Rice University
Fall Semester Final Examination 2004
ECON501 Advanced Microeconomic Theory

ANSWER KEY

These answers are more detailed than I could possible expect from a student under erami-
nation conditions. I am making them available to aid your understanding of the material
covered in ECON501 and help your preparation for the general exam at the end of this
academic year.

PART A
1. [50 Points]

(a) Consider a preference relation that can be represented by the utility function

3/2 3/2
U(xy,x9,x3,24) = 23237 4 T3y
i) Derive the uncompensated demand function for the utility maximization
problem using this utility function.
Set up problem
3/2, 3/2

2 4
max 'y "2y + w374 8. Yo pizi <w

Form Lagrangian
Lz N\ p) =223 + w20y — S0 T — A (Z?leixi —w)

Notice that U (x1, 79,73, 74) i sum of two conver functions U (zy,15) =
:pi’/zxgﬂ and UB (x3,24) = 2324, hence optimal consumption will either have
ry = x9 = 0 or x3 = x4 = 0, depending on which consumption bundle
generates higher utility. So we can break the problem into two maximization
of Cobb-Douglas utility problems

A : max U4 (x1,22) s.t. p121 + parg < w
(z1,22)>0

B : max UP(x3,24) s.t. pszs+ pazy < w
(23,24)>0

FONC for pblm A :

3U4
T w — Ap1 < 0, with equality if 1 > 0
Ty
3U4
Ty w — Ap2 < 0, with equality if x5 > 0
T2



We can see that optimal consumption for pblm A entails x1 > 0 and x5 > 0,
hence from two FONC we derive

T2 b1
— = — = D1T1 = P22
Ty D2

Hence

w
x’f (P1,P2) = 2_]91 and l’f (pl,pz) = 2

and so, the indirect utility for pblm A is

w3

VA (p1,p2,0) = —75—55
8pi’/ 2193/ ?

By similar reasoning we have for FONC conditions for pblm B :

2U4 (21, x . o
T3 % — Ap3 < 0, with equality if x3 > 0
3
UA
T4 w — Apg < 0, with equality if x4 > 0
4
yielding
2
s _h = P3Ty = 2P4y
Ty b3
and so
2w w 4w’
B B B
x3 (p3,pa) = 5— ¥y (p3,pa) = 5— and V7 (p3, pa, w) = 55—
3 ( 3 4) 3p3 4 ( 3 4) 3p4 ( 3 4 ) 27p§p4

So the indirect utility for the original problem is given by

4 (plap27p37p47 U)) = max (VA (plap?v ’LU) ) VB (p37p47 'lU))

= 4w’ max L 372 12
32 (plpg) 27p3p4

Hence the uncompensated demands are given by

0 if 32 (p1p2)®? > 27p2ps

4 Y 9 9 ,w - ’
P b ) { w/(2p1) if 32 (p1p2)3/2 < 27pip,
0 if 32 (p1p2)** > 27p2ps

T2 \P1, P2, P3, P4, W == :
2 (p1, 2, D3 ) { w/ (2pa) if 32 (p1p2)3/2 < 27p§p4
3 (p1, P2, P3, pa,w) = 2w/ (3ps) if 32 (P1p2)3/2 > 27pip,
B 0 if 32 (pipa)®” < 27p3pa
z3 (P1, P2, P3, P, W) = w/ (3ps) if 32 (p1p2)3/2 > 27pip,
R 0 if 32 (p1p2)3/2 < 27pip,

3/2 _

and for the case in which 32 (p1p2) 27p3p, we have

w

w 2w
x(p17p27p37p47w) = {(2_]91, 2_])2,0,0) , (0,0’ 3—])3’3—1)4)}



i7) Verify the indirect utility function from this problem satisfies all the requisite
properties for an indirect utility function.
Notice that VA (respectively, VP ) is decreasing in py and po (respectively, ps
and py) and increasing in w. Furthermore, VA (respectively, V?) is homoge-
neous of degree zero in py and ps (respectively, ps and ps) and w.

