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ABSTRACT

The random coefficients multinomial choice logit model, also known as the mixed logit, has been
widely used in empirical choice analysis for the last thirty years. We prove that the distribution of
random coefficients in the multinomial logit model is nonparametrically identified. Our approach requires
variation in product characteristics only locally and does not rely on the special regressors with large
supports used in related papers. One of our two identification arguments is constructive. Both approaches

may be applied to other choice models with random coefficients.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

One of the most commonly used models in applied choice anal-
ysis is the random coefficients logit model, also known as the
mixed logit, which describes choice between one of a finite num-
ber of competing alternatives. Domencich and McFadden (1975),
Heckman and Willis (1977) and Hausman and Wise (1978) intro-
duced flexible specifications for discrete choice models, while the
random coefficients logit model was proposed by Boyd and Mell-
man (1980) and Cardell and Dunbar (1980). Currently, the random
coefficients logit model is widely used to model consumer choice
in environmental economics, industrial organization, marketing,
public economics, transportation economics and other fields.

In the random coefficients logit, each consumer can choose

between j = 1,...,J mutually exclusive inside goods and one
outside good (good 0). The exogenous variables for choice j are
in the K x 1 vector x; = (Xj1,...,%x)". In the example of

demand estimation, x; might include the product characteristics,
the price of good j and the interactions of product characteristics
with the demographics of agent i. A source of variation in product
characteristics is the differences in characteristics across markets,
which could be indexed by t. So potentially x; can depend on
consumers i and markets t, but we suppress these subscripts
for transparency. In this paper, for some results we assume that
the support of x; includes the O vector, which can occur by
centering each element of x; around constants common across the
inside goods. For example, for each k we may redefine x;; =
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X« — E[x; ], where the mean is taken over the inside goods and
across markets or consumers when the exogenous variables vary
across markets or consumers. This location normalization for the
covariates is not without loss of generality in a model, like the logit,
where the additive error is treated parametrically. However, one
normalization is just as arbitrary as any other. Let x = (x}, .. ., x]’)
denote the stacked vector of all the x;.

Each consumer i has a preference parameter f;, which is a vector
of K marginal utilities that gives i’s preferences over the K product
characteristics. There is also a homogeneous term for each choice
J» denoted as «;. Each ¢ could be an intercept common to product
j or a term that captures product characteristics without random
coefficients (homogeneous coefficients), asinoj = o + wjf Y. Here
« is a common intercept for the inside goods contributing to the
utility of purchasing an inside good instead of the outside good,
Yw 1s a vector of parameters on the characteristics in the vector wj,
andw = (wi, ..., w]/) denotes the stacked vector of other product

characteristics. Let o/ be the vector of the J o’s. Agent i’s utility for
choice j is equal to

uij = o + X + €. (M

The outside good has a utility of u; o = 0 + €0, as a location nor-
malization for the utilities. The type I extreme value distribution
gives the scale normalization for utility values.

The logit model is defined when the errors ¢;; are iid.
across choices and each error has the type I extreme value
distribution, which has a cumulative distribution function of
exp (— exp (—e¢;;)). The random coefficients logit arises when f;
varies across the population, with unknown distribution F (5;).
The unknown objects of estimation are the distribution F (8;) and
the homogeneous coefficients («, ;) or /. Under the standard
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assumption that §; is independent of x; (we discuss endogeneity
below), utility maximization leads to a choice probability for the
good j,

Pr(j|x F,o) = exp (@ + %)

dF () - (2)

J
1+ 3 exp (ay + )

j=1
This specification is popular with empirical researchers because
the resulting choice probabilities are relatively flexible. In terms
of modeling own- and cross-price elasticities, the random coeffi-
cients logit model allows products with similar x’s to be closer sub-
stitutes, which the logit model without random coefficients does
not allow.

In this paper, we prove that the distribution F(f) is nonpara-
metrically identified, in the sense that the true (F°, o/) is the
only pair (F, o) that solves Pr(j | x, w) = Pr(j | x; F, o) in (2)
for all j and all (x, w), where Pr(j | x, w) denotes the popula-
tion choice probabilities. We first recover the homogeneous terms,
o/ (or the fixed parameters « and y,,) in (2). We then provide
two identification arguments for the distribution of random co-
efficients, one of which is constructive and the other of which is
non-constructive. The non-constructive identification theorem
leverages results from Hornik (1991) on function approximation
and Stinchcombe and White (1998) on consistent specification
testing. The theorem requires variation in x in only an open set.

Our other identification argument is constructive. We demon-
strate how to iteratively find all moments of 8, which is sufficient
to identify the distribution F° within the class of distributions that
are uniquely determined by all of their moments. This class is the
set of probability distribution functions that satisfy the Carleman
condition, which we review below.

Both the constructive and non-constructive proof strategies
are not unique to the logit: they could be applied to identify
the distribution of heterogeneity in many differentiable economic
models where covariates enter as linear indices. We outline the
main theorems using generic notation and verify their conditions
for the multinomial logit model.

While one of our identification approaches is constructive, we
do not recommend that empirical researchers adopt an analog es-
timator to our identification argument. Instead, we suggest empir-
ical users adopt one of several nonparametric mixtures estimators
available in the literature. Before this paper, no one had formally
proved that these mixtures estimators consistently estimated the
true FO in the random coefficients logit. This lack of a complete
consistency proof arises because showing that the density F° is
nonparametrically identified is a necessary component for any
consistency proof for a nonparametric estimator of F°, We intro-
duce a computationally simple, nonparametric sieve estimator for
FO in Fox et al. (forthcoming) and Fox and Kim (2011) for general
mixtures models. We prove that our estimator is consistent in the
Lévy-Prokhorov metric on distributions under the maintained as-
sumption that the model is identified. This identification theorem
therefore completes our proof of consistency for the estimator of
the random coefficients logit, based on Corollary 1 in Fox and Kim.
Alternative nonparametric estimators used for the random coeffi-
cients logit include the Bayesian MCMC estimators in Rossi et al.
(2005) as well as Burda et al. (2008) and the EM algorithm used in
Train (2008). These works do not discuss consistency or identifica-
tion. However, the identification theorem here would be a build-
ing block to proving the consistency of the estimators of (F ,of ) in
these other procedures.

