REAL BUSINESS CYCLE MODELS
* Inthischapter welook at two modifications of stochastic growth modelsto account for two fea-
tures of business cycles. Thefirst is acomplication to investment to introduce more short run
dynamicsinto the model. The second involves changing household preferencesto allow for vari-

able labor supply.
1. Timeto build investment

» Kydland and Prescott (1982) introduced theideathat it takestimeto build new productive capital
structures. They assumed that household utility takes a modified Cobb-Douglas form. This can
be motivated by appealing to the long run evidence that labor supply isrelatively inelastic. Spe-
cifically, in the Cobb-Douglas form with “ share parameter” 0, the fraction of hours supplied to

the market tends to be close to 6 and thus relatively constant over time.

» Kydland and Prescott generalize the Cobb-Douglas function, however, by allowing the curva-

ture of the overall function to change
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In (1), the parameter y can be interpreted as the intertemporal elasticity of substitution for both

consumption ¢ and “leisure”’ (or non-market uses of time) z.

» Kydland and Prescott (1982) showed how, by allowing for “time to build” capital one can pro-
duce asimple model that has investment more volatile than consumption, has most aggregates
moving pro-cyclically and allows productivity shocks to account for about 50% of post-1950

business cycle variability.

» Specifically, the productive capital stock k; is assumed to evolve according to
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Kiv1 = (1-0)ky+ sy 2

wheresy, j = 1,...,Jisnew capital that isj periods from completion. Thus s;; evolves according
to St+1 = §+1¢- Each of the s become additional state variables for the dynamic programming

problem.

Let theinvestment required at stage | of the process be ¢; per unit of capital. Then thetotal fixed

investment at timet will be

J
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Kydland and Prescott aso allow for inventory investment. If y; is the inventory stock at the be-
ginning of period t, then inventory investment during period t will bey,,; —V;. Total investment

in period t will thus be

J
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Output is taken to be constant elasticity of substitution (CES) between current production and

the beginning of period inventory
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where 1/(1+v ) isthe elasticity of substitution. Using (4) and (5), the aggregate resource con-

straint now becomes
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» Kydland claimsthat by adding the“timeto build” technology and inventory, using “reasonable’
parameter values from the microeconomic evidence, and identifying productivity shocks with
the “ Solow residual”, the model can account for key properties of the US business cycle. It can
match the relative volatility of investment and consumption, and the pro-cyclicality of most ag-
gregates. The model can also account for about half the volatility in US output. The major prob-
lem with the model, however, isthat it cannot explain employment variation. Kydland therefore

turned to intertemporal substitution as a solution.
2. Intertemporal Substitution in Labor Supply

» Toaccount for thefact that output variation over the business cycleisassociated with avariation

in the level of employment we need to drop the growth model assumption of an inelastic labor

supply.

» Consider again the static problem

rgaﬁw(c, h) subject to pc =wh (7)

The consumer choosesto all ocate time to market or non-market activity based on thereal wage.
Aswe noted when we examined the simple model of labor supply, to be consistent with thelong
run evidence on changesin average hours worked or lifetime labor supply asreal wages change,
the utility function needsto produce alabor supply curvethat isrelatively inelastic. But thisthen
makes it difficult to use the same model to account for significant employment variation over

business cycles.

» Welook to intertemporal substitution to provide asource of large short-run fluctuations. Casual
observation, such as that holidays or work hours over the week can be shifted with little or no
compensation required, suggeststhat the elasticity of the distribution of work supplied over time
ishigh. Life cycle participation decisions, the timing of education and training, or investment in

anew job via search can aso be influenced by intertemporal wage movements.
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» Toillustrate further, consider again the two period model we examined at the beginning of the

course
max  U(cy, hy, ¢4, h;) subject to paCo + p1€1 < Wohg + W1hg (8)
Cor ho, Cq h1
p1D WlD
where p; = et andw,; = Tt

» Using this model we want to find a U consistent with:
(a) the evidence that labor supply isinelastic in thelong run

(b) the evidence that employment variation can be considerable in the short run.

» Solely to facilitate a graphical analysis, we make three simplifying assumptions:
(i) Impose the assumption of along run inelastic labor supply by assuming total labor supply
over thetwo periodsisfixed at h = hg + hy. Thisisequivalent to implicitly imposing restrictions
on the utility function U.

(if) Assume utility is separabl e between consumption and labor supply. That is, suppose the util-

ity obtained from ¢, versus ¢, isindependent of the amount of work done in each period.

(iii) Definey asreal incomein present value terms and assume all income is consumed in either
of the two periods. Let g = co/y and 81 = c1/y be the shares of consumption in the two periods.

Define aprice index P by
P = 60po + 61p1 ©)
The intertemporal budget constraint can then be written in terms of P as
CoPo *+ C1P1 = [Bopo + B1pa] Y = Py = wghg + wihy (10)

» Now split the original maximization problem into two sub-problems. We can first consider the

problem of maximizing utility by choosing consumption taking labor suppliesin the periods as
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given. We can then maximize the overall level of utility by choosing the two levels of labor sup-

ply. We introduce y as a new choice variable along with a second budget constraint.