(aw)s w’ A
VA (aplaap27aw) = = =V (p17p27w)
8 (Oépl)3/2 (Oép2)3/2 8pi}/2pg/2
4 (aw)® b g

VB (ap3a QPy, OZ'lU) = =V (p?n P4, U})

9 (ap3)2 apy B 27p3pa

Hence

14 (plaanp3ap4a U}) = max (VA <p17p2a w) 7VB (p37p47w))

18 non-decreasing in prices and increasing in w and homogeneous of degree
zero in prices and wealth

V (apy, aps, aps, apy, aw) = max (VA (apy, apy, aw) , VP (aps, apy, aw))
= max (VA (p17p27 'LU) ) VB (p37p47 UJ))
= V(p17p27p37p4>w) .

To see that it is quasi-convex, by exploiting the homogeneity of degree 0 prop-
erty, it is enough to show that

4

1
VA(p1,p2, 1) = —55575 and VP (ps,pa, 1) = ——5—
Sp?l’/ 2p;’/ 2 2729%]94

are both convex functions of prices, since this will mean V' is a convex function
of (normalized) prices as

V (p17p27p37p47 1) = max (VA <p17p27 1) ) VB (p37p47 1))

and the maximum of two convex functions is itself conver. So to see that
VA (p1,p9,1) and VP (p3, ps, 1) are convex, notice that their Hessians (matri-
ces of second-order partial derivatives).

A _ | 15/ (32pip2) 9/ (32pip3) } i HE __[ 24/ (27pspa) 8/ (27pipi)
9/ (32pip3) 15/ (32p1p3) 8/ (27p3p3) 8/ (27p3p})

are both positive definite matrices:

225 81
15/ (32pip2) > 0, 15/ (32p1p3) > 0 and — >0
(32)°pips  (32)° pips
24 x 8 8 x 8

24/ (27p3ps) > 0,8/ (27psps) > 0 and — >
(2Tpips) (2p:p3) (27)° p§ps  (27)° pips



i11) Does Roy’s identity hold for this indirect utility function?
Explain or illustrate your answer.
Roy’s identity holds wherever x is single-valued, (i.e. for all price-wealth
combinations except for 8pips = 9psps)
Le.

3_V
ow

OVE/ow if 32(pip )3/2 > 27p2p,
oVA/ow if 32 (pip ) < 27pip,

1202/ (27p2ps)  if 32 (pip2)*? > 27p2py
302/ [8 (mp2)*] if 32 (mp2)®” < 2708

{
and {
.
|

v o if 32 (p1p2)”* > 27pips
opr 3w?/ 16p5/2 3/2} if 32 (p1p2)3/2 < 27pip,
ov if 32(p1p2)*"* > 27pipa
opr &ﬁ/uww5ﬂ if 32 (pup2)™* < 27p2ps
and
v — —8w’/ (27pipa) if 32 (P1p2)3/2 > 27p3ps
Ops 0 if 32(pip2)*” < 27p3ps
V| —aw?/ (21p3p3) if 32 (pip2)*” > 27pdps
Op4 0 if 32 (pip2)*? < 27p2ps

And by checking with the answer derived in part i) we see that

—8V/8pz
oV /ow

xTr; =

as required for Roy’s identity.
iv) Without working out the full utility maximization problem,
show that a preference relation represented by the utility function

A~

3 3
U (x1, z2, T3, 14) = max (ﬁlnxl + §lnx2,21nx3 + lnx4)

would also lead to the same uncompensated demand function.
Notice that

A 3

UA(xl,azg) = ilnxl—i-élnxg
= InU? (21, 19)

Ub (x1,22) = 2lnxs+1Inmzy

That s, both U4 and UB are natural log transforms of U” and U®B. Hence

U4 >UP U > UP < 32 (pip)*? < 27p2ps

4



Furthermore, the same consumption bundle (x3,x3) that is the solution of the
UMP with U is the solution of the UMP with U#, and the same consumption
bundle (x3,x}) that is the solution of the UMP with UP is the solution of the
UMP with UB. So the conditions under which the individual would choose a
bundle like (x1,22,0,0) or a bundle like (0,0, x3,x4) are exactly the same for
U as it was for U. Furthermore, when we choose positive amounts of goods 1
and 2 (respectively, goods 3 and 4) we choose the same amounts as we would
under U as we did under U.

v) Briefly explain whether or not this means that U and U represent the same
preferences.
No they are not. But where they differ would never be selected as solution to
a UMP with linear prices.