The proof of identification is comforting to empirical re-
searchers. Prior to our theorem, it was not known whether varia-
tion in x was sufficient to identify the pair (FO, ocf*o). One possibility
was that the normality assumptions typically imposed on F® were

crucial to identification. We show that indeed the random coeffi-
cients logit model is identified, which provides a more solid econo-
metric foundation for its application in applied microeconomics.

The paper is organized as follows: Section 2 discusses the
related literature, Section 3 introduces notation for a generic
mixtures model, Section 4 states the general non-constructive
identification result, Section 5 states the general constructive
identification result, Section 6 shows how the results apply to
the random coefficients logit, Section 7 explores extensions, and
Section 8 concludes.

2. Related literature

There is a growing literature on the identification of binary and
multinomial choice models with unobserved heterogeneity. These
papers differ in the set of assumptions made in order to obtain
identification results and also differ in the objects of interest in
identification.

Ichimura and Thompson (1998) study the case of binary choice:
one inside good (] = 1) and one outside good. This restriction
makes their method inapplicable for most empirical applications
of demand analysis, which study markets with two or more
inside goods. Ichimura and Thompson identify the cumulative
distribution function (CDF) of, in our notation, (B, €;1 — €;,). They
use a theorem due to Cramér and Wold (1936) and do not exploit
the structure of the extreme value assumptions on the ¢; 1 and €; o.
Consequently, they need stronger assumptions: (1) a monotonicity
assumption (sign restriction) on one of the K components of
B (Bix > 0Vi)and (2)a full support assumption for all K elements
of x;. Similar assumptions will appear in many of the papers below.
Gautier and Kitamura (2009) provide a computationally simple
estimator and some alternative identification arguments for the
same binary choice model as Ichimura and Thompson. To our
knowledge, no one has generalized Ichimura and Thompson to the
case of multinomial choice.

We will refer to a regressor whose (random) coefficient has a
sign restriction and that has full support as a “special regressor”.
The sign restriction for a special regressor may not be too
restrictive because it is testable and the sign can be determined
from a pre-model analysis as described in Lewbel (2000) and his
other related work. Magnac and Maurin (2007) and Kahn and
Tamer (2010), however, argue that identification using the large
support condition and a conditional mean restriction, as in Lewbel
(2000), critically relies on the tail behavior of the distribution of the
special regressor, as is also the case in “identification at infinity” in
selection models (Andrews and Schafgans, 1998).

Lewbel (2000) provides an identification argument that relies
on a large-support special regressor, but which allows for discrete
elements of x;, relaxes the independence between x and €, and does
not rely on distributional assumptions of the error term. Lewbel’s
approach identifies the means of the random coefficients and the
conditional distribution of the composite errorxj( Bi —EILBi | xD+
€;j. However, identifying the distribution of the composite error
does not identify the joint distribution of the random coefficients,
which is the key object of interest in our paper.

Briesch et al. (2010) study the identification of a discrete choice
model where the payoff to choice j is V (1 zj, Si, w,-) — 1 + €,
where V is an unknown, nonparametric function common to all
consumers, z; are observed product characteristics, s; are observed
consumer characteristics, r; is a large support special regressor
with a sign restriction as in Ichimura and Thompson, ¢;; is an
additive error and w; is a scalar unobservable that enters the
utility functions for all J choices. There are a variety of other
restrictions. Their model does not nest the random coefficients
logit. Matzkin (2007, page 101) extends these results to the utility
function for choice j of rj + ), Mk (zx, wijk) + € j, where
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each function my (-, -) is treated nonparametrically, each choice
j has its own random coefficients w;; = (wij1, ..., ®;jk), the
random coefficients are independent across choices, and r; is a
special regressor. The special regressor and the independence of
random coefficients across choices mean that the standard random
coefficients logit model is not nested in the formulation of Matzkin.

Subsequent to the circulation of our constructive identification
theorem, Berry and Haile (2010) and Fox and Gandhi (2010) in-
troduced identification arguments for multinomial choice models
without the type I extreme value distribution or additive errors.
Both Berry and Haile and Fox and Gandhi need a monotonicity as-
sumption on one of the K components of 8 (Bix > 0 Vi) and
(for point instead of set identification) a full support assumption
on the corresponding k-th component x;, for all choicesj € J.
Berry and Haile identify the conditional-on-x distribution of util-
ity values G (o, i1, . .., Uiy | x) and not F(f). Knowledge of the
full structural model, in the logit case F(f), is necessary for wel-
fare analysis, for example to construct the distribution of welfare
gains between choice situations x' and x?, or some aggregation of
welfare gains over individuals H (Aju | x*, x*), where

where u;; (x') is just the realized utility value (1) for X' =
(x}, ..., x). Fox and Gandhi do identify the full structural model,
in that they identify a distribution D over J utility functions (not
utility values) of x, as in D (u,»J(x), co, Uiy (x)), where u;j(x) is
a complete function that describes utility values for choice j at
all x. Again, like all results other than ours, Fox and Gandhi rely
on monotonicity and large support assumptions for a special
regressor.

Compared to this other literature, our main distinguishing
feature is that we exploit the logit distributional assumptions
on the ¢;;. This corresponds to empirical practice: the random
coefficients logit is a popular specification in applied work.
McFadden and Train (2000, Theorem 1) present an approximation
theorem using the random coefficients logit as the approximating
class, although the theorem requires great flexibility in the
choice of the product characteristics x; in the random coefficients
estimation as a function of some smaller set of underlying
true product characteristics. McFadden and Train do not study
identification.

Our results contribute to the literature on the identification
of discrete choice models by demonstrating that large support
and monotonicity restrictions are not required for identification
if the logit error structure is used, as is common in empirical
work. In our opinion, the main concern with the special regressor
assumption is the requirement for large support. Large supports
are sometimes but not often found in typical datasets used in
demand estimation. Price may be a special regressor; certainly
the assumption of monotonicity on price is rarely controversial.
In an output market, prices are some markup over cost, and
cost rarely moves more than a factor of, say, five (think oil
price fluctuations). As we show, the parametric assumption on
the distribution of the choice-specific errors does away with the
need for large support assumptions. The entire distribution of
random coefficients can be identified using only local variation
in characteristics. In subsequent and at present in-progress work,
Chiappori and Komunjer (2009) present preliminary results for
achieving a weakening of conditions on special regressors without
parametric assumptions in the multinomial choice model.

