1,m0) = dmxy if 0 < xy,29 <1,

= 0 otherwise

Define Y} = X;/X5 and Y5 = X;X5. Now we will obtain the joint density of Y; and
Ys. Let X = {(x1,22)|0 < 1,29 < 1}, i.e., the support of the joint density of X; and

Xs. Since the inverse transformation is

r1 = /y1y2 and $2:\/?J2/?J1

the support ) of the joint density of Y7 and Y5 is given by YV = {(y1,v2)|y1,y2 >
an1y2 < 17y2 < yl}

We now concentrate on the transformation on X and ). We have from the total

<dy2>

differentiation

(dfl?l) o 2
dzy) | 1 1
—5\/y2/yi)’ 5\/1/%92

which yields by the change of variables formula

1 1
5V yz/yl 5V yl/y2 1
2 2 dy, dys = — dy; dys

1 1 2y,
—5\/92/% 5\/1/%92

dxi dxy = |det
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Note that y; > 0 on ). Therefore, we have
o - 4yo
p(x1, x2) dry dxg = 42129 day dae = S dy, dys
n

The joint density of Y; and Y; is therefore by

o 2y,
p(y1,y2) = —
n

over the support ).

3. Exercises

1. Find mean, variance and mgf of
Uniform[a, b], Poisson()), Normal(y, 0?), Gamma(r, \)

2. Let X and Y be independent standard normal variates. Find the density of a
random variable defined by
U—>X
Y
3. Let X and Y be independent random variables having, respectively, standard
normal and chi-square distributions with k-degrees of freedom. Obtain the density of
a random variable defined by

U=———
Y/k

4. Let X and Y be independent random variables having, respectively, chi-square

distributions with p- and ¢-degrees of freedom. Obtain the density of a random

variable defined by
_X/p

U —
Y/q

Remark: For Problems 2 — 4, let V =Y and first find the joint density of U and V.