(b) Suppose, there are two periods, ‘today’ (i.e. period 1) and ‘tomorrow’ (i.e. period
2), a single consumption good, and an individual called Zeek has preferences over
two-period consumption streams that are additively separable. In particular as-
sume his preferences over two-period consumption streams admit a representation
of the form:

U(x1,22) = u(xy) + u(xg)

Further suppose that Zeek is also a strictly risk-averse expected utility maximizer.
Owing to a miscalculation, Art has caused Zeek damage for which Art is legally
liable. Absent the damage, Zeek’s income would have been the same in both
periods, say z. The damage has reduced his income in period 1 by 10%. Zeek
argues that in order to make him “whole” (as well off as he would have been had
Art not damaged him), Art will have to pay Zeek more in the upcoming period
than the amount Art caused Zeek to lose in the previous time period, because
Zeek is risk averse.

No probabilities are mentioned above, but explain why risk aversion is relevant
here. Is Zeek correct in his claim that since he is risk averse, Art’s period 2
payment to him must be bigger than this period 1 loss to make him whole?

The fact that Zeek is an expected utility maximizer means there exists a von Neu-
mann utility index V : X x X — R, such that for any pair of lotteries over L
and L' defined over X x X

Lzl & S L(xy,x9) V (21,22) > S Ly, 22) V (21, 22)

(z1,22)EX XX (z1,22)EX XX

Furthermore, we know that for any pair of degenerate lotteries 0y, 4,y and o (a,23)

(i.e. certain two-period consumption streams)
Sonan) 22 O (agay) €V (01:2) 2 V (@, 25) & (@) +u(2) = u(al) +u(eh)

Hence V (x1,x2) must be an increasing monotonic transformation of U (x1,x2) =
u(zy) +u(wg).
Risk aversion means Zeek prefers the mean of a lottery to the lottery itself. Ie.
for any lottery L over X x X we have

> L(z1,22) V (21,22) >V (Z1,72)

(1‘1,332)6)( x X



where
(Zf'l,ﬂ_fg) = Z L(.Il,ZEQ) (.Il,.I'Q)
(z1,22)EX XX

18 the expected consumption bundle. But by Jensen’s inequality we know this is
equivalent to V (.,.) being concave. But V (.,.) being concave means that the
preferences over certain two-period consumption streams must be convex — better
than sets are convex sets. And so since U (x1,x2) = u(x1) + u(x2) represents
convezx preferences, it follows that u (.) is a concave function.

Now concavity of w(.) implies

1 1 0.9 1.1
§u(0.9><z)+§u (I.lxz)<u (7 X z + - X z) =u(z) (by Jensen’s inequality)

Hence Zeek is right since the inequality in the line above implies
w09 % z)+u(l.lxz)<2u(z)=u(z)+u(z).

T-bone Pickens feeds his chickens on a mixture of soybeans and corn, depending
on the prices of each. Assume the technology for ‘producing’ chickens is constant
returns to scale. According to the data submitted by his managers, when the price
of soybeans was $10 a bushel and the price of corn was $10 a bushel, they used
50 bushels of corn and 150 bushels of soybeans for each coop of chickens. When
the price of soybeans was $20 a bushel and the price of corn was $10 a bushel,
they used 300 bushels of corn and no soybeans per coop of chickens. When the
price of corn was $20 a bushel and the price of soybeans was $10 a bushel, they
used 250 bushels of soybeans and no corn for each coop of chickens.

i) Is there any evidence above that indicates Pickens’s managers have not been
minimizing costs?
The three points in the date correspond to points on three different isocost
lines for a unit production. These three isocost curves correspond to the three
straight lines given by

To = 200—371
To = 300 — 21’1
To = 125 —$1/2

By graphing these three isocost lines we see that:

1. input bundle (150,50) costs less than (0,300) and (250,0) when prices
were ($10, $10).

2. input bundle (0,300) costs less than (150,50) and (250,0) when prices
were ($20, $10).

3. input bundle (250,0) costs less than (150,50) and (0,300) when prices
were ($10, $20).

Hence there is no evidence that Pickens’s managers have not been minimizing
costs.



i1) If Pickens’s managers were always minimizing costs, briefly explain whether it
is or is not possible to produce a coop of chickens using 50 bushels of soybeans
and 150 bushels of corn?
At prices (320, $10) the input bundle (50, 150) costs $2500 < $3000 the cost of
the input bundle (0,300) that was actually chosen when prices were ($20, $10).
Hence this input bundle must have been an infeasible bundle to reach the
output target of 1 for if it were then the firm would not have been cost-
mininimizing by choosing input bundle (0,300) when it did.