Our two identification approaches may be applied to choice
models with random coefficients other than the logit, as we
describe below. Our paper, like many of the papers in the liter-
ature, focuses on continuous covariates in x. Lewbel (2000) al-
lows for discrete covariates other than in the special regressor

and shows the identification of, in our notation, the distribution
of x; (B — E [BIx]) + €i conditional on x. He does not explore iden-
tification of an unconditional joint distribution F (8). Knowledge of
the unconditional distribution F(8) is necessary for some uses of
structural models, including prediction of demand and x’s not in
the support of the original data (the new goods problem).

All of our arguments can be made conditional on the values of
discrete covariates, but we do not explore identifying a distribution
of random coefficients on discrete covariates. No other paper
has identified such a distribution, either. Therefore, our results
do not allow the random coefficients logit to be a flexible error
components model for parameterizing the correlation between
products grouped into various nests. Unlike the subset of the
literature that is nonparametric on the contribution of x to
the utility of each choice, we follow Ichimura and Thompson
(1998) and the widespread empirical literature using the random
coefficients logit and focus on the linear index fo Bi.

3. Generic model

To deliver the key idea behind our identification strategy, we
shall first consider an abstract model that includes the random
coefficients logit with fixed intercepts « as a special case. The
econometrician observes K < oo covariates x = (xq,...,Xx)
and the probability of some discrete outcome, P(x). Here P(x)
denotes the conditional choice probability of a particular outcome.
For a model with a more complex outcome (including a continuous
outcome y), we can always consider whether some event, say
y< % happened or did not happen. For a multinomial choice, the
event could be picking choice j or picking any other choice. P(x)
is the probability of the event happening. The regressor vector x is
independent of S.

Letg (oz, X /3) be the probability of an agent with characteristics
B taking the action. In our framework, the researcher specifies
g (o, X'B). A special case is g (o, x'8) = g (« + x'B). Our goal is
to identify the distribution function F(8) in the equation

P(x) =P (x,F,a) = /g(a,x’ﬂ) dF(B). (3)

Identification means that a unique (F, ) solves this equation for
all x. This is the definition of identification used in the statistics
literature (Teicher, 1963).

We prove the main theoretical results for the case where the
true values o of the homogeneous parameters « are identified in
afirst stage using an auxiliary argument, so we can write g (x/ /3) =

g (oco,x’,B), with an abuse of notation. Typically, this auxiliary
argument will involve the point x = 0, as then (3) becomes
P0) = P(0,F,a) = g (o, 0) and in some models we can set
«® = g~ 1 (P (0)). The point x = 0 will otherwise not be needed
to be in the support of x for the general result. We rewrite the
model as

P(x,F) = /g (X' B) dF (B). (4)

Let 8 C RX be the support of the random coefficients and let
F (B) be the set of all distributions on that support. Let X, € RX be
the support of the covariates. Let F° be the true distribution. Then
we have P(x) = P (x, F°) in the support of x, XX.

4. Non-constructive identification

We first present a non-constructive identification theorem
and, in a later section, turn to constructive identification. Our
constructive identification section is written to be self-contained,
so a reader can skip this section if not interested.

Definition 1. The distribution F® € #(8) is uniformly identified
over choices of (B, X) ifforany F' € #(B), F! # F°, there exists
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Xg C X such that P (x, F®) — P (x, F') # 0 for allx € X for any
choices of the support of random coefficients B and the subset of
the support of covariates Xy C X, where 8 is compact and X is
a nonempty open set.

Note that in this definition the set %) can vary depending on
the alternative distribution F'. When the measure of the set Xé
is strictly positive, identification holds with positive probability.
We do not assume the researcher knows B, other than that it is
compact. The “nonempty interior” assumption below does rule
out covariates with discrete support, as we discussed earlier. All
arguments in this paper can be made conditional on the values
of discrete characteristics. Otherwise and as a referee suggests,
one may take a set identification approach when x takes values
on a fine grid. However, this is beyond the scope of this paper.
For explicitness, we emphasize the assumption on the covariates
implied in the previous definition.

Assumption 2. 1. The support of the independent variables, X C
R includes a nonempty open set.
2. Let all elements of x be continuous.

Assumption 2.1 will be violated if x includes higher order terms
of x,’s or interactions of x;’s (e.g., X, = xf Or X3 = X - X1) in
its elements. Therefore our identification results do not allow for
those terms in the model.

Definition 3. The function g (z) is real analyticat c € Z C R
whenever it can be represented as a convergent power series,
g = 2310 aq (z — ¢)¢, for a domain of convergence around c.
The function g (z) is real analytic on an open set Z C R if it is real
analytic at all arguments z € Z.

Similarly (Definition 2.2.1 in Krantz and Parks (2002)) a function
A(x), with domain an open subset 7 € R and range R, is called
(multivariate) real analytic on 7 if for each x € 7 the function
A(-) may be represented by a convergent power series in some
neighborhood of x.

Note that the domain of the real analytic function g(-) is a subset
of R. A real analytic function on a real domain may not be analytic
on a complex domain. Our non-constructive identification theorem
follows.

Theorem 4. Assume that the vector «° is identified using some

auxiliary argument and let Assumption 2 hold. Let 8 be compact and
Xo be a nonempty open subset of X. The distribution F* € F(B)
is uniformly identified over choices of (8B, Xo) if the function g(-) is
real analytic, bounded, nonconstant and satisfies g (0) # 0.

4.1. Lemmas that factor into the proof of Theorem 4

The proof of Theorem 4 is a consequence of two lemmas. We
state the lemmas here for those interested in the logic behind the
identification theorem.

We say that F® € #(8) is uniformly identified over choices
of 8, holding a set of values of x, 7, fixed, whenever P (x, F%) —
P (x,F') # Oforallx € 7' C T forany F' € #(8), F' # F®and
for any compact choice for the support of the random coefficients,
B.In this definition, 75 does not have to be included in the support
of x. P (x, F®) and P (x, F') forx € 75 & X are well defined from

the model in (4) and then we have P(x) = P (x, F°) only forx € X
if FO is the true distribution.

Lemma 5. Assume that the vector «° is identified using some auxil-
iary argument. Let g(-) be real analytic and let a set of x, T, contain
a nonempty open set. The distribution F® € F (8) is uniformly iden-
tified over choices of (8B, 7o), with B8 compact, with nonempty open
sets 5o C T ifand only if F® € F(B) is uniformly identified over
compact choices of B, for at least one fixed 7o C T .