Thus, consider the problem

max U(cy, hg, ¢4, ) subject to poCo + p1€1 = Py (11)
€0 ©1

With utility separable between consumption and labor supply, we can solvethis problem for con-

sumption as a function of real pricesin the two periods and real income, y:

P
Co = o E,y% andc; = Clg%), 313% (12)

Define the indirect utility function that incorporates the maximizing consumption decisions by

Po P _ [Po p1 [Po pl

The labor supply decision can then be represented by the maximization problem

w
max V%‘o, Pyi? %E subject to the constraint —ho 1h1 =y (14)

ho hy Y P
1
and the constraint that follows from the assumption that long run labor supply elasticity is zero:
ho+hy=h (15)

Defineh = hgand put h —h = h;.

1'Theimpl icit restrictionson U involved in thisassumption can beimposed more formally by setting the prob-
lem up as a three stage maximization. At the first stage, choose h. Then choose h and y as outlined above,
and finally choose the consumption levels ¢, and ¢;. We then want U to be such that h isvery inelastic with
respect to achangein prices over the two periods that keeps real wages constant.
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» Tofocuson intertemporal allocation, assume that real wages are constant over the two periods

by letting w; = wp;. As an aside we should note that, although real wage variation might be im-

portant in some business cycle episodes, the empirical evidence does not show a consistent re-

lationship between real wages and cyclical variations in employment. The labor supply

maximization can then be written as;

= Po P . Pop ,Pie vy
rﬂ%vamh h,yi5. 50 subjectto Sh+5(h-h) = ~ (16)

» Assuming individuals are fairly indifferent to the allocation of time across the two periods, in-

difference curvesfor theindirect utility function V in (h,y) space will be asillustrated in the fol-

lowing diagram. It indicatesthat individuals object to supplying ailmost all thetimein one period
Y A

>
h h

or the next but there is awide range of distribution of work time across the two periods that
leaves them more or less indifferent. Higher real income, y, of course makes individuals better
off. Notethat even though V isafunction of the all ocation of consumption acrossthetwo periods
and so respondsto changesin po/P and p1/P, aslong asindividual s have accessto capital markets
and can borrow and lend at the same interest rate r in the first period, as we are assuming, we

would expect this general pattern for the indifference curves to remain valid.
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» The position of the budget line depends on py/P and p1/P and thus future relative to current pric-

es. In particular, a decrease in real interest ratesr will tend to raise p; relative to py.

» We can represent the maximization as below. Asthe diagram shows, if weraise p; relativeto po,
current labor supply h decreases. Of course, in general the same indifference curve need not be
tangent to the two budget lines - that is, the change in pg relative to p; islikely in general to
change maximized utility. The size of the labor supply response depends, however, on the flat-
ness of theindifference curves. If they arevery flat over abroad range of values of h then asmall
change in pg relative to p; can produce a large change in labor supply in the current period h.

yA'

w2h
P

» Asaresult of intertemporal substitution, the short-run labor supply curve might be much more
elastic (that is, the opportunity cost of not working is much less) than analyses based on long run
labor supply would suggest. Further, fixed costs of employment might also imply amore elastic

labor supply schedule for a*“representative” individual than for any one individual.

* |n particular, we conclude that, as aresult of intertemporal substitution, current labor supply re-
sponds positively to the real interest rate. If substitution effects dominate wealth effectsin the
labor-leisure choice, we would also find that current labor supply responds positively to an in-

crease in the real wage.
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* Inthetwo period model, we have taken utility of 1abor supply to be non-separable over time. The
utility cost of working today depends on the amount of labor supplied in other periods. Such a

formulation would appear to be difficult to incorporate into adynamic programming framework.
3. Intertemporal substitution in a dynamic programming model

» Kydland and Prescott (1982) also showed how intertemporal substitution can be incorporated
into astochastic growth model. Specifically they modified household preferences by introducing
another stock variable to the model. We can let current |eisure contribute to a stock of “recent
leisure” just like current investment contributes to the stock of physical capital. Furthermore,
there can be a depreciation rate on this stock so that as periods of non-market time fade into the
past they havelessof an effect on current decisions. The desiretotakeleisurein any given period

isthen lessened if the current stock of past |eisure recently enjoyed is higher.

» Specificaly, the utility function is assumed to take the form
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but where now z is not current leisure or non-market work, but rather a stock variable
Z, = Az_q + WL, (18)
and current non-market time is denoted /;.

* With thismodel, the dynamic programming problem has z; as an additional state variable. When

combined with the“timeto build” and inventory features discussed above, the model accounted

for additional features of the business cycle including pro-cyclical movements in employment.

 Benhabib, Rogerson and Wright (1991) further modified the utility function (17) to allow ¢; to

be a CES function between home-produced and marketed goods and services. Home production
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then is allowed to have its own productivity shock.