PART B

2. [25 Points] Suppose there are 2 states of the world s = 1,2 and a single consumption
good. Assume the decision maker is a subjective expected utility maximizer with a

Bernoulli utility index given by
1—p
c

u(c)

(a) What does it mean for this individual to be risk averse and what restriction do

we have to place on p in order for this to be the case?

Risk aversion means the individual (weakly) prefers the mean of a lottery to the
lottery itself. That is, for any state contingent consumption, if m represents his
belief that state one will obtain, then

(mer + [1 — 7)o, ey + [1 = 7] ea) 75 (1, ¢2) for all (cp,c0) € R

Hence we require

(mey + [1— ] o)™ - R o ) R P

1—0p - 1—0p

for all (c1,c) € RZ

But notice, if p <0, then wu/(.) is strictly convex since
u’ (c) = —pc= 1P > 0
and so by Jensen’s inequality we would have
u(mey + [1—7ler) <mu(er) + (1 —m)u(e)

So we can rule out p < 0. On the other hand if p > 0, then wu(.) is concave and
now Jensen’s inequality gives us

w(mey + [1 —7)eg) > mu(er) + (1 —m)u(cs)

as required.



(b) Denoting state-contingent consumption bundles by (c1,cs), where ¢; represents

(c)

the consumption in state 1 and ¢, represents the consumption in state 2, what
implication can you draw if the bundle (85,45) is strictly preferred to (45,85)7
Devise a procedure that reveals the individual’s subjective beliefs.

(85,45) = (45,85) means
mu (85) + [1 — w]u (45) > mu (45) + [1 — 7] u (85)

= (2r—1)>u(85) —u(45) >0=m > 1/2
Le. the individual believes state 1 is more likely than state 2.

Fiz two outcomes, say 85 and 45. Find a lottery L, of the form

D if x =85
L(zx)y=¢ 1—p ifz=45
0 otherwise

such that
L ~ (85,45)

Since he is a subjective expected utility maximizer, this indifference means that
pu (85) + (1 — p)u (45) = 7u (85) + [1 — 7] u (45)

e )

So set m = p (i.e. p is the individual’s subjective belief about the likelihood of state
1 obtaining).

Suppose your procedure reveals that the individual’s subjective belief is that state
1 is three times more likely than state 2. Illustrate her indifference map in state-
contingent consumption space. Show her preference relation over
state-contingent consumption bundles is homothetic.

Homotheticity requires,
(c1,c9) ~ (¢}, ¢5) = (Aex, Aea) ~ (A, Acy) for all X > 0.
But

(Claié) ~ (CQ,CQ)
3’ 1o’ (@) 1)

41—p " 41—p 41—p 41-p
Akp3c?”+1c;p}zkhpr«ﬁlp 1@911

é_Ll—p 41—p 4 1—-p 11—,0

3 Ae)'™ 1) 3T 1A
4 1—p 4 1—p 4 1—p 4 1—p

= (Aep, Aez) ~ (A, Aey) as required.




Now suppose the problem the individual faces is to choose a portfolio of assets subject
to her budget constraint. There are only two types of assets that she can choose. The
first asset whose price is 1, is a ‘risk-free’ asset that yields a payoff of one unit of the
consumption good if either state 1 or state 2 obtains. The second asset whose price is
p, only pays one unit of the consumption good if state 1 obtains. If state 2 obtains,
this second asset pays out zero.

(d) Formally set up the individual’s portfolio problem letting a; denote her demand
for asset 1 and a» her demand for asset 2.

Problem 1is

3 (a1 —+ a2>1—p 4 1 (al)l_p

— s.t. a1 + pas = w
a4 1—p A1) LT P

(e) For what range of p will as (p,w) = 0 and for what range of p will as (p, w) > 07
Will a4 (p, w) ever be zero? Explain your answers.

FONCs
3 _ 1 _
ap Z(al—i—ag) p+zl(a1)p:)\
3 _
as Z(al—kag) P =N\p

a; + pas = w

for as = 0 to be optimal we require
a; : (a1) " =X\

a2

Le. p = 3/4. That is, the second asset has an actuarially fair price, so the
individual invests solely in the safe asset and consumes the non-state consumption
w.