The lemma and its proof (in our Appendix for completeness)
are inspired by Theorem 3.8 in Stinchcombe and White (1998), a
paper on consistent specification testing. The content of Lemma 5
is that identification for any choice of nonempty open set 7y
automatically holds if identification is checked for one, likely
convenient choice of 73. The most convenient choice of 7y is the
one with the widest variation, or 7o = 7 = RX as in Lemma 6
below.

The key idea of Lemma 5 is as follows. When g(-) is real
analytic and 8B is compact, the integral of the form A(x) =
[ g (x¥B)d(F'(B) — FO(P)) itself is real analytic. If a real analytic

function is equal to 0 on an open set, it equals 0 everywhere.'
Therefore if A(x) is 0 on an open set Ty, it must be zero
everywhere on 7. This implies, as we formalize in the proof,
that if identification holds on an open set Ty, it should also hold
everywhere.

Lemma 6. Assume that the vector o is identified using some
auxiliary argument. Let g(-) be bounded and nonconstant and satisfy
g (0) # 0. Then the distribution F° € F (B) is uniformly identified
over choices of B for the choice T = RX.

Lemmas 5 and 6 together imply Theorem 4. Lemma 6 shows
that the model (4) identifies F® againstany F' # FOwithTy = 7 =
RK and Lemma 5 says then identification should hold with any
nonempty open set 7o C 7. Therefore, in Theorem 4 we conclude
that the F° that solves P(x) = P(x, F) in (4) is identified with any
nonempty open set Xy C X, noting that we have P(x) = P(x, F®)
in the support of x. Lemma 5 shows the role of g(-) being real
analytic for identification: it removes the full support condition.

Lemma 6 follows from Theorem 5 in Hornik (1991) with
very minor modifications (see its proof for completeness in our
Appendix). Hornik is a paper on functional approximation using
a function that takes a linear index. To understand the connection,
note that if FO is not identified on 7 = R we must have F! £ F©
such that

0=P(x,F") —P(x, F)

= / g B)A(F'(B) —F°(B)) forallx e T. (5)
B

In the context of our identification problem, Hornik’s Theorem 5
says that as long as g (-) is bounded and nonconstant, only F! = F°
satisfies (5) (i.e. (5) implies F! = F°) and hence identification
holds. Hornik called a function g(-) that has this identification
property discriminatory.

Other than the requirement that g (0) # 0, Lemma 6 would be
exactly the same as the statement of Theorem 5 of Hornik (in our
identification context) if our model was g (x’1 B+ xz), where in a
study of identification x, is a special regressor with large support
and known sign. However, in our identification problem it suffices
to modify Hornik’s general result (and its proof) so that x, is only
used to establish that g (x,) # O for some x, € R (because g is
nonconstant), which we replace with the requirement that g (0) #
0. We do not need data on x = 0 to establish that g (0) # 0;
indeed P (0, F) = g (0) is known from the choice of g (and the
identification of ), as it is a trivial function of F. To our knowledge,
no other paper has linked the result on function approximation in
Hornik to the identification of distributions of heterogeneity.

1 Suppose h(z) is a real analytic function on an open interval Z and equal to zero
on an open sub-interval Z, C Z containing zy. Then we have h”’ (zy) = 0 for any
I-th order derivative of h. Now set Z = Z N {z:hW(z) = 0forl = 0,1,2,...}.
By continuity, Z is closed in the relative topology of Z, while by assumption on
Z, Z is open. Thus, by the connectedness of Z, we have Z = Z. Therefore if an
analytic function h(z) is zero on an open interval, it is equal to zero everywhere
(Corollary 1.2.6 in Krantz and Parks (2002)). Consider a simple example h(z) =
%}W and note that h(z) is real analytic because sums or reciprocal of real
analytic functions are real analytic. Assume h(z;) = h(z;) = Oforz; # z, € Z.
Then simple algebra yields a = c and b = —1, implying h(z) = 0 everywhere.
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5. An alternative, constructive approach

The previous identification approach is fairly general but is not
constructive. In other words, the identification argument implies
that P (x, F°) —P (x, F') # 0 for a set of x with a nonempty interior
(positive probability) but does not give a procedure to construct
F°. Here we give such a constructive identification argument. This
section is self-contained in that the results do not refer to the
non-constructive identification arguments. The downside of the
constructive arguments is that an open set around the point x = 0
will play a special role in the identification of the distribution of
random coefficients, while the point x = 0 only possibly played
the role of identifying homogeneous parameters « in the prior,
non-constructive argument. On the other hand, compactness of
the parameter space 8 will not be imposed, as it was in the non-
constructive argument. Indeed, B can equal R¥. The function g(-)
will not need to be real analytic. As before, the homogeneous
parameters « can be identified in a first stage.

Assumption 7. The absolute moments of F(8), given by m; =
f ||,B||'dF(/3), are finite for | > 1 and satisfy the Carleman

.\ —1/
condition: Xj>1m, "= .

A distribution F satisfying the Carleman condition is uniquely
determined by its moments (Shohat and Tamarkin, 1943, p. 19).
The Carleman condition is weaker than requiring the moment
generating function to exist. The Carleman condition gives
uniqueness for distributions with unrestricted support. If the
support of F is known and compact, uniqueness follows without
the Carleman condition. Let g (c) be the I-th derivative of g(c)
evaluated at c.

Assumption 8. 1. g(c) is infinitely differentiable on an open set
C C R thatincludes c = 0.
2. g (0) is nonzero and finite for all [ > 1.

For a (non-probability) example, if g(c) = D - exp(c), then
Assumption 8 is satisfied because g’(0) = D for all L. The logit
choice probabilities will be shown to be infinitely differentiable.
We will investigate to what extent Assumption 8.2 holds for logit
choice probabilities when we turn from the generic model to the
logit model. If g(-) is a polynomial function of any finite degree,
g does not satisfy Assumption 8.2 because its derivative becomes
zero at a certain point. Also, a particular polynomial of order p could
potentially have all of its derivatives of lower and higher order than
order p be 0 at ¢ = 0. For polynomials where only derivatives of
order higher than v are 0 at ¢ = 0, we identify the distribution of
B up to the v-th moment.