» Home production allows hours in the consumption sector to respond positively to productivity
shocks. In addition to increasing hours to accumul ate more capital while productivity is high,
thereis an incentive to substitute market for home production of consumption goods when mar-
ket productivity is high. In fact, the addition of a household production sector could result in la-
bor flowing from the household sector to all market sectors during upswings rather than a

transfer of labor from the consumption goods to the investment goods sector.

» Another problem with the standard model that home production can alleviateisthat it introduces
another source of shocks to the system. The standard model yields a very high positive correla-
tion between productivity and output or productivity and hours. Thisisinconsistent with the data
and can be alleviated by introducing productivity shocks in the household sector that are less

than perfectly correlated with market productivity shocks.

» However, the model does not include the timeto build or inventory accumulation features of the
earlier Kydland and Prescott model. While the Benhabib, Rogerson and Wright model can match
some business cycle characteristics better than the Kydland and Prescott model it isless success-
ful at matching others. Another problem with the household production model isthat it isvery
difficult to get independent confirmation of reasonable values for the parameters governing
home production. This makesit difficult to verify how well the model truly can account for busi-

ness cycle facts.

4.  Fixed Costs of Employment

» Theintertemporal substitution model might seem to be more suited to explaining variationsin
hours worked over the business cycle than variations in numbers of employees. To explain the

latter we need to introduce fixed costs of employment.

* Aninteresting attempt to account for employment fluctuations over the business cycleisthein-
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divisible labor model of Gary Hansen (JME 1985). Hansen starts with household preferences of

theform

(o]

z BU(c, 1-h) (29)
t=0
where ¢; isconsumption in period t and h; is hoursworked in period t. However, he assumesthat
labor is supplied in indivisible units - either households work an exogenously fixed number of
hoursin period t or they do not work at all. Thisintroduces a non-convexity into the household

maximization problem.

* Moregenerally, wewould liketolook at amodel whereindividuals can substitute leisure across
time (to account for variationsin overtime and average weekly hoursworked over the cycle) but
where there are also fixed costs of employment. As aresult of the latter, individuals have limi-
tationson their ability to vary hours and to some extent face employment lotterieswith relatively
fixed hours of work but a variable probability of being employed. A completely general model
is difficult to analyze because of non-convexities. Hansen and Rogerson make simplifying as-
sumptionsin order to make the objective function for the household concave. Morerecent papers
have followed up this work by using more flexible, but also more complicated specifications,
that again cannot be solved analytically but instead can only be simulated using “reasonable” pa-

rameter values.

» Hansen and Rogerson assume that househol ds choose | otteries rather than hours worked. Spe-
cifically, each period, instead of choosing hours, households choose a probability a; of working
afixed number hg of hoursand alottery then determines whether or not any particular household
works. Sincethe contract isbeing traded, the household is paid whether or not it works. In effect,

the firm is providing complete unemployment insurance to the workers.
» Sinceall householdsareidentical, they all choose the same contract —that is, the same a. How-

143



ever, ex-post afraction a; of the households will work and 1-a; will be ex-post involuntarily un-
employed. Per capita hoursworked in period t will be given by aihg. Each household, however,
faces an uncertain prospect of supplying hours to market activity and so chooses o to maximize
expected utility. Hansen assumes that utility in each period is separable in consumption and lei-

sure
U(ct, 1-hy) = u(cy) + v(1-hy) (20)

Then consumption in each period will be independent of whether or not the household works.

Expected utility will be given by
EU(ct, 1-hy) = a[u(c)+v(1-ho)] + (1-ay) [u(ch+v(1)] = A +u(cy) + Bay (21)

for constants A and B. In particular, we can treat the representative household asif it had pref-
erences which were linear in the probability of working a;. For maximizing utility, we can ig-

nore the constant A in the per-period utility function.

Since households are paid for the expected amount of time they spend working, the household

budget constraint becomes
G+ it < Wtatho + rtkt (22)

instead of the straightforward generalization of the Cass-Koopmans model we might otherwise

expect.
Thus the problem solved by the typical household is

max Z B'lu(c,) +Bay] subjecttoc; + it < witihg + rike and ke+q = (1-0)k: + iy (23)
t=0

with kg and hg given. The representative firm will choose labor input h; (by varying the number
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of workers actually employed rather the hours each employee works) to equate the marginal
product of labor to the real wage asin the competitive version of the simple Cass-Koopmans
model. The firm also demands capital services from households to equate the marginal product

of capital to thereal rental rate r; which the firm takes as given.

Note that since a; = hy/hg we can equivalently model the representative household as choosing
h; to maximize anintertemporal utility functionwhichislinear inh;. Theelasticity of substitution
between leisurein different periodsfor the aggregate economy isinfinite and independent of the
willingness of individualsto substitute leisure across time. Hansen shows that this model is able
to more closely mimic features of aggregate time series data, in particular the response of hours

worked to a change in productivity, than a similar model without indivisible labor.
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