For ay > 0, requires p < 3/4. The asset represents a ‘better-than-fair’ bet, i.e.
the expected payoff of investing 1 dollar in the asset is

4
%>1
p

so the individual is willing to expose themselves to risk by purchasing positive
amounts of the risky asset.

We can see from the FONC for ay, that a; would never be zero. Notice the only
way to secure consumption in state 2 is through purchases of the safe asset. Thus
if a; =0, then co = 0, but that cannot be utility maximizing as u' (c) — 00 as
Cy — 0.

(f) Argue that neither asset is ‘inferior’ for the decision maker. That is, it is never

the case that at given prices if wealth goes up the demand for either of the assets
goes down.



You can show this on a diagram that if (a; + as,ay) is the optimal consumption
with wealth w, then the optimal state-contingent consumption with wealth Aw is
(A a1 + as], Aay), so a; (1,p,w) = wa; (1,p,1), i =1,2.

3. [25 Points] Consider an industry where a single output is produced using a single
input. There are many technologies. Each technology can produce up to a common
capacity of 1, which is infinitesimally small relative to the size of the market of this
industry. Technologies are distinguished by a parameter b, where b is the (constant)
marginal product of the input in this technology (up to capacity). That is, letting z,
denote the quantity of input employed, the production function for technology b is:

fbxz if2<1/b
Fb(z)_{ 1 ifz>1/b

(a) Given the input price w and the output price p, solve the profit maximization
problem of a firm with technology parameter b and derive its profit function
Tp (w7 p)
For firm b, problem is

maxpy — wz s.t. ¥y < min (bz,1)
Notice if pb > w (the value of the marginal product is greater than the wage,
then it is profitable to produce up to capacity). If pb < w, then the value of the
marginal product doesn’t cover the marginal cost (i.e. wage cost of labor), so it is
profit maximizing for this technology to produce nothing. If pb = w, then the firm
earns zero profit on its production, so it is indifferent between producing nothing,
up to capacity or any amount in between. So solution is:

0 ifb<w/p 0 ifb<w/p
/b ifb>w/p 1 ifb>w/p

Hence the profit function for this firm is given by

- 0 ifb<w/p
iy (w, p) = { p—w/b ifb>w/p

Now assume technologies are distributed along (0, 00), according to the density function
h (b) = b=2. Hence the total capacity of the technologies that have a parameter b lying
in the interval [c, d] can be calculated by the expression

/didb_ R
s b, ¢ d

(b) Show the total industry profit is given by II (w, p) = p*/ (2w).

10



For given wage w and output price p, from (a) we saw for any firm with technology
parameter b > w/p makes positive profits and any firm with b < 0 makes zero
profits, hence total industry profits are given by

I(w,p) = [ m(w,p)b>db

w (p—w/b)
= fw/p b2 db
_P ﬂ}b:m
[ b + 202 b=w/p

P w P
w/p  2w?/p* 2w

(c) Derive the industry’s supply function.

Slow (laborious) way:

z(w,p) = [z (w,p)b 2db
oo 1
- fw/p b_3db

1 b=o00
-4

b=w/p
2u?

and

y(w,p) = [0 yp(w,p)b 2db
o1
= fw/pb_de

.t
b b=w/p

Short (smart) way: use Shephard’s lemma.

SHRS

oIl (w, p
z(w,p) = —%
_ o (rN\_»
N ow \ 2w/ 2uw?
oIl (w,
oy — O

11



(d)

Derive the aggregate production function of this industry.

From part (c) we have

2

1
z:2p—w2:§y2$F(z):\/22

4. [25 Points] Suppose there are 1000 households who each desire one but only one
video recorder and that each household is prepared to pay up to but no more than
$500. Suppose further, that there are a large number of potential manufacturers of
video recorders, each with cost function

(a)

c(q) = ¢* + 40000

If firms behave competitively, what is the long run equilibrium number of firms,
price and quantity traded in this market?