We will maintain the support assumption for the regressors
that was earlier used for the non-constructive results.

Assumption 9. 1. The support of the independent variables, X C
R includes a nonempty open set.
2. Let all elements of x be continuous.

The key limitation of the constructive identification theorem is
its reliance on regressor variation in an open set around the point
x=0.

Assumption 10. The support X contains an open set surrounding
x=0.

Recall from the introduction that, in a multinomial choice model,
the point x = 0 could arise via re-centering.

The constructive identification argument is quite simple. The
P(x) = P (x, F°) are the observed choice probabilities in the data.
We illustrate the argument for the special case where K = 2 and
SOX'B =x1B1 + Xx02. Atx; = x, =0,

aP (x, F°)
8x1

=5 O [ pierp) =2 OBl
x=0
where §; arises from the chain rule and the expression identi-
fies the mean of By, because P (x, F°) is in the data and gV (0)
is a known constant that does not depend on pB. Likewise,

P X 0 32 , 0
%p’ko/g(” (0) equals E|[B], 3115);52) Xio/g(z) (0) equals
2 0
E[Bi1B,], and EXE) Pg;) O/g(z) (0) equals E[B?]. Additional
o

derivatives will identify the other moments of B = (B1, B2). We
make no assumption that the components 8; and $, are indepen-
dently distributed; F is an unrestricted joint distribution.

Theorem 11. Assume that the vector «° is identified using some aux-
iliary argument. Suppose Assumptions 9 and 10 hold.

e Suppose Assumptions 7 and 8 also hold. Then the true F° is identi-
fied.

o Assume the first L derivatives of g(c) with respect to c are nonzero
when evaluated at the scalar argument ¢ = 0. Then all moments
of B up to order L (including cross moments) are identified.

The proof is in the Appendix. Note the approach’s simplicity:
we need only to check for non-zero derivatives of g(c) at c = 0.
This technique can be applied to show the identification of many
differentiable economic models that use linear indices x'8. The
approach is constructive: if g® (0) # 0, we can identify all own
second moments and all cross-partial moments between random
coefficients. If the first 100 derivatives of g(c) at c = 0 are nonzero,
then we identify at least the first 100 moments of the random
coefficients.

6. Identification of the random coefficients logit model

6.1. Homogeneous parameters for the logit

Our leading example of a mixtures model is the random
coefficients logit as outlined in the introduction. We first show we
can identify the homogeneous terms, o,j!) for all j. Consider the point
x = 0. Algebra shows that

logPr(j | x =0; F°,&/°) —logPr (0 | x = 0; F°, o/"°)

=) Vji=1,....],

where Pr (j | x = 0; F°, o *) is identified from the data for all j =
0,1,...,]. The vector o0 is identified at the point x = 0.

Following this, we can show the parameters («, y,,) in oj =
aj(w) =a+ wjf Yw are identified if ; also depends on some covari-
ates wj. In this case let Pr(j | x, w) = Pr(j | x, w; F%, a°, yJ) be
the choice probability for product j when the regressors are x and
w. The population linear regression of log Pr(j | x = 0, w; F°, o°,
yo)—logPr (0 | x =0, w; F°, a®, y2) ona constant and the vector
w; will identify the constant term o and the homogeneous coeffi-
cients y? as long as the density of w = (w/, ..., wy) is strictly pos-
itive on its support at x = 0 and E [ (1, w))'(1, wj) | x = 0] is non-
singular. If some elements of wj are discrete, we use a density with
respect to the counting measure for the discrete elements. Thus,
the homogeneous terms are identified from differences in market
shares when all products are evaluated at x = 0. The identification
of F® below can proceed at any given value of w = @ in the support
of w as long as x = 0 is allowed at w.

Remark 12. Assume that x and w jointly have product support
X x W.The identification argument for (ao, y,f,) directly relies on
aset of (x, w) of measure zero on X x W only because of the focus
on the point x; = --- = X = 0, not because of any additional
restrictions on w.
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We collect these conditions for the identification of (®, ).

Assumption 13. The density of w = (wj, ..., w)) is strictly
positive on its support at x = 0 and E [(1, w))'(1, w)) | x = 0] is
nonsingular.

Below, unless necessary, we write o = o (wj) = o® 4+ wjy,)

and & = o/°(w) = @(wy), ..., ajo(w])) for ease of notation
that covers both the cases where «; is a constant and where «;
depends on some covariates wj.

6.2. Distribution of the random coefficients for the logit

Using some duplication of notation, we can fit the mixed logit
model into the mixtures framework by defining the logit choice
probabilities for some particular choice j as

/ exp (o5 + %6)
g (@ Xp. ... xB) = —— L
1+ > exp (aj/ + x},,B)

j=1

Let x; = 0 for all j’ # j. With one outside good and J inside goods,
the choice probability of alternative j given g is

g (cd,0,....xB,...,0)

B exp (x8)
exp (—aj) + Y exp (o — ;) + exp (x]8) ’
=
Then we obtain the integrated choice probability
Pi(0,....x;,...,0,F, o)
:/gj(af,o,...,x;ﬂ,...,o)dF(ﬂ), (6)
where P; (0, ...,x;,...,0,F, o) denotes the conditional choice

probability of the good jatx = (0, ..., xjf, ...,0)and /.
Define A; (/) = exp(—oj) + Yy exp (o — ;) and, in
another duplication of notation,

(. 0) = gA (), o) = — PO

Aj () + exp(c)’
which is a function of a single argument ¢ given A;. Therefore, the
formulation (6) is a special case of (3), where we take P (x;, F, a) =
P (0,....%,...,0,F, /) and g ((x],x]/.,B) = g (!, xB). The
choice j identification focuses on is arbitrary.

6.2.1. Non-constructive identification for the logit

Assumption 14. At some w = w, the support of x, X, contains
x = 0, but not necessarily an open set surrounding it. Further, the
support contains a nonempty open set of points (open in R¥) of the
form (x], .. XXX, x]’) =(0,..., 0,x,0,..., 0).
We require that this support condition hold only at some values of
w if o/ depends on w. If x is independent of w or if the support of
(x, w) is a product space X, x ‘W, the support condition does not
depend on w. The identification approach needs x = 0 to be in the
support of x so that the homogeneous parameters are identified
and so that identification can exclusively focus on variation in the
characteristics of choice j. The point x = 0 otherwise plays no role
in the identification of the distribution of random coefficients. In
other words, identification of the random coefficients can come
from a small open set of x; values far from x; = 0. The difference
between Assumptions 10 and 14 is subtle, but the role of the point
x = 0 in identification of F° is quite different in the constructive
and non-constructive identification approaches.

Theorem 15. Let the true model be the multinomial logit and
let Assumptions 2, 13 and 14 hold. The homogeneous parameters c/-°

are identified. Also, the distribution F® € ¥ (8B) is uniformly identified
over choices of (8, X§ ), where X§ < R¥ are nonempty open subsets

of the space of characteristics of one particular product, XX.

Identification holds in any nonempty open set of product
characteristics satisfying the conditions in the theorem. This
theorem is a specialization of Theorem 4 to the multinomial logit.
The logit gj (o, X/) is nonzero at all x; € X for finite o, is
bounded, and is real analytic. Real analyticity holds because the
function exp (-) is real analytic and the function gj(¢/, ¢) is formed
by the addition and division of never zero real analytic functions,
and so is itself real analytic (Krantz and Parks, 2002). Thus, the
distribution of random coefficients in the multinomial logit is non-
constructively identified.

6.2.2. Constructive identification

D (] _ At A _ exp(c)
Letg;” (o/, 0) be the I-th derivative of gj (o, ¢) = A om0
with respect to c evaluated at c = 0. Define the set
A:{a’e]Rng”) (aJ,O);«éOforallintegerlz1}. (7)

This is the set of values of homogeneous terms, identified in the
first stage, where the logit has nonzero derivatives and hence all
moments of B are identified using Theorem 11.If 4 = R/, then we
would write the logit model is identified. Unfortunately, A C R/,
although we will show that R/ \ s is a set of measure 0.

Assumption 16. At some w = w, the support X contains a non-

/

empty open set of points (open in R¥) of the form (x/] ce X xj/-,
Xigpsooos x]/) =(0,..., 0,%,0,..., 0') surrounding X; = 0.

Theorem 17. Let Assumptions 7, 9, 13 and 16 hold. The homoge-
neous parameters o°® are identified. Also the true FC is identified for
any o € A. Further, 4 is a set of measure 1 in R/,

Identification of FO follows directly from Theorem 11 and the
definition of A once Assumption 8(1) is satisfied. A function that is
real analytic is infinitely differentiable. The proof in the Appendix
shows that the set 4 has measure 1. We note that ¢/ is always
identified from the data at x = 0 and whether o/ € A' can be
computationally tested using computer algebra software, where

Al = {(x] erR |gj<’) (o, 0) # Oforallinteger 1 < < L}

and L is the maximum order of the derivative considered by the
computer. As variation in w causes variation in ¢ = o + w;yy,
variation in w (allowing regressors without random coefficients)
ensures that the true FC is identified at all possible ¢/ values, and
not just identified for any o/ € 4.

As stated previously, our constructive identification argument
uses only variation in product characteristics x; around zero or
around zero after centering, e.g., we can redefine X = X;; — Xk
where X, is a constant term that is the same across the inside
goods. Because we do not advocate analog estimation (instead
preferring our mixtures estimator in Fox et al. (forthcoming) or
another mixtures estimator), we do not see using thin slices of data
in identification as a problem for estimation.

7. Extensions
7.1. Identification for higher order terms and interactions

Our identification results have not been extended to models
with higher order polynomial terms and interaction terms. Our
support conditions rule out these models for both the non-
constructive and constructive identification arguments. When x; x
includes higher order terms or interactions of characteristics, the
support of x; cannot include a nonempty open set because x; ; has
components that are nonlinearly dependent. This is a limitation of
our identification results.
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7.2. Need for a special regressor for a random coefficient for the
constant term

Consider the utility specification u;; = o; + x; ,3, + € j, where
we now allow for a random coefficient «; on the constant term,
which affects the utility of the inside relative to the outside goods.
Consider the case of ] = 1, or one inside and one outside good.
In this case, the unspecified density f, («) subsumes the type I
extreme value density on ¢; ;. This puts us in the model of Ichimura
and Thompson (1998), where all previous identification results
require special regressors (regressors with large support).

7.3. Endogeneity

If there is endogeneity in price due a demand shock or omitted
product characteristic & in the utility of choice j, one can adopt
Kim and Petrin (2009)’s control function approach. Kim and Petrin
show that under a set of conditions (including restrictions on
the supply side), one can include a proxy for §; that is a (to be
identified) nonparametric function of the residuals for all products
from first stage regressions of pricing equations. Alternatively, one
can identify & in a first stage using both a special regressor and
instruments with the approach of Berry and Haile (2010). Either
way, &; or proxies for it can be added to the characteristic vector x;
and identification using our approach can be considered.

8. Conclusions

The random coefficients logit model has been used in empirical
studies for over thirty years. In contrast to other work on
identification in binary and multinomial choice, we exploit the
type | extreme value distribution on the additive errors to show
that the distribution of random coefficients is nonparametrically
identified under an alternative set of assumptions, which are
non-nested with those used in other approaches. By exploiting
this special structure, we eliminate assumptions about the large
support and the signs of coefficients on special regressors. We do
use identification at one particular point (x = 0), but, in the non-
constructive identification theorem, only to identify homogeneous
parameters such as the product intercepts « in a first stage and
to focus on variation in the characteristics of only one choice j.
An open set around x = 0 is the only source of identification
for our constructive identification result. From an econometric
theory perspective, either approach allows complete proofs for
the consistency of nonparametric estimators of the distribution of
random coefficients.

The proof of identification is also comforting to empirical
researchers. Prior to our theorem, it was not known whether
variation in x was sufficient to identify the distribution of the
random coefficients in these models. One possibility was that
the normality assumptions typically imposed on the distribution
were crucial to identification: without restricting attention to a
particular parametric functional form, two different distributions
of random coefficients would be consistent with the data in
the model, even with data on a continuum of x. We show that
indeed the random coefficients logit model is nonparametrically
identified, which provides a solid econometric foundation for
its widespread use in empirical work. We can condition on
discrete covariates, but, like the rest of the literature, we cannot
point identify the distribution of random coefficients on discrete
characteristics. Our identification results have not been extended
to models with higher order terms or interaction terms.
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Appendix
A.1. Proof of Lemma 5

We rephrase the proof of Theorem 3.8 in Stinchcombe and
White (1998) in terms of our identification problem; otherwise our
proof is essentially the same.