In a perfectly competitive LR equilibrium with identical firms, long-run profits
must be zero, hence

p=AC=MC

Notice that AC=MC means that those firms who are operating in the industry are
doing so at their mininum efficient scale. To find the minimum efficient scale
requires us to find the quantity q where ¢ (q) /q = ¢ (q), that is,

40000
g+ —— =2¢ = ¢*> = 40000 = ¢ = 200
q

And at g = 200, ¢ (200) = 2x200 = 400, so the equilibrium price must be p = 400.
Finally, since all 1000 households are willing to pay $500 and the equilibrium price
is $400, demand would be 1000. So the number of firms operating in this perfectly
competitive equilibrium is J = 1000/200 = 5.

Recalling that there are a large number of identical firms who may enter this
industry, determine a (sub-game perfect, pure-strategy) Nash equilibrium of the
two stage game where in the first stage firms determine whether to enter the
market or not (and incur the fixed cost $40,000 if they do enter) and in the
second stage those who have entered play a one-shot Cournot quantity-setting
game. How does the aggregate welfare in this equilibrium compare with the
perfectly competitive outcome computed in (a)?

Let’s start at a second stage in which J firms have entered the industry. Given a
belief (conjecture/theory) that the other J — 1 firms will produce (and sell) Q_;
video-recorders in total, firm j’s profit maximizing problem may be expressed as

max 500¢; — ¢>
4;€[0,1000-Q_j] 9 — 4;

(recall, $40,000 is a fized cost which it has already incurred by entering, hence it
is sunk).
FONC

g; + [500 — 2¢;] [1000 = Q—; — ¢;] = 0

12



Le.

¢; (Q-;) = min (250, 1000 — Q-;)
Focussing on symmetric equilibria q; = q; = q for all j,j' (but notice they are
others) we have

J=1,2,3,4 : q=250
J>5 : ¢=1000/J

And so, for each entrant, their anticipated profit given the number of firms who
have entered is

J=1,2,3,4: 500 x 250 — (250)? — 40000 = 22500
J>5: 500 x (1000/J) — (1000/.J)> — 40000

So with the expectation that the market is shared equally in the second stage be-
tween those who choose to enter in the first stage, the equilibrium number of
entrants is given by

500 x (1000/J*) — (1000/J*)% — 40000 > 0
500 x (1000/ [J* + 1]) — (1000/ [J* + 1])* — 40000 < 0

Notice that for J* = 10 we have
500 x 100 — 100 x 100 — 40000 = 0

So in the symmetric Cournot equilibrium we would have 10 entrants each produc-
ing and selling 100 video-recorders and earning zero profits. Since the consumers
are paying $500 they also get no surplus, so aggregate welfare in this equilibrium
18 zero!

Design a revenue-neutral tax and rebate scheme that would implement the per-
fectly competitive outcome of part (a) even though producing firms act as Cournot
competitors. In this context, take ‘revenue-neutral’ to mean that the equilibrium
tax receipts equal the equilibrium rebate payments. (Hint: consider a per unit
tax on production and a rebate to each household.)

Consider a per-unit tax of $100 on the production of video-recorders and a lump-
sum rebate of $100 to each household. Since the rebate is lumpsum and we are
doing a partial equilibrium analysis, even though their income has gone up by
$100, households are still only willing to pay up to $500 for a video-recorder (i.e.
the demand curve has not shifted). But the firm’s marginal cost curve has shifted
up by $100 because of the specific tax levied on the production of video-recorders.

So now in the second stage, firm j’s problem becomes:

500q; — q> — 100¢;
Qje[oiréggc—Q—ﬂ G &

FONC
q; - [400 - 2%‘] [1000 - Q_j - q]'] =0

13



Le.
¢; (Q—;) = min (200, 1000 — Q_,)

And again focussing on symmetric equilibria q; = q; = q for all j, j" we have

J=1,2,3,4,5 : q=200
J>6 : q¢=1000/J

J = 1,2,3,4,5:500 x 200 — (200> — 40000 — 100 x 200 =0
~—~— ——

variable cost fixed cost production tax
J > 5:500 x (1000/.J) — (1000/.J)> — 40000 — 100 x 1000/.J <0
A —— ,

fixed cost

variable cost production tax

So it is an equilibrium for five firms to decide to enter in the first stage and then
each produce 200 video-recorders in the second stage. But motice that this is by
no means the only equilibrium. Any number of firms from 1 to 5 entering in the
first stage and then each producing 200 video-recorders in the second stage is a

subgame perfect equilibrium outcome!
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