The forward direction of Lemma 5 holds because a stronger
definition of identification implies a weaker definition. For the
reverse direction of Lemma 5, assume to the contrary: the
distribution of random coefficients is identified uniformly over 8B
with a nogempty open set 7o C 7 but there exists a nonempty
open set & C T and a compact set B where identification fails.
The lack of identification means that there exist F°, F1 e F (:8)
such that F® # F! but P(x, F®) = P(x F') for allx € 7.1t follows
that A(x) = [;g(x')d (F°(B) — F'(B)) = Oforallx € T

Because B is compact and g(-) is real analytic, A(x) is 1tself a
real analytic function. If a real analytic function equals to 0 on an
open set, it equals 0 everywhere. If A(x) = 0 everywhere, then
FO € # (8) cannot be identified on the set 7o, which gives a
contradiction.

A.2. Proof of Lemma 6

For completeness, we reconstruct the proof of Theorem 5 in
Hornik (1991) in terms of our identification problem. Most of the
proof steps are essentially identical.

For the purpose of contradiction pick a F! € #(8) such that
F' £ F° and suppose g(-) is bounded and nonconstant such that
[z8X'B)d(F°(B) —F'(B)) = Oforallx € R¥. Let o denote
the finite signed measure (concentrated) on 8 corresponding to
F° —F1.Then fix n € R¥ and let o, be the finite signed measure on

R induced by the transformation 8 +— n’8 in the following sense:
for all Borel sets of R we have 0,,(C) = o{f € B: '8 € C}.

Then at least for all bounded functions x on R, f$ x(n'B)d
(F°(B) = F'(B)) = [ x(t)do(t). Therefore by assumption on
g(-), we have

= / g B)d (F(B) —F'(B)) = f g(it)do, (1)
B R

for all A € R. To simplify notation, denote L = L'(R) for the space
of integrable functions on R (with respect to Lebesgue measure)
and M = M(R) for the space of finite signed measures on R. For
f el f denotes the Fourier transform. Similarly, for u € M, [t
denotes the Fourier transform.

Because g(0) # 0 and setting > = 0, we find that in particular

/mmo:@@:a (8)
R

For n = 0, g is concentrated at t = 0 and 0¢{0} = 6o = 0, hence
op = 0.
Now consider 1 # 0 and the integral

/g()»t)da,,(t) =0 (9)
R

and note that o, is absolutely continuous with respect to Lebesgue
measure (on R) by construction of o, from o. Let h be the
correspondmg Radon-Nikodym derivative and note h € L. Then
h = 6, and in particular from (8) we have h(O) = 0. (9) is then
equivalent to ng(kt)h(t)dt = 0. Rewriting A = 1/t witht # 0
and applying the change of variables t — tt + s, we obtain for all
nonzero real t

Ag@+

Write M h(t) for h(tt). The above equation implies that ng(t +
c)f (t)dt for some c vanishes for all f contained in the closed

f)mn+gm=o. (10)
T



J.T. Fox et al. / Journal of Econometrics 166 (2012) 204-212 211

translation invariant subspace I spanned by the family M h, T # 0.
The subspace I isalso anideal in L by Theorem 7.1.2 in Rudin (1967).
Following the notation in Rudin (1967) (also in Hornik (1991)),
write Z(f) for the set of all @ € R where the Fourier transform
f(a)) for f € L vanishes and define Z(I), the zero set of I, as the set
of w where the Fourier transforms of all functions in I vanish.

F’oLthe purpose of contradiction, suppose that h is nonzero.
As M.h(w) = h(w/7)/7 and h(0) = 0, following exactly the
same argument in Hornik (1991) we conclude that Z(I) = {0}
and also that I is precisely the set of all integrable functions f
with flRf(t)dt = f(O) = 0. Because I is an ideal subspace of L
and h is nonzero, the statements above together with (10) imply
that now the integral fR g(t 4+ o)f (t)dt for some c vanishes for all
integrable functions f € L that have zero integral. As Hornik (1991)
argues, this implies that g(-) must be constant, which was ruled
out by our assumption that g(-) is bounded and nonconstant.>?We
therefore conclude h = 0 and thush = 6, isidentically zero. By the
uniqueness Theorem 1.3.7(b) in Rudin (1967), we conclude o, = 0
for all n € RX.

To complete the proof, let 6 () = fﬁ exp(in’B)do (B) be the
Fourier transform of o at 7. It follows that

() = f exp(in B)do (B) = f exp(it)dor (t) = 0,
B R

and thus & = 0. Again invoking the uniqueness Theorem 1.3.7(b)
in Rudin (1967), we conclude ¢ = 0 implying F! = F°. This
completes the proof.

A.3. Proof of Theorem 11

First we introduce some notation for gradients of arbitrary
order, which we need because F(8) has a vector of K arguments,
B. Let t be a vector of length T. For a function h(t), we denote the
1 x KV block vector of v-th order derivatives as VVh(t). VVh(t) is
defined recurswely so that the k-th block of VVh(t) isthe 1 x T
vector h/(t) = (9)/8t where h;,~ ! is the k-th element of

VU~ 1h(t). Using a Kronecker product ®, we can write VVh(t) =
avh(t)
HWRINH®- @t
v Kronecker product of dt’

Take the derivatives with respect to the covariates x on both
sides of P(x, F) = [ g (x'8) dF(B) and evaluate the derivatives at
x = 0. By Assumption 8, for any v = 1, 2, ... and the chain rule
repeatedly applied to the linear index xS,

VPP o = [ £ (B)], o 1B @B @8

B'} dF(B)

e (O)f{ﬂ/®ﬂ/®~--®l3/}d1’(l3)~ (12)

2 If g(-) is not constant, then we can easily construct an example such that
Jog(t + of(dt # 0 when [, f(t)dt = 0. For an arbitrary constant &, let
Ey = {t € Rlgt +¢) > 8}and E;, = {t € Rlg(t + c) < &} such that
the (Lebesgue) measures on E; and E, are both positive (so this rules out g(-)
is a constant function), respectively as u; = w{E;} and u; = w{E,}. Define
f@®) = (Ut € Ei}/u1 — 1t € E}/uo)f, (t) with f, (t) the pdf with respect to
the measure p and note by construction fmf(t)dt = 0. However, consider

/g(t+6)f(t)df = /{g(t-i-C) —8)f (de
R R
= /{g(f +¢) — 8}1{t € Ey}fyu (Ddt /i
R

+‘/.{87g(t+c)}1{teEz}f,L(t)dt//Lz >0, (11)
R

where the first equality holds because f‘@ 8f (t)dt = 0 and the last inequality holds
because both integrals in (11) are nonnegative and at least one is strictly positive,
noting that g(t +¢c) — 8 > Ofort e E;and§ — g(t +c) > Ofort € E,.

For each v there are KV equations. Recall g is a known function.
Therefore, as long as g (0) is nonzero and finite for all v =
1,2, ..., we obtain the v-th moments of § for all v > 1. Now
by Assumption 7, F satisfies the Carleman condition. Therefore, F°
is identified since a probability measure satisfying the Carleman
condition is uniquely determined by its moments.

A.4. Proof of Theorem 17

Identification arises from identifying all moments, as in
Theorem 11. We wish to show that the set 4 as defined in (7) has
measure 1in R/,

Let D, be the derivative operator with respect to c. We suppress
Aj(e?)'s dependence on o and write A; = A;j(e)). For this purpose,
we first obtain the derivatives of g (ocf, c) with respect to c,

Dcg (o, c) = (A + ec)_2 AjeS,
-3
cg;( c) = (A +e) (A7 —Ae™)
B (o) = (A +¢)" (A" — 4A%e™ + Aje™)
For p > 3, now we write the (p— 1)-th derivative as
DY 'gi (o, ) = (A + ¢)P Y0 y P )A" ek, Then, we can write
the p-th derivative as
(p+1) 1-1_Ic

Dig (/. ) = [WZ VAT e’} (13)

1
— p—15. _ - (p) pp— Itc
=D.DV g (¢!, c) = Dc [(A+er)vz DAL ]
1 “ (p) pp—1 e 1 () AP~ ,(1+1)
_ c c
- (A~+eC)P Zlyp IAJ (A; +ec)p+1pz?’ A €
1 B gp—lgle _ N 0) gp— (e
W((A +e)Zl P [z]:pyflAj e

1 p—1 p—1
_ (p) Ap+1-1 Jla () pp—1 (14+1)c
= 4(Aj+ec)p+1 (121: ly, AT e +;lyp7,Aj e

p—1
() pop—1 (141
= 2 py A )E>

I=1

(P) AP c v, 0 ap+1-T 1/
; Yoo 1Ae +Zlyp I/A

T @t eyt N o ot (14)
+ Z lypilA;) elHe _ ZPVPBIA}J elHDe
=1 I=1
) y(p) Apef + Z(H_ 1))/(”) A_P*’e(l+1)c
= (Aj +ec)p+l p— p—1 (15)
+ Z ’y(IJ)AIJ Ie(l+1)c Zpy(p)Ap le(l+1)c
=1 =1
y(p) Ap c _ y(p)A}epc
- .= ® ® 1 gt asne |- (16)
(Aj + ec)ptl +Z{(1+1)yp I 1+ly — DYy }Aj e
=1

where in (14) and (15), we take out the first element in the first
sum and change the index I to [+ 1. (16) is obtained by rearranging
terms and collecting coefficients on A’.’_le(’“)c forj=1top — 2.

To fix the undetermined coefflaents y(p)’

coeff1c1ents from (13) and (16) and obtain

(P+1) pp+1— llc
ZV+1 Aj

s, we compare the

p—2
D+ {a+ Dyl i - ey
=1

« Ajf)*le(l+1)c _ yl(P)Ajlepc.
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We find

J,p(p+1) — yp@l (17)
v =+ )y~ =D yP, forp=>3 (18)
y](pﬂ) — _y](p). (19)

This system generates the coefficients for all p > 1. For the initial
value, we obtain yl(z) = 1.When p = 2, we find

3 2 3 2
yO=y@ =1,y =@
and when p = 3, we find
4 3 4 3 3
niEn =1 n = -2y =4
4 3
y® = _y® 1.

Now we examine whether Dﬂ’gj (af s c) ‘C:O can take the value

of zero for some A; (and hence for some o) at some p. For
this purpose, we evaluate the derivatives at c = 0 and obtain
expressions with respect to A; for the p-th order derivative as

1) gpt1-1 .
DIch] (Olj’ C)|5:0 = W Zle y;—li—l—)lAf = 0 for p > 1. This

is equivalent to solving

—1
A = 0. (20)

1=1
We note that, when «;’s are not equal to zero, we have some non-
integer solutions of the Eq. (20). Below we, however, show that the
set

AS = {o/ | DPg (ozj,c)yczo =0
for atleastonep > 1,/ € R/}

has measure zero in R/ and this will complete our proof.

The set of values A C R, that collect values of A; that solve
the Eq. (20) for at least one p is countable because for any order p
the Eq. (20) has at most p number of solutions, i.e., we can find an
injective function that maps A to N. Now consider any elementA €
A. We claim that the set of values A(A) = {o/ | Aj(&)) = A, & €
R/} has measure zero in R because s is at most a subset of the
vector space of R/ ~!. By construction, we have A¢ = U;_, A(A) =
Uscade! | Ai@)) = A, &/ € R/}. Finally we conclude that the set
AC has measure zero in R/ because a countable union of measure
zero sets has measure zero, as +(A) has measure zero forallA € A
and the set A is countable. This completes the proof.

Remark 18. Although it is not necessary, we can simplify our proof
when o = 0 for all j, i.e,, all goods are symmetric. The condition
of nonzero derivatives is obtained using the rational zero test. In
this case we have A; = J and note that the coefficient on A]’.’ -1 (the

highest order term in the equation) in (20) is equal to yp(p“) =1

for all p. Also note that the constant term (the coefficient on AJQ in

(20)), yl(pﬂ), is equal to 1 when p is odd and is equal to —1 when p
is even. By the rational zero test, this implies that the only possible
positive rational number solution in (20), if any, is] = 1 for all
p > 1, so obviously the set A® has measure zero (in R/ ) or is empty
if] > 2.
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